Comment.Math.Univ.Carolin. 59,3 (2018) 365–370 365

Classification of spaces of continuous functions on ordinals

Leonid V. Genze, Sergei P. Gul’ko, Tat’ana E. Khmyleva

Abstract. We conclude the classification of spaces of continuous functions on ordinals carried out by Górak [Górak R., Function spaces on ordinals, Comment. Math. Univ. Carolin. 46 (2005), no. 1, 93–103]. This gives a complete topological classification of the spaces C_p([0, α]) of all continuous real-valued functions on compact segments of ordinals endowed with the topology of pointwise convergence. Moreover, this topological classification of the spaces C_p([0, α]) completely coincides with their uniform classification.

Keywords: space of continuous functions; pointwise topology; homeomorphism of function spaces; uniform homeomorphism; ordinal number

Classification: 54C35

1. Introduction

Our terminology basically follows [4]. In particular, we understand cardinals as initial ordinals, compare [4, page 6]. A segment of the ordinals [0, α] is endowed with a standard order topology. The symbol C_p([0, α]) denotes the set of all continuous real-valued functions defined on [0, α] and endowed with the topology of pointwise convergence.

A complete linear topological classification of Banach spaces C([0, α]) was carried out in [7] and independently in [8] (for the initial part of this classification, see also [3] and [9]). Similar complete linear topological classification for C_p([0, α]) can be found in [6], [2].

The topological classification of the spaces C_p([0, α]) is carried out in the R. Górak’s paper [5], in which the question whether the spaces C_p([0, α]) and C_p([0, β]) are homeomorphic is solved for all ordinals α and β with except for the case α = k^+ · k, β = k^+ · k^+, where k is the initial ordinal, and k^+ is the smallest initial ordinal greater than k. We note that an ordinal of the form k^+ is always regular ordinal. In this paper we prove the following theorem.

Theorem 1. Let τ be an arbitrary initial regular ordinal, σ and λ be initial ordinals satisfying the inequality ω ≤ σ < λ ≤ τ. Then the space C_p([0, τ · σ]) is not homeomorphic to the space C_p([0, τ · λ]).

DOI 10.14712/1213-7243.2015.250 The study was carried out with the financial support of the Russian Foundation for Basic Research in the framework of the scientific project N 17-51-18051.

If we combine this result with the results of [5], we get a complete topological classification of the spaces C_p([0, α]) (which coincides with the uniform classification). We can write it in the form of the following theorem.

Theorem 2. Let α and β be ordinals and α ≤ β.

(a) If |α| ≠ |β|, then C_p([0, α]) and C_p([0, β]) are not homeomorphic. (b) If τ is an initial ordinal, |α| = |β| = τ and either τ = ω or τ is a singular ordinal or β ≥ α ≥ τ^2, then the spaces C_p([0, α]) and C_p([0, β]) are (uniformly) homeomorphic.

(c) If τ is a regular uncountable ordinal and α, β ∈ [τ, τ^2], then the space C_p([0, α]) is (uniformly) homeomorphic to the space C_p([0, β]) if and only if τ · σ ≤ α ≤ β < τ · σ^+, where σ is the initial ordinal, σ < τ, and σ^+ is the smallest initial ordinal, exceeding σ.

2. Proof of Theorem 1

We need some notation and auxiliary statements. For an arbitrary ordinal α and the initial ordinal λ ≤ α we set

A_{λ,α} = {t ∈ [0, α]: χ(t) = |λ|},

where χ(t) is the character of the point t ∈ [0, α]. In particular, A_{ω,α} is the set of all limit points of t ∈ [0, α], having a countable base of neighborhoods.

Let α be a limit ordinal. The smallest order type of sets A ⊂ [0, α] cofinal in [0, α), is called cofinality of the ordinal α and denoted by cf(α).

It is easy to see that |cf(α)| = χ(α) for the limit ordinal α. The initial ordinal α is called regular if cf(α) = α. Otherwise, the initial ordinal is called singular.

The symbol D(x) denotes the set of points of discontinuity of the function x. The proof of the following two lemmas is standard (see Example 3.1.27 in [4]).

Lemma 1. Let α be an arbitrary ordinal and let τ be an initial ordinal such that ω < τ ≤ α, t_0 ∈ A_{τ,α} and a function x: [0, α] → R is continuous at all points of the set A_{ω,α}. Then there is an ordinal γ < t_0 such that x|_{(γ,t0)} = const.

