Comment.Math.Univ.Carolin. 59,3 (2018) 327–342 327

Optimal control of a frictionless contact problem with normal compliance

Arezki Touzaline

Abstract. We consider a mathematical model which describes a contact between an elastic body and a foundation. The contact is frictionless with normal compliance. The goal of this paper is to study an optimal control problem which consists of leading the stress tensor as close as possible to a given target, by acting with a control on the boundary of the body. We state an optimal control problem which admits at least one solution. Next, we establish an optimality condition corresponding to a regularization of the model. We also introduce the regularized control problem for which we study the convergence when the regularization parameter tends to zero.

Keywords: optimal control; variational inequality; linear elastic frictionless contact; regularized problem

Classification: 49J40, 47J20, 74M10

1. Introduction

In our daily life and same in industry, the problem of contact between deformable bodies plays an important role in structural and mechanical systems, contact models are of great interest. To get a background in contact mechanics from mathematical or engineering point of view the reader can consult for instance [14], [23], [25], [27]. At now considerable efforts have been made in its modeling and numerical simulations. The theory of the optimal control of variational inequalities is very elaborated, see for instance [3], [5], [9], [15], [19], [20], [21]. Despite their mechanical relevance, optimal control problems for contact models are not too much developed and represent challenging task, see [1], [4], [6], [7], [8], [11], [17].

In [21], we find the study of optimal control linear or non linear elliptic problems and variational inequalities. Also the optimal control of both contact problems was studied in [17], [18]; in [17] the author considers a bilateral contact between a deformable body and a rigid foundation while in [18] the authors consider a frictional contact with normal compliance condition between an elastic body and a deformable foundation. Recall that the normal compliance contact condition was first introduced in [22] and then it was used in many publications, see [2], [10], [12], [13], [16], [24], [27] and references therein.

DOI 10.14712/1213-7243.2015.251

As in [28], in this paper we study an optimal control of a contact problem. Indeed, we consider a linear elastic body which is in frictionless contact with normal compliance with a deformable foundation. We establish a variational formulation of the mechanical problem Problem (P_1) and prove the existence and uniqueness result of solution. The optimal control problem concerning this model is denoted by (POC1). It consists of minimizing a cost functional which is quadratic and nonconvex. As the standard results on the convexity cannot be used, we replace it by an indirect method related to the study of variational inequality. However, we are interested in leading the stress tensor field as close as possible to a given target when we act with a control on a part of the boundary. We prove the existence of solution of (POC1) and we study the regularization of the state problem Problem (P_δ ). Next, we introduce the regularized optimal control problem (POC2). Moreover, we deduce an optimality condition with help of an abstract theorem due to J.-L. Lions. Finally, we study the convergence of solution of Problem to the solution of Problem (P_1) and the solution of the regularized optimal control problem (POC2) to the solution of Problem (POC1).

The paper is organized as follows. In Section 2, we describe the mechanical model and discuss its weak solvability. In Section 3, we state the optimal control (POC1) and prove that it has at least one solution. In Section 4 we state and analyze a regularized optimal control problem. In Section 5, we deliver an optimality condition involving the regularized optimal control. In Section 6, some convergence results are established.

2. Variational formulation

Let Ω ⊂ R^d, d = 2, 3, be a domain occupied by a linear elastic body. The body Ω is supposed to be open, bounded, with a sufficiently regular boundary partitioned into three measurable parts Γ_1, Γ_{2,}Γ_3 such that meas(Γ_1) > 0. The body is acted upon by a volume force of density φ_0 on Ω and a surface traction of density φ_2 on Γ_2. Along Γ_3, the body is in frictionless contact with normal compliance with a deformable foundation. Thus, the classical formulation of the mechanical problem in terms of displacement is written as follows.

Problem (P_1). Find a displacement field u: Ω → R^d such that

div σ(u) = −φ_0 in Ω,

(2.1) σ(u) = Aε(u) in Ω,

(2.2) u = 0 on Γ_1,

(2.3) σν = φ_2 on Γ_2,

(2.4) σ_ν = −p(u_ν ) on Γ_3,

(2.5) σ_τ = 0 on Γ_3.

(2.6)

Here (2.1) represents the equilibrium equation such that σ = σ(u) denotes the stress tensor. Equation (2.2) is the elastic constitutive law where A is the fourth order tensor of elasticity coefficients; (2.3) and (2.4) are the displacement and traction boundary conditions, respectively, in which ν denotes the unit outward normal vector on Γ and σν represents the Cauchy stress vector. The condition (2.5) represents the contact with normal compliance in which σ_ν denotes the normal stress and p is a prescribed nonnegative function. The condition (2.6) represents the frictionless contact. Recall that the inner products and the corresponding norms on R^d and S^d are given by

u · v = u_iv_i, ‖v‖ = (v · v)^{1/2} for all u, v ∈ R^d,

σ · τ = σ_{ij} τ_{ij} , ‖τ‖ = (τ · τ)^{1/2} for all σ, τ ∈ S^d,

where S^d is the space of second order symmetric tensors on R^d, d = 2, 3. Here and below, the indices i and j run between 1 and d and the summation convention over repeated indices is adopted. Now, to proceed with the variational formulation, we need the following function spaces:

H = (L^2(Ω))^d, H_1 = (H^1(Ω))^d, Q = {σ = (σ_{ij} ): σ_{ij} = σ_{ji} ∈ L^2(Ω)}.

