Comment.Math.Univ.Carolin. 59,3 (2018) 391–398 391

Monotonically normal e-separable spaces may not be perfect

John E. Porter

Abstract. A topological space X is said to be e-separable if X has a σ-closed-discrete dense subset. Recently, G. Gruenhage and D. Lutzer showed that e-sep-arable PIGO spaces are perfect and asked if e-separable monotonically normal spaces are perfect in general. The main purpose of this article is to provide examples of e-separable monotonically normal spaces which are not perfect. Extremely normal e-separable spaces are shown to be stratifiable.

Keywords: monotonically normal space; σ-closed-discrete dense set; e-separable space; perfect space; perfectly normal space; point network; perfect images of generalized ordered space

Classification: 54G20, 54B10, 54D15

1. Introduction

All topological spaces are assumed to be T_1. For simplicity, we adopt the terminology in [6] and call a space with a σ-closed-discrete dense subset e-separable. A space X is perfect if every closed subset of X is a G_δ -subset of X. A topological space is monotonically normal if for each pair of disjoint closed subsets H, K there is an open set U(H, K) satisfying

(1) H = U(H, K) ⊂ U(H, K) ⊂ X \ K, and (2) if H ⊂ H^′ and K^′ ⊂ K, then U(H, K) ⊂ U(H^′, K^′).

Recently, G. Gruenhage and D. Lutzer in [7] defined the class of perfect images of generalized ordered (PIGO) spaces to be the perfect images of GO-spaces. G. Gruenhage and D. Lutzer showed that perfect images of generalized ordered PIGO spaces are monotonically normal and e-separable PIGO spaces are perfect extending well-known results on GO-spaces. This prompted G. Gruenhage and D. Lutzer to ask the following question.

Question 1.1 ([7]). Must every e-separable monotonically normal space be perfect?

In Section 2 we describe a machine that embeds any topological space into an e-separable space E(X). This machine will preserve many properties from the original topological space. In particular, we show that if X is perfect or monotonically normal, then E(X) will be perfect or monotonically normal, respectively, thus providing counterexamples to Question 1.1. In Section 2 we also

DOI 10.14712/1213-7243.2015.253

provide counterexamples to Question 1.1 that have a point network in the sense of Z. Balogh, see [1]. We leave open the problem of classifying when e-separable monotonically normal spaces must be perfect.

Problem 1.2. Characterize perfectly normal, e-separable, monotonically normal spaces.

The article closes by showing that e-separable extremely normal spaces are stratifiable in Section 3, providing another class of e-separable monotonically normal spaces that are perfect.

2. Counterexamples

Let X be any topological space. Let τ be the usual product topology on X × (ω + 1). Endow E(X) = X × (ω + 1) with the topology generated by τ ∪ {{(x, n)}: x ∈ X and n ∈ ω}. That is, the points in D = {(x, n): x ∈ X and n ∈ ω} of E(X) are isolated, and a basis for the points in X × {ω} are the open neighborhoods from the product topology on X × (ω + 1). Clearly, X is homeomorphic to X × {ω} with the subspace topology inherited from E(X).

Theorem 2.1. For any topological space X, E(X) is e-separable.

Proof: Note that D_n = {(x, n): x ∈ X} is a closed-discrete subset of X for each n ∈ ω. Hence, D = ⋃ n∈ω D_n is a σ-closed-discrete dense subset of E(X). □

Theorem 2.2. E(X) is perfect if and only if X is perfect.

Proof: If E(X) is perfect, then so is its subspace X. Conversely, suppose X is perfect, and let K be a closed subset of E(X). Let H_K = {x ∈ X : (x, α) ∈ K \ D(K)} where D(K) = D ∩ K. Then H_K is a closed subset of X. Since X is perfect, there are open sets V_n ⊂ X, n ∈ ω, such that H_K = ⋂ n∈ω V_n. For each n ∈ ω, let U_n = (V_n × [n, ω]) ∪ D(K) which is an open subset of E(X). Then K = ⋂ n∈ω U_n, and E(X) is perfect. □

To show that E(X) is monotonically normal whenever X is monotonically normal, we use the following equivalent version of monotone normality.

Theorem 2.3 ([2]). A topological space is monotonically normal if and only if for every x ∈ U, where U is open, there is an open set μ(x, U) such that (1) x ∈ μ(x, U) ⊂ U, and (2) if μ(x, U) ∩ μ(y, V ) ≠ ∅, then either x ∈ V or y ∈ U.

