Comment.Math.Univ.Carolin. 59,4 (2018) 451–466 451

Asymmetric tie-points and almost clopen subsets of N^∗

Alan Dow, Saharon Shelah

To the memory of Bohuslav Balcar

Abstract. A tie-point of compact space is analogous to a cut-point: the complement of the point falls apart into two relatively clopen non-compact subsets. We review some of the many consistency results that have depended on the construction of tie-points of N^∗. One especially important application, due to Veličković, was to the existence of nontrivial involutions on N^∗. A tie-point of N^∗ has been called symmetric if it is the unique fixed point of an involution. We define the notion of an almost clopen set to be the closure of one of the proper relatively clopen subsets of the complement of a tie-point. We explore asymmetries of almost clopen subsets of N^∗ in the sense of how may an almost clopen set differ from its natural complementary almost clopen set.

Keywords: ultrafilter; cardinal invariants of continuum

Classification: 54D80, 03E15

1. Introduction

In this introductory section we review some background to motivate our interest in further study of tie-points and almost clopen sets. The Stone–Čech compactification of the integers N, is denoted as βN and, as a set, is equal to N together with all the free ultrafilters on N. The remainder N^∗ = βN \ N can be topologized as a subspace of the Stone space of the power set of N as a Boolean algebra and, in particular, for a subset a of N, the set a^∗ of all free ultrafilters with a as an element, is a basic clopen subset of N^∗.

A point x of a space X is a butterfly point (or b-point, see [23]) if there are sets D, E ⊂ X \ {x} such that {x} = D ∩ E. In [4], the authors introduced the tie-point terminology.

Definition 1.1. A point x is a tie-point of a space X if there are closed sets A, B of X such that X = A ∪ B, {x} = A ∩ B and x is a limit point of each of A and B. We picture (and denote) this as X = A ▷◁_x B where A, B are the closed sets which have a unique common accumulation point x and say that x is a tie-point as witnessed by A, B.

DOI 10.14712/1213-7243.2015.268 The research of the first author was supported by the NSF grant No. NSF-DMS 1501506.

The research of the second author was supported by the United States-Israel Binational Science Foundation (BSF Grant No. 2010405), and by the NSF grant No. NSF-DMS 1101597.

In this note the focus is on the local properties of x with respect to each of the closed sets A and B such that A ▷◁_x B in the case when A, B witness that x is a tie-point. For this reason we introduce the notion of an almost clopen subset of N^∗.

Definition 1.2. A set A ⊂ N^∗ is almost clopen if A is the closure of an open subset of N^∗ and has a unique boundary point, which we denote x_A.

Proposition 1.3. If A is an almost clopen subset of N^∗, then B = {x_A}∪(N^∗\A) is almost clopen and x_B = x_A. In addition x_A is a tie-point as witnessed by A, B.

Definition 1.4 ([4]). A tie-point x is a symmetric tie-point of N^∗ if there is a pair A, B witnessing that x is a tie-point and if there is a homeomorphism h: A → B satisfying that h(x) = x.

If A is almost clopen, then we refer to B = {x_A} ∪ (N^∗ \ A) as the almost clopen complement of A. A more set-theoretically inclined reader would surely prefer a straightforward translation of almost clopen to properties of ideals of subsets of N and the usual mod finite ordering ⊂^∗.

Definition 1.5. If A is any subset of N^∗, then I_A is defined as the set {a ⊂ N : a^∗ ⊂ A}.

For any family A of subsets of N (or ω), we define A^⊥ to be the orthogonal ideal {b ⊂ N: ∀ a ∈ A b ∩ a =^∗ ∅}. We state this next result for easy reference.

Proposition 1.6. If I is an ideal that has no ⊂^∗-maximal element, then the ideal generated by I ∪ I^⊥ is a proper ideal.

Lemma 1.7. If A is an almost clopen subset of N^∗ with almost clopen complement B, then I_A ∩ I_B is the Fréchet ideal [N]^{<ℵ0} , I_B = I^⊥_A , and x_A is the unique ultrafilter that is disjoint from I_A ∪ I_B .

Almost clopen sets (and tie-points) first arose implicitly in the work [9] of N. J. Fine and L. Gillman in the investigation of extending continuous functions on dense subsets of N^∗. A subset Y of a space X is C^∗-embedded if every bounded continuous real-valued function on Y can be continuously extended to all of X. The character of a point x ∈ N^∗ is the minimal cardinality of a filter base for x as an ultrafilter on N.

Proposition 1.8 ([9]). If x is a tie-point of N^∗, then N^∗ \{x} is not C^∗-embedded in N^∗. Every point of character ℵ_1 is a tie-point of N^∗.