Note that H and Q are real Hilbert spaces endowed with the respective canonical inner products:

(u, υ)_H = ∫ Ω u_iυ_i dx, (σ, τ)_Q = ∫ Ω σ_{ij} τ_{ij} dx.

The linearized strain tensor is defined as

ε(v) = (ε_{ij} (v)) for all v ∈ H_1, where ε_{ij} (v) = 1 2 (v_{i,j} + v_{j,i}),

div σ = (σ_{ij,j} ) is the divergence of σ. For every v ∈ H_1, we also write v for the trace of v on Γ and we denote by v_ν and v_τ the normal and the tangential components of v on the boundary Γ given by υ_ν = υ · ν, υ_τ = υ − υ_ν ν. Also, for a regular function (say C^1) σ ∈ Q, we define its normal and tangential components by σ_ν = (σν) · ν, σ_τ = σν − σ_ν ν and we recall that the following Green’s formula holds:

(σ, ε(υ))_Q + (div σ, υ)_H = ∫ Γ σν · υ da for all υ ∈ H_1,

where da is the surface measure element. Let V be the closed subspace of H_1 defined by V = {υ ∈ H_1 : υ = 0 on Γ_1}.

Since meas(Γ_1) > 0, the following Korn’s inequality holds,

(2.7) ‖ε(υ)‖_Q ≥ c_Ω‖υ‖_{H1} for all υ ∈ V, where the constant c_Ω > 0 depends only on Ω and Γ_1. We endow V with the inner product (u, υ)_V = (ε(u), ε(υ))_Q for all u, υ ∈ V, and ‖·‖_V is the associated norm. It follows from Korn’s inequality (2.7) that the norms ‖·‖_H and ‖·‖_V are equivalent on V . Then (V, ‖·‖_V ) is a real Hilbert space. Moreover by Sobolev’s trace theorem, there exists d_Ω > 0 which depends only on the domain Ω, Γ_1 and Γ_3 such that (2.8) ‖υ‖_{(L}2_{(Γ3))}d ≤ d_Ω‖υ‖_V for all υ ∈ V. We assume that the body forces and surface tractions have the regularity (2.9) φ_0 ∈ H, φ_2 ∈ (L^2(Γ_2))^d. Also we define the functional j : V × V → R by j(u, v) = ∫ Γ_3

p(u_ν )|v_ν | da for all u, v ∈ V, where we assume that the normal compliance function p: R → R_+ satisfies

(2.10)

(a) there exists L_p > 0 such that:

|p(r_1) − p(r_2)| ≤ L_p|r_1 − r_2| for all r_1, r_2 ∈ R; (b) p(r) = 0 for all r ≤ 0.

Next, in the study of Problem (P_1) we assume that the linear elasticity operator A verifies

(2.11)

(a) A = (A_{ijkl} ): Ω × S^d → S^d; (b) there exists m > 0 such that Aε · ε ≥ m‖ε‖^2 for all ε ∈ S^d a.e. in Ω;

(c) A ∈ Q_∞.

We recall that Q_∞ is the space of fourth-order tensor fields defined as Q_∞ = {E = (E_{ijkl} ): E_{ijkl} = E_{jikl} = E_{klij} ∈ L^∞(Ω) for all i, j, k, l ∈ {1, . . . , d}}, and Q_∞ is a real Banach space endowed with the norm ‖E‖_{Q∞} = max

1≤i,j,k,l≤d

‖E_{jikl}‖_L∞_{(Ω)}.

Finally, we need to assume that (2.12) d^2_ΩL_p < m.

Now by assuming the solution to be sufficiently regular, we obtain by using Green’s formula that Problem (P_1) has the following variational formulation.

Problem (P_2). Find a displacement field u ∈ V such that

(2.13)

(Au, υ − u)_V + j(u, υ) − j(u, u) ≥ (φ_0, υ − u)_H + (φ_2, υ − u)_{(L}2_{(Γ2))}d for all v ∈ V.

Herein, the operator A: V → V is defined as

(Au, v)_V = (Aε(u), ε(υ))_Q for all u, v ∈ V.

Theorem 2.1. Assume that (2.9), (2.10), (2.11) and (2.12) hold. Then, there exists a unique solution of Problem (P_2).

Proof: By (2.11), the operator A is Lipschitz continuous and strongly monotone; using (2.10), the functional j is proper, convex and lower semicontinuous. Moreover by (2.9), it follows from [26] that the inequality (2.13) has a unique solution under the condition (2.12). □

3. The optimal control problem

We now suppose that φ_0 ∈ H is fixed and consider the following state variational problem.