Theorem 2.4. E(X) is monotonically normal if and only if X is monotonically normal.

Proof: Suppose E(X) is monotonically normal. Then X is monotonically normal since X is homeomorphic to X × {ω} and monotone normality is a hereditary property, see [9].

Suppose X is monotonically normal with monotone normality operator μ. For each (x, n) ∈ D, define μ_E ((x, n), U) = {(x, n)} for every open set U of E(X) which contains (x, n). Let (x, ω) ∈ X ×{ω}, and let U be any open subset of E(X) containing (x, ω). Let n_U be the least ordinal such that (x, ω) ∈ W × [n_U , ω] ⊂ U for some open subset W for X. Let W_U = ⋃ {W : W ⊂ X is open and W × [n_U , ω] ⊂ U}. Then (x, ω) ∈ W_U × [n_U , ω] ⊂ U. Define μ_E ((x, ω), U) = μ(x, W_U ) × [n_U , ω]. Clearly, μ_E ((x, ω), U) is an open set in E(X) with (x, ω) ∈ μ_E ((x, ω), U) ⊂ U.

To show that the operator μ_E is a monotone normality operator for E(X), suppose μ_E ((x, α), U) ∩ μ_E ((y, β), V ) ≠ ∅. If either (x, α) ∈ D or (y, β) ∈ D, then (x, α) ∈ μ_E ((y, β), V ) or (y, β) ∈ μ_E ((x, α), U), respectively. Suppose α = β = ω. Then μ(x, W_U ) ∩ μ(y, W_V ) ≠ ∅ and either x ∈ W_V or y ∈ W_U . This implies that (x, α) ∈ W_V ×[n_V , ω] ⊂ V or (y, β) ∈ W_U ×[n_U , ω] ⊂ U. Hence, μ_E is a monotone normality operator for E(X), and E(X) is monotonically normal. □

The following example answers Question 1.1 in the negative.

Example 2.5. Let ω_1 be the countable ordinals with the usual order topology. Then E(ω_1) is first countable, e-separable, monotonically normal space which is not perfectly normal.

Proof: Since ω_1 is first countable, monotonically normal and not perfect, E(ω_1) will be first countable, e-separable, and monotonically normal space which is not perfect. □

Note that the density of E(ω_1) is ω_1 and cannot be improved. A. J. Ostaszewki in [12] showed that separable, monotonically normal spaces are hereditarily Lindelöf and hence perfectly normal.

Before we present the next class of e-separable monotonically normal spaces that fail to be perfect, we remind the reader the link between monotonically normal spaces and the Collins-Roscoe structuring mechanism. A T_1 space X has W satisfying (F), see [5], if W = (W(x): x ∈ X) where each W(x) consists of subsets of X containing x and (F) if x ∈ U and U is open, then there exists an open set V = V (x, U) containing x such that x ∈ W ⊂ U for some W ∈ W(y) whenever y ∈ V.

If each W(x) is totally ordered by set inclusion, then W is said to satisfy chain (F), see [5]. The following establishes the relationship between the Collins-Roscoe structuring mechanism and monotonically normal spaces. A space is acyclic monotonically normal, see [11], if it has a monotone normality operator μ which also satisfies ⋂ i<n μ(x_i, X \{x_{i+1}}) = ∅ whenever n ≥ 2, x_0, . . . , x_{n−1} are distinct, and x_n = x_0.

Theorem 2.6 ([11]). A topological space X has W satisfying chain (F) if and only if X is acyclic monotonically normal.

If each W(x) is countable, then W is said to satisfy property (G), see [5]. Furthermore, if each W(x) = {W_m : m ∈ ω} where W_{m+1} ⊂ W_m for all m ∈ ω, then W is said to satisfy decreasing (G), see [5]. Clearly, any W satisfying decreasing (G) also satisfies chain (F). Thus, any space X that has W satisfying decreasing (G) is monotonically normal. We use Balogh’s terminology and say such spaces possess a point network if X has W satisfying decreasing (G). Before establishing the relationship between point networks and monotonically normal spaces, recall the definition of stratifiable spaces.