Lemma 2. If a function x: [0, α] → R is continuous at all points of the set A_{ω,α}, then the set D(x) is at most countable.

For the function x ∈ R^{[0,α]} and the initial ordinal λ ≤ α the symbol G_λ(x) denotes the family

G_λ(x) = � � s∈S V_s : V_s is standard neighborhoods of x in R^{[0,α]} and |S| = |λ| � .

The elements of the family G_λ(x) will be called λ-neighborhoods of the function x.

For a regular ordinal τ ≥ ω_1 and an initial ordinal σ ≤ τ we put

M_{τ σ} = {x ∈ R^{[0,τ ·σ]} : x is continuous at those points t ∈ [0, τ · σ] for which cf(t) < τ}.

It is clear that C([0, τ · σ]) ⊂ M_{τ σ}.

Lemma 3. Let τ ≥ ω_1 be an initial regular ordinal and let σ be an initial ordinal such that σ ≤ τ. Then

M_{τ σ} = {x ∈ R^{[0,τ ·σ]} : V ∩ C_p([0, τ · σ]) ≠ ∅ for every V ∈ G_λ(x) and each λ < τ}.

Proof: We denote by L_{τ σ} the right-hand side of the equality and assume that x /∈ M_{τ σ}, that is, x is discontinuous at some point t_0 for which cf(t_0) < τ. Since |cf(t_0)| = χ(t_0), there exists a base {U_j (t_0)}_{j∈J} of neighborhoods of the point t_0 such that |J| < τ. Since x is discontinuous at t_0, there exists a number ε_0 > 0 such that for each j ∈ J there is a point t_j ∈ U_j (t_0) such that |x(t_j ) − x(t_0)| ≥ ε_0. Let V = � {V (x, t_j , t_0, 1/n): j ∈ J, n ∈ N}, where V (x, t_j , t_0, 1/n) is the standard neighborhood of the function x in the space R^{[0,τ ·σ]}. If y ∈ V , then y(t_j ) = x(t_j ) and y(t_0) = x(t_0). Hence, the function y is discontinuous at the point t_0 and then y /∈ C_p([0, τ · σ]). Thus, V ∩ C_p([0, τ · σ]) = ∅, that is, x /∈ L_{τ σ}.

Now let x ∈ M_{τ σ}, i.e. the function x can be discontinuous only at the points of the set A_{τ,τ ·σ}. It is easy to see that the set A_{τ,τ ·σ} has the form

A_{τ,τ ·σ} = {τ · (ξ + 1): 0 ≤ ξ < σ}, or A_{τ,τ ·σ} = {τ · (ξ + 1): 0 ≤ ξ < τ} ∪ {τ · τ} if σ = τ.

By Lemma 2, the set D(x) is at most countable and therefore

A_{τ,τ ·σ} ∩ D(x) = {τ · (ξ_n + 1): ξ_n < σ, n ∈ N}, or A_{τ,τ ·σ} ∩ D(x) = {τ · (ξ_n + 1): ξ_n < τ, n ∈ N} ∪ {τ · τ} if σ = τ.

Let λ < τ and V (x) = � {U(x, η, 1/n): η ∈ S, n ∈ N} be a λ-neighbourhood of the point x. Then |S| < |τ|.

Since the countable set A_{τ,τ ·σ} ∩D(x) is not cofinal in the regular ordinal τ ≥ ω_1, for each n ∈ N there is an ordinal γ_n such that τξ_n < γ_n < τ(ξ_n + 1) and (γ_n, τ(ξ_n + 1)) ∩ S = ∅. In the case σ = τ there is also an ordinal γ_0 < τ^2, such that (γ_0, τ^2) ∩ S = ∅ and (γ_0, τ^2) ∩ {τ(ξ_n + 1)}^∞_{n=1} = ∅.

Consider the function

x̃(t) = � � � x(τ(ξ_n + 1)) if t ∈ (γ_n, τ(ξ_n + 1)); x(τ^2) if t ∈ (γ_0, τ^2); x(t) otherwise.

It is not difficult to see that the function x̃ is continuous at all points t ∈ [0, τ · σ], and since x̃|_S = x|_S , x̃ ∈ V (x), that is, V (x) ∩ C_p([0, τ · σ]) ≠ ∅ and therefore x ∈ L_{τ σ}. □

If X is a Tychonoff space, then the symbol νX denotes the Hewitt completion of the space X. The proof of the following lemma can be found in [4, page 218].