Problem (PS1). For a given φ_2 ∈ (L^2(Γ_2))^d (called control), find u ∈ V such that

(3.1)

(Au, υ − u)_V + j(u, υ) − j(u, u) ≥ (φ_0, υ − u)_H + (φ_2, υ − u)_{(L}2_{(Γ2 ))}d for all v ∈ V.

Following the existence and uniqueness of Problem (P_2), we deduce that for every control φ_2 ∈ (L^2(Γ_2))^d, the state variational problem (PS1) has a unique solution u ∈ V , u = u(φ) if (2.12) is verified. Now, by acting the control on the boundary Γ_2, we like to get that the resulting stress be close to a given target σ_d. We assume that σ_d = Aε(u_d) where u_d ∈ V and recall that σ(u) = Aε(u); then, it follows by (2.11) (c) that there exists a constant M > 0 such that ‖σ(u) − σ_d‖_Q ≤ M‖u − u_d‖_V .

Thus, we see that if ‖u − u_d‖_V is sufficiently small then σ(u) is close to σ_d. Let now the cost functional L: (L^2(Γ_2))^d × V → R, be given by

(3.2) L(φ, v) = α 2 ‖v − u_d‖^2_V + β 2 ‖φ‖^2_{(L}2_{(Γ2))}d ,

where α, β > 0.

Next, we define the set U_{ad} as

U_{ad} = {(u, φ_2) ∈ V × (L^2(Γ_2))^d : (3.1) is satisfied}, and we consider the following optimal control problem. Problem (POC1). Find (u^∗, φ^∗) ∈ U_{ad} such that L(φ^∗, u^∗) = min_{(u,φ)∈Uad}L(φ, u).

Theorem 3.1. Assume (2.7), (2.8), (2.10) (b) and (2.11) (b). Then Problem (POC1) has at least one solution.

Proof: Take v = 0_V in (3.1), using (2.7), (2.8) and (2.11) (c), we deduce that the solution u of Problem (PS1) is bounded in V as ‖u‖_V ≤

‖φ_0‖_H + c‖φ_2‖_{(L}2_{(Γ2 ))}d m , where c > 0. This inequality implies that 0 ≤ inf

(u,φ_2)∈U_{ad}

{L(φ_2, u)} < ∞.

Then, there exists a minimizing sequence (u^n, φ^n_2 ) ⊂ U_{ad} such that lim_{n→∞}L(φ^n_2 , u^n) = inf_{(u,φ2)∈Uad}{L(φ_2, u)}.

The sequence (u^n, φ^n_2 ) is bounded in V × (L^2(Γ_2))^d, so there exists an element (u^∗, φ^∗_2) ∈ V × (L^2(Γ_2))^d, such that passing to a subsequence, still denoted by (u^n, φ^n_2 ), we deduce as n → ∞, (3.3) { (i) u^n → u^∗ weakly in V, (ii) φ^n → φ^∗ weakly in (L^2(Γ_2))^d.

Now to end the proof we need to prove that (3.4) u^n → u^∗ strongly in V as n → ∞. Indeed, as (u^n, φ^n_2 ) ∈ U_{ad}, then u^n verifies the inequality:

(3.5)

(Au^n, υ − u^n)_V + j(u^n, υ) − j(u^n, u^n) ≥ (φ_0, υ − u^n)_H + (φ_2, υ − u^n)_{(L}2_{(Γ2 ))}d for all υ ∈ V.

Using (2.11) (b) and (3.5), we arrive at

(3.6) m‖u^n − u^∗‖^2_V ≤ (Au^n − Au^∗, u^n − u^∗)_V ≤ (Au^n, u^n − u^∗)_V − (Au^∗, u^n − u^∗)_V ≤ (Au^∗, u^∗ − u^n)_V + j(u^n, u^∗) − j(u^n, u^n) + (φ_0, u^n − u^∗)_H + (φ^n_2 , u^n − u^∗)_{(L}2_{(Γ2 ))}d .

Then, as we have

|j(u^n, u^∗) − j(u^n, u^n)| ≤ ∫ Γ_3

p(u^n_ν )|u^∗_ν − u^n_ν | da

and moreover using (2.8), (2.10) and (3.3) (i), it follows that lim_{n→∞}|j(u^n, u^∗) − j(u^n, u^n)| = 0.

On the other hand, since (φ^n_2 ) is bounded in (L^2(Γ_2))^d, we obtain lim_{n→∞}(φ^n_2 , u^n − u^∗)_{(L}2_{(Γ2))}d = 0.

Consequently,

lim_{n→∞}( j(u^n, u^∗) − j(u^n, u^n) + (φ_0, u^n − u^∗)_H + (φ^n_2 , u^n − u^∗)_{(L}2_{(Γ2 ))}d ) = 0.

Using now (3.6), we get (3.4). Moreover, passing to the limit as n → ∞ in (3.5), one obtains that (u^∗, φ^∗) ∈ U_{ad} and it is a solution of Problem (POC1). □ Remark 3.2. For any minimizer (u^∗, φ^∗) of Problem (POC1), φ^∗ is a minimizer of the functional J : (L^2(Γ_2))^d → R defined as,

J(φ) = α 2 ‖u(φ) − u_d‖^2_V + β 2 ‖φ‖^2_{(L}2_{(Γ2))}d .