Definition 2.7. A T_1 topological space is semi-stratifiable if and only if one can assign to each closed set H a decreasing sequence U_n(H), n ∈ ω, of open sets satisfying

(1) H = ⋂ n∈ω U_n(H), and (2) if H ⊂ K, then U_n(H) ⊂ U_n(K) for each n ∈ ω.

A T_1 topological space is stratifiable if, in addition, X satisfies

(3) H = ⋂ n∈ω U_n(H)

Monotonically normal semi-stratifiable spaces are stratifiable and stratifiable spaces are monotonically normal, see [9]. Recall that the pseudocharacter of a point x in a topological space X is defined to be ψ(x, X) = min { |U|: U is a family of open subsets of X with {x} = ⋂ U } + ω. The pseudocharacter of a topological space X is defined to be ψ(X) = sup{ψ(x, X): x ∈ S}.

Theorem 2.8 ([1], [4]). A topological space X is stratifiable if and only if X has countable pseudocharacter and a point network.

Monotone normality on its own is not enough to ensure stratifiability in the class of perfect spaces even for separable spaces. For example, the Alexadroff double arrow space and the Sorgenfrey line are examples of a perfectly normal, monotonically normal spaces that are not stratifiable since stratifiable GO-spaces are metrizable, see [10].

We are ready to describe counterexamples to Question 1.1 that have a point network. Let κ be a cardinal and cf(κ) be the cofinality of κ. Let X = [0, κ] with the topology in which each point of [0, κ) is isolated and {{κ}∪A: (κ\A) ∈ [κ]^{<κ}} is a neighborhood base for κ. Let Y (κ) = (X × (ω + 1)) \ {(κ, n): n ∈ ω} with the topology inherited from the product topology. Let I = {(α, i): α ∈ κ and i ∈ ω}, and T = {(α, ω): α ∈ κ}. Note that I is a dense subset of Y and Y = {(κ, ω)} ∪ I ∪ T .

For (α, ω) ∈ T , define B_n(α, ω) = {(α, i): n ≤ i ≤ ω}. For α ∈ κ and n ∈ ω, define B(α, n) = {(κ, ω)} ∪ {(β, i): α ≤ β < κ and n ≤ i ≤ ω}. Note that {B_n(α, ω): n ∈ ω} is a basis for (α, ω) and {B(α, n): α ∈ κ and n ∈ ω} is a basis for (κ, ω) in Y .

Theorem 2.9. For every cardinal κ, Y (κ) is e-separable and ψ(X) = cf(κ).

Proof: To show that Y is e-separable, note that for n ∈ ω, D_n = {(α, n) : (α, n) ∈ I} is a closed-discrete subset of Y , I = ⋃ n∈ω D_n is a σ-closed-discrete dense subset of Y .

To show ψ(X) = cf(κ), note that ψ(y, Y ) = ω for every y ∈ Y with y ≠ (κ, ω). We show that ψ((κ, ω), X) = cf(κ). Let {α_δ : δ ∈ cf(κ)} be a cofinal subset of κ. Then {κ, ω} = ⋂ δ∈cf(κ) B(αδ , 0). Hence, ψ((κ, ω), X) ≤ cf(κ).

Let U be a family of open subsets of Y with (κ, ω) ∈ ⋂ U. Suppose |U| < cf(κ). For each U ∈ U, choose α_U ∈ κ and n_U ∈ ω such that B(α_U , n_U ) ⊂ U. Since |U| < cf(κ), γ = sup{α_U : U ∈ U} < κ. Then (γ, ω) ∈ ⋂ U. Therefore, ψ((κ, ω), Y ) = cf(κ) and the proof is complete. □

If κ is a cardinal with cf(κ) > ω, then Y (κ) is an e-separable space that is not perfectly normal. We now show that Y (κ) has a point network and hence monotonically normal.

Theorem 2.10. Let κ be a cardinal. Then Y (κ) has a point network.

Proof: For (α, i) ∈ I, let W((α, i)) = {W_n(α, i): n ∈ ω} where

W_n(α, i) =

{(α, i), (α, ω), (κ, α)} if n = 0; {(α, i), (α, ω)} if n = 1; {(α, i)} if n > 1.

For any open neighborhood U of (α, i), let V (U, (α, i)) = {(α, i)}.

For (α, ω) ∈ T , let W((α, ω)) = {W_n(α, ω): n ∈ ω} where

W_n(α, ω) = { {(α, ω), (κ, α)} if n = 0; {(α, ω)} if n > 0.