Lemma 4. If φ: X → Y is a homeomorphism of Tychonoff spaces, then there exists a homeomorphism ~φ : νX → νY such that ~φ(x) = φ(x) for each x ∈ X.

Lemma 5. Let α be an arbitrary ordinal. Then

ν(C_p([0, α])) = {x ∈ R^{[0,α]} : x is continuous at all points of the set A_{ω,α}}.

Proof: It is known (see [10, page 382]) that for an arbitrary Tychonoff space X the space ν(C_p(X)) coincides with the set of all strictly ℵ_0-continuous functions from X to R. In this case, the function f ∈ R^X is called strictly ℵ_0-continuous (see [1]) if for any countable set A ⊂ X there is a continuous function g ∈ R^X such that f|_A = g|_A.

Since for each countable set A ⊂ [0, α], its closure Ā is also countable, by the Tietze-Urysohn theorem we obtain that the set of all strictly ℵ_0-continuous functions in [0, α] in R coincides with the set of all those functions that are continuous on each countable subset A ⊂ [0, α]. It is easy to see that these are precisely all those functions that are continuous at all points of the set A_{ω,α}. □

Corollary 6. If τ ≥ ω_1 is the initial regular ordinal and σ ≤ τ is the initial ordinal, then M_{τ σ} ⊂ ν(C_p([0, τ · σ])).

For the initial ordinal σ we denote by Γ_σ the discrete space of cardinality |σ| and consider the space

c_0(Γ_σ ) = � x ∈ R^{Γσ} : {t ∈ Γ_σ : |x(t)| ≥ ε} is finite for any ε > 0 � . Lemma 7. Let τ ≥ ω_1 be an initial regular ordinal, σ ≤ τ be an initial ordinal. Then there exists a homeomorphic embedding f : c_0(Γ_σ ) → M_{τ σ} such that f(0) = 0 and f(x) ∈ M_{τ σ} \ C_p([0, τ · σ]) if x ≠ 0.

Proof: We enumerate the points of the set Γ_σ by the ordinals ξ ∈ [0, σ). Then Γ_σ = {t_ξ}_{ξ∈[0,σ)}. For each characteristic function χ_{{tξ }} ∈ c_0(Γ_σ ) we put f(χ_{{tξ }}) = χ_{{τ (ξ+1)}}. It is obvious that χ_{{τ (ξ+1)}} ∈ M_{τ σ} \C_p([0, τ ·σ]). It remains to extend the map f in the standard way to the space c_0(Γ_σ). □

Lemma 8. Let τ ≥ ω_1 be an initial regular ordinal, σ, λ be an initial ordinals and ω ≤ λ < σ ≤ τ. If f : c_0(Γ_σ ) → M_{τ λ} is an injective mapping such that f(0) = 0 and f(x) ∈ M_{τ λ} \ C_p([0, τ · λ]) for x ≠ 0, then the map f is not continuous.

Proof: Suppose that there exists a continuous map f : c_0(Γ_σ ) → M_{τ λ} with the above-mentioned properties. As in Lemma 7, let Γ_σ = {t_ξ}_{ξ∈[1,σ)}. Since the space c_0(Γ_σ ) is considered in the topology of pointwise convergence, any sequence of the form χ_{{tξn }} converges to zero in this space. Consequently, at each point γ ∈ [0, τ ·λ] only a countable number of functions f(χ_{{tξ}}) is nonzero. Since by the condition f(χ_{{tξ}}) ∈ M_{τ λ} \ C_p([0, τ · λ]), each function f(χ_{{tξ}}) is discontinuous at some point of the set A_{τ,τ λ} ⊂ [0, τ · λ].

Let us take

B_γ = {f(χ_{{tξ}}): f(χ_{{tξ}}) is discontinuous at a point τ(γ + 1) ∈ A_{τ,τ λ}}.