4. The regularized optimal control problem

Let δ > 0 and consider the functional j_δ : V × V → R defined as

j_δ(u, v) = ∫ Γ_3

p_δ(u_ν ) (√ v^2_ν + δ^2 − δ ) da, where p_δ satisfies the hypotheses below.

(4.1)

(a) p_δ ∈ C^1(R, R_+);

(b) p_δ(r) = 0 for all r ≤ 0;

(c) there exists M_1, L_1 > 0 such that |p_δ (r)| ≤ M_1, |p^′_δ(r)| ≤ L_1 for all r ∈ R;

(d) there exists G_p : R → R_+ such that |p_δ (r) − p(r)| ≤ G_p(δ) for all r ∈ R and lim_{δ→0}G_p(δ) = 0.

Let u, v ∈ V. There exists an element ∇_2j_δ (u, v) ∈ V such that

lim_{h→0} j_δ(u, v + hw) − j_δ(u, v) h = (∇_2j_δ (u, v), w)_V for all w ∈ V, the existence of the Gâteaux gradient ∇_2j_δ (u, v) ∈ V is ensured by the Riesz representation theorem since the application

w ∈ V → ∫ Γ_3

p(u_ν ) v_ν w_ν √ v^2_ν + δ^2 da is a linear and continuous functional. Thus, giving u, v ∈ V there exists a unique element in V denoted by ∇_2j_δ(u, v) such that

(4.2) (∇_2j_δ (u, v), w)_V = ∫ Γ_3

p(u_ν ) v_ν w_ν √ v^2_ν + δ^2 da for all w ∈ V.

Now let δ > 0 and φ_2 ∈ (L^2(Γ_2))^d, we state the regularized problem below.

Problem (P_δ). Find the displacement field u^δ ∈ V such that

(Au^δ, υ − u^δ)_V + j_δ(u^δ , υ) − j_δ (u^δ, u^δ) ≥ (φ_0, υ − u^δ)_H + (φ_2, υ − u^δ)_{(L}2_{(Γ2 ))}d for all υ ∈ V.

Theorem 4.1. Assume that (2.9), (2.10), and (2.11). Then, there exists a unique solution of Problem (P_δ ) if L_1d^2_Ω < m.

Proof: With the same arguments used in the proof of Theorem 2.1, Problem (P_δ) admits a unique solution, see [16]. □ Now, for δ > 0 and a fixed φ_0 ∈ H, we introduce the following regularized state problem.

Problem (PS2). For a given φ_2 ∈ (L^2(Γ_2))^d (called control), find u^δ ∈ V such that

(4.3)

(Au^δ , υ − u^δ)_V + j_δ (u^δ, υ) − j_δ(u^δ , u^δ) ≥ (φ_0, υ − u^δ)_H + (φ_2, υ − u^δ)_{(L}2_{(Γ2))}d for all υ ∈ V.

By Theorem 4.1, Problem (PS2) has a unique solution u ∈ V , u^δ = u(φ_2). In addition, we have ‖u^δ‖_V ≤ 1 m (‖φ_0‖_H + c‖φ_2‖_{(L}2_{(Γ2))}d ).

Furthermore, we define the set U^δ_{ad} as

U^δ_{ad} = {u, φ_2 ∈ V × (L^2(Γ_2))^d : (4.3) is satisfied}.

Using the functional L, given by (3.2), we introduce the regularized optimal control problem defined below as

Problem (POC2). Find [ū, φ_2] ∈ U^δ_{ad} such that

L(φ_2, ū) = min

[u,φ_2]∈U^δ_{ad}

{L(φ_2, u)}.

With arguments similar to those used in Theorem 3.1, the following result can be proved.

Theorem 4.2. Assume (2.7), (2.8), (2.10) (b) and (2.11) (b). Then Problem (POC2) has at least one solution.

Proof: A solution of Problem (POC2) is called a regularized optimal pair and the second component φ_2 is called regularized optimal control. Like for Problem (POC1), we have that φ_2 is a minimizer of the functional

(4.4) J : (L^2(Γ_2))^d → R, J(φ_2) = α 2 ‖u^δ(φ_2) − u_d‖^2_V + β 2 ‖φ_2‖^2_{(L}2_{(Γ2))}d ,

where u^δ(φ_2) is the solution of the state problem (PS2). Again, the functional J is not convex in general. □

5. Optimality conditions for the regularized problem

In this section, we use the following standard result that can be found in [15]. The sketch of its proof is provided in [1]. This result will be the key in obtaining our optimal condition. In addition, in this section we denote u_δ and p_δ instead of u and p, respectively.

Lemma 5.1. Let B be a Banach space, X and Y two reflexive Banach spaces. Let also be given two C^1 functions

G: B×X → Y, L: B×X → R.

We suppose that for all η ∈ B :

i) there exists a unique ũ(η) such that G(η, ũ(η)) = 0, ii) ∂_2G(η, ũ(η)) is an isomorphism from X onto Y .