For any open neighborhood U of (α, ω), let V (α, ω) = {(α, k): i(U) ≤ k ≤ ω} where i(U) be the least ordinal such that {(α, i): i(U) ≤ i} ⊂ U.

Let W((κ, ω)) = {(κ, ω)}. For any open neighborhood U of (κ, ω), let α_U be the minimum ordinal such that {(β, i) ∈ Y : α_U ≤ β < κ and n ≤ i ≤ ω} ⊂ U for some n ∈ ω. Let n_U be the least ordinal such that {(β, i) ∈ Y : α_U ≤ β < κ and n_U ≤ i ≤ ω} ⊂ U. Define V (κ, ω) = {(κ, ω)} ∪ {(β, i) ∈ Y : α_U ≤ β < κ and n_U ≤ i ≤ ω}.

It is easy to check that W = (W(y): y ∈ Y ) is a point network for Y . □

Corollary 2.11. If κ is a cardinal with cf(κ) > ω, then Y (κ) is an e-separable monotonically normal space with uncountable pseudocharacter (and hence not perfect).

3. Extreme normal spaces

In this section, we show e-separable, extremely normal spaces are stratifiable.

Definition 3.1 ([13]). A space is extremely normal if it has a monotone normality operator μ satisfying if x ≠ y and μ(x, U) ∩ μ(y, V ) ≠ ∅ then either μ(x, U) ⊂ V or μ(y, V ) ⊂ U.

Extremely normal spaces are monotonically normal which includes proto-metri-zable spaces and spaces with one non-isolated point, see [13].

Theorem 3.2. Extremely normal, e-separable spaces are stratifiable.

Proof: Let X be an extremely normal space with extremely normal operator μ. By applying the definition of monotone normality to μ, we may assume that μ(x, V ) ⊂ μ(x, U) whenever V ⊂ U.

Let D = ⋃ n∈ω D_n be a dense subset of x where each D_n is a closed-discrete subset of X and define E_n = ⋃ k≤n D_k. Note that E_n is a closed discrete subset of X for each n ∈ ω. For each closed subset H of X, let E_n(H) = {x ∈ E_n : x ∉ H}. Clearly, E_n(H) is a closed subset of X.

Let H ⊂ X be a closed subset of X and n ∈ ω. Define the set U_n(H) = ⋃ {μ(x, X \ E_0(H)): x ∈ H}. Since μ(x, V ) ⊂ μ(x, U) whenever V ⊂ U, U_{n+1}(H) ⊂ U_n(H) for each n ∈ ω. Suppose there exists y ∈ ( ⋂ n∈ω U_n ) \ H and consider μ(y, X \ H). Since y ∈ ⋂ n∈ω U_n, there is y_n ∈ H such that μ(y, X \ H) ∩ μ(y_n, (X \ E_n(H)) ≠ ∅ for each n ∈ ω. Since y_n ∈ H and μ is an extreme monotone normality operator, we must have μ(y, X \ H) ⊂ X \ E_n(H) for every n ∈ ω. Since μ(y, X \ H) is open, μ(y, X \ H) ∩ D_{n0} ≠ ∅ for some n_0 ∈ ω which is a contradiction. Hence H = ⋂ n∈ω U_n(H).

If H and K are closed subsets of X with H ⊂ K, then E_n(K) ⊂ E_n(H) and μ(x, (X \ E_n(H)) ⊂ μ(x, (X \ E_n(H)). This implies U_n(H) ⊂ U_n(K) for each n ∈ ω which shows that X is semi-stratifiable. Since monotonically normal, semi-stratifiable spaces are stratifiable, see [9], X is stratifiable. □

Corollary 3.3. If a protometrizable space is e-separable, then it is metrizable.

Proof: Protometrizable spaces are precisely the extremely normal spaces where each point has a basis which is linearly ordered by set inclusion, see [13], and stratifiable protometrizable spaces are metrizable, see [8]. □

Corollary 3.4 ([8]). Separable, protometrizable spaces are metrizable.

Example 3.5. There are extremely normal stratifiable spaces that are not metrizable.