Since � γ<λ B_γ = f � {χ_{{tξ}} : ξ < σ} � and |λ| = |A_{τ,τ λ}| < |σ|, there is a point γ_0 < λ, such that |B_{γ0} | = |σ|. Since at the point τ(γ_0 + 1) only a countable number of functions from B_{γ0} are nonzero, without loss of generality we can assume that all functions from B_{γ0} at the point τ(γ_0 + 1) are equal to zero. By Lemma 1, for each function f(χ_{{tξ}}) ∈ B_{γ0} there exists an ordinal γ_ξ < τ(γ_0 + 1) such that f(χ_{{tξ }})|_{[γξ ,τ (γξ+1))} = const = C_ξ. Since |B_{γ0} | = |σ| > ω, in B_{γ0} there is an uncountable family of functions for which |C_ξ | ≥ ε_0. Consider the sequence {f(χ_{{tξn }})}^∞_{n=1} of such functions and put γ_0 = sup{γ_{ξn} : n = 1, 2, . . .}. Since cf(τ(γ_0 + 1)) > ω, γ_0 < τ(γ_0 + 1) and therefore |f(χ_{{tξn }})(t)| ≥ ε_0 for each t ∈ (γ_0, τ(γ_0 + 1)). But this contradicts the fact that the sequence {f(χ_{{tξn }})}^∞_{n=1} converges pointwise to zero. □

Proof of Theorem 1: Suppose that there exists a homeomorphism φ: C_p([0, τ · σ]) → C_p([0, τ · λ]). We can assume that φ(0) = 0. By Lemma 4, there exists a homeomorphism ~φ : ν(C_p([0, τ · σ])) → ν(C_p([0, τ · λ])) such that ~φ(C_p([0, τ · σ])) = C_p([0, τ · λ]). By Corollary 6, M_{τ σ} ⊂ ν(C_p([0, τ · σ])), and by Lemma 3 ~φ(M_{τ σ}) = M_{τ λ}. By Lemma 7 the mapping ~φ · f : c_0(Γ_σ ) → M_{τ λ} is continuous, ( ~φ · f)(0) = 0 and ( ~φ · f)(M_{τ σ}) ⊂ M_{τ λ} \ C_p([0, τ · λ]) for x ≠ 0. In this case, the map ~φ|_{c0(Γσ )} is a homeomorphism of the space c_0(Γ_σ ) ⊂ M_{τ σ} onto the subspace M_{τ λ} such that ~φ(0) = 0 and ~φ(x) ⊂ M_{τ λ} \ C_p([0, τ · λ]) for x ≠ 0. But this is impossible by Lemma 8. □

Acknowledgement. The authors are grateful to the anonymous referee for helpful comments and suggestions to improve the manuscript.

References

[1] Arhangel’skij A. V., On linear homeomorphisms of function spaces, Sov. Math., Dokl. 25 (1982), 852–855; translation from Dokl. Akad. Nauk SSSR 264 (1982), 1289–1292 (Russian).

[2] Baars J. A., de Groot J. A. M., On Topological and Linear Equivalence of Certain Function Spaces, CWI Tract 86, Stichting Mathematisch Centrum, Centrum voor Wiskunde en Informatica, Amsterdam, 1992.

[3] Bessaga C., Pełczyński A., Spaces of continuous functions. IV. On isomorphic classification of spaces C(S), Studia Math. 19 (1960), 53–62.

[4] Engelking R., General Topology, Sigma Series in Pure Mathematics, 6, Heldermann Verlag, Berlin, 1989.

[5] Górak R., Function spaces on ordinals, Comment. Math. Univ. Carolin. 46 (2005), no. 1, 93–103.

[6] Gul’ko S. P., Free topological groups and a space of continuous functions on ordinals, Vestnik of Tomsk State University (2003), no. 280, 34–38 (Russian).

[7] Gul’ko S. P., Os’kin A. V., Isomorphic classification of spaces of continuous functions on totally ordered compact sets, Funkcional Anal. i Priložen. 9 (1975) no. 1, 56–57 (Russian).

370 Genze L. V., Gul’ko S. P., Khmyleva T. E.

[8] Kislyakov S. V., Classification of spaces of continuous functions of ordinals, Siberian Math. J. 16 (1975), no. 2, 226–231; translated from Sibirskii Matematicheskij Zhurnal 16 (1975), no. 2, 293–300 (Russian).

[9] Semadeni Z., Banach spaces non-isomorphic to their Cartesian squares. II, Bull. Acad.

Polon. Sci. Sér. Sci. Math. Astr. Phys. 8 (1960), 81–84.

[10] Tkachuk V. V., A C_p-Theory Problem Book, Topological and Function Spaces, Problem Books in Mathematics, Springer, New York, 2011.

L. V. Genze, S. P. Gul’ko, T. E. Khmyleva:

Faculty of Mathematics and Mekhaniks, Tomsk State University, Pr. Lenina 36, 634050 Tomsk, Russia E-mail: genze@math.tsu.ru

gulko@math.tsu.ru tex2150@yandex.ru

(Received March 14, 2018, revised April 23, 2018)