Then, J(η) = L(η, ũ(η)) is differentiable and for all ζ ∈ B,

(5.1) dJ dη (η) = ∂_1L(η, ũ(η))ζ − ⟨g(η), ∂_1G(η, ũ(η))⟩_Y ′_{×Y} ,

where g(η) ∈ Y^′ is the adjoint state, unique solution of

(5.2) [∂_2G(η, ũ(η))]^∗g(η) = ∂_2L(η, ũ(η)) ∈ X^′.

Now before we start with the proof of the theorem below, we need to prove the following lemma.

Lemma 5.2. Let u ∈ V be the unique solution of Problem (PS2), then for any ϕ ∈ (L^2(Γ_2))^d, there exists a unique z ∈ V such that (5.3) Au + ∇_2j_δ(u, v) = z + y(ϕ).

Proof: We use Riesz’s representation theorem to define for each ϕ ∈ (L^2(Γ_2))^d, the element y(ϕ) ∈ V by (5.4) (y(ϕ), v)_V = ∫ Γ_3

ϕ · v da for all v ∈ V.

Furthermore, there exists a unique z ∈ V such that (5.5) (z, v)_V = ∫ Γ_3

φ_0 · v dx for all v ∈ V.

Let u ∈ V be the unique solution of Problem (PS2) and let us define as in [18], ∂_2j_δ (u, u) = {ζ ∈ V : j_δ (u, υ) − j_δ (u, u) ≥ (ζ, v − u)_V for all v ∈ V }.

Using (5.5), the inequality (4.3) is equivalent with the following inclusion z + y(ϕ) − Au ∈ ∂_2j_δ (u, u).

Since j_δ (., .) is convex and Gâteaux differentiable in the second argument (5.6) ∂_2j_δ(u, u) = {∇_2j_δ (u, u)}.

Thus with (5.6), the inequality (4.3) is equivalent with the nonlinear equation (5.3). □ Theorem 5.3. (Optimality condition): Any optimal control φ_2 of the state Problem (PS2) verifies (5.7) φ_2 = − 1 β γ(g(φ_2)), where γ is the trace operator for vector valued functions and g(φ_2) is the unique solution of the variational equation, α(u(φ_2) − u_d, w)_V = ((g(φ_2), F w + D^2j_δ(u(φ_2)), u(φ_2))w)_V for all w ∈ V, u(φ_2) being the solution of Problem (PS2) with φ_2 = φ_2 and for all v ∈ V , writing u instead of u(φ_2),

(5.8)

(D^2j_δ (u(φ_2), u(φ_2))w)_V = ∫ Γ_3

p^′(u_ν ) u_ν v_ν w_ν √ u^2_ν + δ^2 da + ∫ Γ_3

p(u_ν ) v_ν w_ν δ^2 (u^2_ν + δ^2)^{3/2} da.

Proof: For every (u, φ_2) ∈ V × (L^2(Γ_2))^d, we have

∂_1L(φ_2, u): (L^2(Γ_2))^d → R, ∂_1L(φ_2, u)ζ = β(φ_2, ζ)_L2_{(Γ2)}d for all ζ ∈ (L^2(Γ_2))^d, and ∂_2L(φ_2, u): V → R, ∂_2L(φ_2, u)v = α(u − u_d, v)_V for all v ∈ V.

Now, using (5.3) and define G: (L^2(Γ_2))^d × V → V ,

G(φ_2, u) = Au + ∇_2j_δ(u, u) − z − y(φ_2) for all (u, φ_2) ∈ V × (L^2(Γ_2))^d.

For every (u, φ_2) ∈ V × (L^2(Γ_2))^d we have

∂_1G(φ_2, u): (L^2(Γ_2))^d → V, ∂_1G(φ_2, u)ζ = −y(ζ) for all ζ ∈ (L^2(Γ_2))^d.

To compute ∂_2G(u, φ_2), let v, w ∈ V and h > 0. Then we have

(G(φ_2, u + hv) − G(φ_2, u), w)_V h = (A(u + hv) − Au, w)_V h + (∇_2j_δ (u + hv, u + hv) − ∇_2j_δ (u, u), w)_V h . By taking into account (4.2), we get

(∇_2j_δ(u + hv, u + hv) − ∇_2j_δ (u, u), w)_V h = 1 h ∫ Γ_3

p(u_ν + hv_ν )

(u_ν + hv_ν )w_ν √ (u_ν + hv_ν )^2 + δ^2 − 1 h ∫ Γ_3

p(u_ν ) u_ν w_ν √ u^2_ν + δ^2 da = ∫ Γ_3

p(u_ν + hv_ν ) − p(u_ν ) h (u_ν + hv_ν )w_ν √ (u_ν + hv_ν )^2 + δ^2 da + ∫ Γ_3

p(u_ν )