Proof: Similar to Section 2, let κ be a cardinal with cf(κ) > ω. Let X = [0, κ] where each point of [0, κ) is isolated and let {κ} ∪ A: (κ \ A) ∈ [κ]^{<κ} be a neighborhood base for κ. Let Z = (X × (ω + 1)) \ ({(κ, n): n ∈ ω} ∪ {(α, ω): α ∈ κ}), that is, Z is the point (κ, ω) along with the isolated points of (X ×(ω+1)) with the topology inherited from the product topology. Since the character of X is cf(κ) > ω, X is not metrizable. Since (κ, ω) is the only non-isolated point of Z and is a G_δ subset of Z, Z is stratifiable. □

Added in proof. A magnetic base system, see [3], for a space X is a collection {B_x : x ∈ X} where each B_x is a base for the neighborhoods of x, with the following property: if B_x ∈ B_x, B_y ∈ B_y, and B_x ∩ B_y, then either x ∈ B_y or y ∈ B_x. A magnetic base system is open (closed, clopen) if each member of each B_x is open (closed, clopen, respectively). A space is utterly normal provided that X is regular and X has a magnetic base system. P. Cairns, H. Junilla, and P. Nyikos in [3] showed utterly normal spaces are monotonically normal.

The referee asked how e-separability and being perfect are related in utterly normal spaces. It is clear that a magnetic base system is a hereditary property. If E(X) has an open (closed, clopen) magnetic base system, then X is utterly normal. Conversely, if {B_x : x ∈ X} is an open (closed, clopen) magnetic base system, then it is routine to check that B_{(x,n)} = {x, n} (for x ∈ X and n ∈ ω) and B_{(x,ω)} = {B × [n, ω]: B ∈ B_x, n ∈ ω} will be a (open, closed, clopen) magnetic base system for E(X). Similarly, one can show that {{(α, i)}: α ∈ κ, i ∈ ω} ∪ {B_{α,ω} = {B_n(α, ω): n ∈ ω}: α ∈ κ} ∪ {B_{κ,ω} = {B(α, n): α ∈ κ, n ∈ ω}} is a clopen magnetic base system for Y (κ).

References

[1] Balogh Z., Topological spaces with point networks, Proc. Amer. Math. Soc. 94 (1985), no. 3, 497–501.

[2] Borges C. R., A study of monotonically normal spaces, Proc. Amer. Math. Soc. 38 (1973), 211–214.

[3] Cairns P., Junilla H., Nyikos P., An application of Mary Ellen Rudin’s solution to Nikiel’s conjecture, Topology Appl. 195 (2015), 26–33.

[4] Collins P. J., Reed G. M., Roscoe A. W., Rudin M. E., A lattice of conditions on topological spaces, Proc. Amer. Math. Soc. 94 (1985), 487–496.

[5] Collins P. J., Roscoe A. W., Criteria for metrisability, Proc. Amer. Math. Soc. 90 (1984), no. 4, 631–640.

[6] Dias R. R., Soukup D. T. On spaces with a σ-closed discrete dense sets, Topology Proc. 52 (2018), 245–264.

[7] Gruenhage G., Lutzer D., Perfect images of generalized ordered spaces, Fund. Math. 240 (2018), no. 2, 175–197.

[8] Gruenhage G., Zenor P., Proto-metrizable spaces, Houston J. Math. 3 (1977), no. 1, 47–53. [9] Heath R. W., Lutzer D. J., Zenor P. L., Monotonically normal spaces, Trans. Amer. Math.

Soc. 178 (1973), 481–493.

[10] Lutzer D. J., On generalized ordered spaces, Dissertationes Math. Rozprawy Math. 89 (1971), 32 pages.

[11] Moody P. J., Reed G. M., Roscoe A. W., Collins P. J., A lattice of conditions on topological spaces II, Fund. Math. 138 (1991), no. 2, 69–81.

[12] Ostaszewski A. J., Monotone normality and G_δ -diagonals in the class of inductively generated spaces, Topology, Vol. II (Proc. Fourth Colloq., Budapest, 1978), 905–930; Colloq. Math. Soc. János Bolyai, 23, North-Holland, Amsterdam-New York, 1980.

398 Porter J. E.

[13] Williams S. W., Zhou H. X., Strong versions of normality, General Topology and Applications, Lecture Notes on Pure and Appl. Math., Dekker 134 (1991), 379–389.

J. E. Porter:

Department of Mathematics and Statistics, Faculty Hall 6C, Murray State University, 102 Curris Center, Murray, Kentucky 42071-3341, USA E-mail: jporter@murraystate.edu

(Received January 20, 2018, revised May 17, 2018)