[ (u_ν + hv_ν )w_ν √ (u_ν + hv_ν )^2 + δ^2 − u_ν w_ν √ u^2_ν + δ^2 ] da. Then, we deduce that

lim_{h→0}

(∇_2j_δ (u + hv, u + hv) − ∇_2j_δ (u, u), w)_V h = ∫ Γ_3

p^′(u_ν ) u_ν v_ν w_ν √ u^2_ν + δ^2 da + ∫ Γ_3

p(u_ν ) v_ν w_ν δ^2 (u^2_ν + δ^2)^{3/2} da. Let us denote by D^2 j_δ(u, u)v the unique element of V such that for all w ∈ V,

(D^2j_δ (u, u)v, w)_V = ∫ Γ_3

p^′(u_ν ) u_ν v_ν w_ν √ u^2_ν + δ^2 da + ∫ Γ_3

p(u_ν ) v_ν w_ν δ^2 (u^2_ν + δ^2)^{3/2} da, so ∂_2G(φ_2, u): V → V, ∂_2G(φ_2, u)v = Av + D^2 j_δ(u, u)v for all v ∈ V.

Let φ_2 ∈ (L^2(Γ_2))^d, and u(φ_2) ∈ V be the corresponding solution of the regularized state Problem (PS2)

∂_2G(φ_2, u(φ_2))v = Av + D^2j_δ (u(φ_2), u(φ_2))v for all v ∈ V. Then, we shall prove that ∂_2G(φ_2, u(φ_2)): V → V is an isomorphism. In fact, we have for all ζ ∈ V there exists a unique element v^∗ ∈ V such that, (5.9) (Av^∗, w)_V + (D^2 j_δ (u(φ_2), u(φ_2))v^∗, w)_V = (ζ, w)_V for all w ∈ V. Let us define a bilinear form a: V × V → R by a(v, w) = (Av, w)_V + (D^2j_δ (u(φ_2), u(φ_2)v, w)_V , then using the properties of the operator A and of the function p, (2.11) and (5.9), we deduce that a is continuous and V -elliptic. Thus, by Lax–Milgram theorem, we get that (5.9) has a unique solution. Now, let g(φ_2) be the unique solution of the following equation [∂_2G(φ_2, u(φ_2))]^∗g(φ) = ∂_2L(φ_2, u(φ_2)).

Since ∂_2L(φ_2, u(φ_2))w = ([∂_2G(φ_2, u(φ_2))]^∗g(φ_2), w)_V = (g(φ_2), ∂_2G(φ_2, u(φ_2))w_V , g(φ_2) ∈ V is in fact the unique solution of the following variational equation: (5.10) α(u(φ) − u_d, w)_V = ((g(φ_2), Aw + D^2j_δ u(φ_2)), u(φ_2)w)_V . Now, from Lemma 5.1, we deduce that for all q ∈ (L^2(Γ_2))^d, dJ dφ (φ_2)q = ∂_1L(φ_2, u(φ_2))q − (g(φ_2), ∂_1G(φ_2, u(φ_2)q))_V = β(φ_2, q)_{(L}2_{(Γ2))}d + (g(φ_2), y(q))_V , where y(q) is defined by (5.4). Since φ_2 is a minimizer of J, we obtain that dJ dφ (φ_2)q = 0 for all q ∈ (L^2(Γ_2))^d, and thus, we get the following optimality condition (5.11) β(φ_2, q)_L2_{(Γ2)}d + (g(φ_2), y(q))_V = 0 for all q ∈ (L^2(Γ_2))^d, where g(φ_2) is the unique solution of (5.10) with φ = φ_2. Using (5.4) and (5.11), we get (5.7) and the proof of the theorem ends. □

6. Convergence results

In the first part of this section, we prove that the unique solution of the regularized state Problem (PS2) converges to the unique solution of the state Problem (PS1). More precisely, the following theorem takes place. Theorem 6.1. Let δ > 0, φ_0 ∈ H and φ_2 ∈ (L^2(Γ_2))^d be given. If u^δ, u ∈ V are respectively the solutions of Problems (PS2) and (PS1), then (6.1) u^δ → u strongly in V as δ → 0.

Proof: We take v = u^δ in (3.1) for u = u^δ, v = u in (4.3). Then, by adding the two inequalities obtained, one gets

m‖u^δ − u‖^2_V ≤ (Au^δ − Au, u^δ − u)_V ≤ j(u, u^δ) − j(u, u) + j(u^δ, u) − j(u^δ, u^δ) + j_δ(u^δ , u) − j(u^δ, u) + j(u^δ, u^δ) − j_δ (u^δ, u^δ).

By (2.10) and (2.11) we have j(u, u^δ) − j(u, u) + j(u^δ, u) − j(u^δ, u^δ) ≤ d^2_ΩL_p‖u^δ − u‖^2_V , then we get (6.2) (m − L_pd^2_Ω)‖u^δ − u‖^2_V ≤ j_δ (u^δ, u) − j(u^δ, u) + j(u^δ , u^δ) − j_δ (u^δ, u^δ). So, with (2.10), (4.1) and definitions of j and j_δ , after some computations, it follows that

j_δ (u^δ, u) − j(u^δ, u) + j(u^δ, u^δ) − j_δ(u^δ , u^δ) → 0 as δ → 0. Finally, by using (2.12) and (6.2) we get (6.1). □ Now we need to prove the following convergence results.

Theorem 6.2. Let [ū^δ, φ^δ] be a solution of Problem (POC2). Then, there exists a solution of Problem (POC1), [ū, φ ] such that, for δ → 0, ū^δ → ū strongly in V, φ^δ → φ weakly in (L^2(Γ_2))^d.

Proof: Let u^δ_0 ∈ V be the unique solution of Problem (PS2) with φ_2 = 0_{(L}2_{(Γ2))}d . We have L(0_{(L}2_{(Γ2))}d , u^δ_0) = 1 2 ‖u^δ_0 − u_d‖^2_V ≤ (‖u^δ_0‖^2_V + ‖u_d‖^2_V ) and since ‖u^δ_0‖_V ≤ 1 m ‖φ_0‖_H , we deduce that there exists c > 0 such that L(φ^δ, ū^δ) ≤ L(0_{(L}2_{(Γ2))}d , u^δ_0) ≤ c(‖φ_0‖^2_H + ‖u_d‖^2_V ).

Therefore, (ū^δ, φ^δ )_δ is a bounded sequence in V × (L^2(Γ_2))^d. Consequently, there exists [ū, φ] ∈ V × (L^2(Γ_2))^d such that as δ → 0,

ū^δ → ū weakly in V, φ^δ → φ weakly in (L^2(Γ_2))^d. Moreover, we have

(6.3) m‖ū^δ − ū‖^2_V ≤ (Aū − Aū^δ, ū − ū^δ)_V ≤ (Aū, ū − ū^δ)_V + j_δ (ū^δ, ū) − j_δ (ū^δ, ū^δ) + (φ_0, ū − ū^δ)_H + (φ^δ, u − ū^δ)_{(L}2_{(Γ2))}d .

On the other hand as ū^δ → ū weakly in V implies that ū^δ → ū strongly in (L^2(Γ_2))^d, then j_δ(ū^δ , ū) − j_δ(ū^δ , ū^δ) → 0 as δ → 0. Hence we deduce that

lim_{δ→0}(Aū, ū−ū^δ)_V +j_δ(ū^δ , ū)−j_δ(ū^δ, ū^δ)+(φ_0, ū−ū^δ)_H +(φ^δ, ū−ū^δ)_{(L}2_{(Γ2))}d = 0.

Using this relation and passing to the limit as δ → 0 on both sides of the inequality (6.3), one obtains ū^δ ⇀ ū strongly in V as δ → 0 . Now, we must prove that [ū, φ] ∈ U_{ad}. Indeed, using (6.3), it follows, after some computations that when δ → 0, the following limits hold: (Aū^δ , v − ū^δ)_V → (Aū, v − ū)_V , j_δ (v, ū^δ) − j_δ (ū^δ, ū^δ) → j(v, ū) − j(ū, ū), (φ_0, v − ū^δ)_H + (φ^δ, v − ū^δ)_{(L}2_{(Γ2))}d → (φ_0, v − ū)_H + (φ, v − ū)_{(L}2_{(Γ2))}d .

Therefore, passing to the limit as δ → 0 in (4.3), we deduce that (ū, φ) satisfies (3.1) and [ū, φ] ∈ U_{ad}.

Let (u^∗, φ^∗) be a solution of Problem (POC1) and let us consider the sequence (u^δ)_δ such that for each δ > 0, u^δ is the unique solution of Problem (PS2) with the data φ_0 ∈ H and φ^∗ ∈ (L^2(Γ_2))^d. Obviously, for every δ > 0, (u^δ, φ^∗) ∈ U^δ_{ad}. Using Theorem 6.1, since the functional L is convex and continuous, we have L(φ^∗, u^∗) ≤ lim_{δ→0} inf L(φ^δ , ū^δ),

(6.4) (u^δ, φ^∗) → (u^∗, φ^∗) strongly in V × (L^2(Γ_2))^d as δ → 0.

(6.5)

We also have, as (ū^δ, φ^δ) is a solution of Problem (POC2):

(6.6) lim_{δ→0} sup L(φ^δ , ū^δ) ≤ lim_{δ→0} sup L(φ^δ, u^δ).

Now, using (6.3), we have

(6.7) lim_{δ→0} sup L(φ^δ , u^δ) = L(φ^∗, u^∗),

and as (φ^∗, u^∗) is a solution of Problem (POC1),

(6.8) L(φ^∗, u^∗) ≤ L(φ, ū).

Thus, from (6.4)–(6.8), we deduce that

L(φ, ū) = L(φ^∗, u^∗),

and then we obtain lim_{δ→0}L(φ^δ, u^δ) = L(φ^∗, u^∗). □

References

[1] Amassad A., Chenais D., Fabre C., Optimal control of an elastic contact problem involving Tresca friction law, Nonlinear Anal. Ser. A: Theory Methods 48 (2002), no. 8, 1107–1135.

[2] Andersson L.-E., A quasistatic frictional problem with normal compliance, Nonlinear Anal.

16 (1991), no. 4, 347–370.

[3] Barbu V., Optimal Control of Variational Inequalities, Research Notes in Mathematics, 100, Pitman (Advanced Publishing Program), Boston, 1984.

[4] Bartosz K., Kalita P., Optimal control for a class of dynamic viscoelastic contact problems with adhesion, Dynam. Systems Appl. 21 (2012), no. 2–3, 269–292.

[5] Bonnans J. F., Tiba D., Pontryagin’s principle in the control of semiliniar elliptic variational inequalities, Appl. Mathem. Optim. 23 (1991), no. 3, 299–312.

[6] Capatina A., Timofte C., Boundary optimal control for quasistatic bilateral frictional contact problems, Nonlinear Anal. 94 (2014), 84–99.

[7] Denkowski Z., Migórski S., Ochal A., Optimal control for a class of mechanical thermoviscoelastic frictional contact problems, Control Cybernet. 36 (2007), no. 3, 611–632.

[8] Denkowski Z., Migórski S., Ochal A., A class of optimal control problems for piezoelectric frictional contact models, Nonlinear Anal. Real World Appl. 12 (2011), no. 3, 1883–1895.

[9] Friedman A., Optimal control for variational inequalities, SIAM J. Control Optim. 24 (1986), no. 3, 439–451.

[10] Kikuchi N., Oden J. T., Contact Problems in Elasticity: A Study of Variational Inequalities and Finite Element Methods, SIAM Studies in Applied Mathematics, 8, Society for Industrial and Applied Mathematics (SIAM), Philadelphia, 1988.

[11] Kimmerle S.-J., Moritz R., Optimal control of an elastic Tyre-Damper system with road contact, (P. Steinmann, G. Leugering, eds.) Special Issue: 85th Annual Meeting of the International Association of Applied Mathematics and Mechanics (GAMM), Erlangen 2014, 14 (2014), no. 1, 875–876.

[12] Klarbring A., Mikelić A., Shillor M., Frictional contact problems with normal compliance, Internat. J. Engrg. Sci. 26 (1988), no. 8, 811–832.

[13] Klarbring A., Mikelić A., Shillor M., On frictional problems with normal compliance, Nonlinear Anal. 13 (1989), no. 8, 935–955.

[14] Laursen T. A., Computational Contact and Impact Mechanics, Fundamentals of Modeling Interfacial Phenomena in Nonlinear Finite Element Analysis, Springer, Berlin, 2002.

342 Touzaline A.

[15] Lions J.-L., Contrôle optimal de systèmes gouvernés par des équations aux dérivées partielles, Gauthier-Villars, Paris, 1968 (French).

[16] Martins J. A. C., Oden J. T., Existence and uniqueness results for dynamic contact problems with nonlinear normal and friction interface laws, Nonlinear Anal. 11 (1987), no. 3, 407–428.

[17] Matei A., Micu S., Boundary optimal control for nonlinear antiplane problems, Nonlinear Anal. 74 (2011), no. 5, 1641–1652.

[18] Matei A., Micu S., Boundary optimal control for a frictional problem with normal compliance, Appl. Math. Optim. (2017), 23 pages.

[19] Mignot F., Contrôle dans les inéquations variationnelles elliptiques, J. Functional Analysis 22 (1976), no. 2, 130–185 (French).

[20] Mignot R., Puel J.-P., Optimal control in some variational inequalities, SIAM J. Control Optim. 22 (1984), no. 3, 466–476.

[21] Neittaanmaki P., Sprekels J., Tiba D., Optimization of Elliptic Systems: Theory and Applications, Springer Monographs in Mathematics, Springer, New York, 2006.

[22] Oden J. T., Martins J. A. C., Models and computational methods for dynamic friction phenomena, Comput. Methods Appl. Mech. Engrg. 52 (1985), no. 1–3, 527–634.

[23] Popov V. L., Contact Mechanics and Friction, Physical Principles and Applications, Springer, Heidelberg, 2010.

[24] Rochdi M., Shillor M., Sofonea M., Quasistatic viscoelastic contact with normal compliance and friction, J. Elasticity 51 (1998), no. 2, 105–126.

[25] Shillor M., Sofonea M., Telega J. J., Models and Variational Analysis of Quasistatic Contact, Variational Methods, Lecture Notes in Physics, 655, Springer, Berlin, 2004.

[26] Sofonea M., Matei A., Variational Inequalities with Applications, A Study of Antiplane Frictional Contact Problems, Advances in Mechanics and Mathematics, 18, Springer, 2009.

[27] Sofonea M., Matei A., Mathematical Models in Contact Mechanics, London Mathematical Society, Lecture Note Series, 398, Cambridge University Press, 2012.

[28] Touzaline A., Optimal control of a frictional contact problem, Acta Math. Appl. Sin. Engl.

Ser. 31 (2015), no. 4, 991–1000.

A. Touzaline:

Dynamical Systems Laboratory, Faculty of Mathematics, BP 32 El Alia, Bab-Ezzouar, 16111, Algiers, Algeria E-mail: ttouzaline@yahoo.fr

(Received January 15, 2018, revised May 24, 2018)