It was shown in [3] to be consistent with Zermelo–Fraenkel set theory (ZFC) that N^∗ \ {x} is C^∗-embedded for all x ∈ N^∗. It was also shown by J. E. Baumgartner in [1] that this result holds in models of the Proper forcing axiom (PFA).

Proposition 1.9 ([3], [1]). PFA implies that N^∗ \ {x} is C^∗-embedded in N^∗ for all x ∈ N^∗

Corollary 1.10. PFA implies that there are no almost clopen sets and no tiepoints in N^∗.

Almost clopen sets arise in the study of minimal extensions of Boolean algebras (see [15]) and in the application of this method of construction for building a variety of counterexamples (e.g. [16], [12], [22], [6]). The next application of almost clopen subsets of N^∗ was to the study of nontrivial automorphisms of P(N)/ fin, or nontrivial autohomeomorphisms of N^∗. M. Katětov in [14] proved that the set of fixed points of an autohomeomorphism of βN will be a clopen set. It is immediate from N. J. Fine and L. Gillman’s work [9] that every P -point of character of ℵ_1 is a fixed point of a nontrivial autohomeomorphism of N^∗.

Definition 1.11. A point x of N^∗ is a P -point if the ultrafilter x is countably complete mod finite. For a cardinal κ, an ultrafilter x on N is a simple P_κ-point if x has a base well-ordered by mod finite inclusion of order type κ.

Proposition 1.12 ([9]). If A is an almost clopen subset of N^∗ and x_A is a simple P_{ℵ1} -point of N^∗, then

(1) A is homeomorphic to N^∗; (2) x_A is a symmetric tie-point;

(3) there is an autohomeomorphism f on N^∗ such that {x} is the only fixed point of f.

As we have seen above, PFA implies that there are no almost clopen subsets of N^∗, and of course, PFA also implies that all autohomeomorphisms of N^∗ are trivial, see [24]. However Veličković utilized a similar simple P -point trick (motivating our definition of symmetric tie-point) in order to prove that this is not a consequence of Martin’s axiom (MA).

Proposition 1.13 ([27]). It is consistent with MA and c = ℵ_2 that there is an almost clopen set A of N^∗ such that x_A is a simple P_{ℵ2} -point and, (1) x_A is a symmetric tie-point, (2) there is an autohomeomorphism f on N^∗ such that {x} is the only fixed point of f.

Veličković’s result and approach was further generalized in [25] and [26]. It is very interesting to know if an almost clopen subset of N^∗ is itself homeomorphic to N^∗, see [8], [13]. This question also arose in the authors’ work on two-to-one images of N^∗, see [5]. Veličković’s method was slightly modified in [5] to produce a complementary pair of almost clopen sets so that neither is homeomorphic to N^∗, but it is not known if there is a symmetric tie-point A ▷◁_x B where A is not a copy of N^∗.

Our final mention of recent interest in almost clopen subsets of N^∗ is in connection to the question, see [19], [7], of whether the Banach space l_∞/c_0 is necessarily primary. It was noted by P. Koszmider in [20, page 577] that a special almost clopen subset of N^∗ could possibly resolve the problem. For a compact space K, we let C(K) denote the Banach space of continuous real-valued functions on K with the supremum norm. It is well-known that C(N^∗) is isomorphic (as a Banach space) to l_∞/c_0. Naturally if a space A is homeomorphic to N^∗, then C(A) is isomorphic to C(N^∗).

Proposition 1.14 ([20, page 577]). Suppose that A is an almost clopen subset of N^∗ and that B is its almost clopen complement. If C(N^∗) is not homeomorphic to either of C(A) or C(B), then l_∞/c_0 is not primary.

2. Asymmetric tie-points

In many of the applications mentioned in the introductory section, the tiepoints utilized were symmetric tie-points. In other applications for example the primariness of l_∞/c_0, it may be useful to find examples where the witnessing sets A, B for a tie-point are quite different. There are any number of local topological properties that x may enjoy as a point in A that it may not share as a point in B. We make the following definition in connection with simple P_κ-points.

Definition 2.1. Let κ be a regular cardinal. An almost clopen set A is simple of type κ if I_A has a ⊂^∗-cofinal ⊂^∗-increasing chain {a_α : α ∈ κ} of type κ.

If {a_α : α ∈ κ} is strictly ⊂^∗-increasing and ⊂^∗-cofinal in I_A for an almost clopen set A, then the family A_A = {a_{α+1} \a_α : α ∈ κ} cannot be reaped. A family A ⊂ [N]^{ℵ0} is reaped by a set c ⊂ N if |a \ c| = |a ∩ c| for all a ∈ A. We verify that A_A cannot be reaped. Let c ⊂ N and, by symmetry, assume that c is not an element of the ultrafilter x_A. Therefore c^∗ ∩ A is a compact subset of A \ {x} and so is contained in a^∗_α for some α ∈ κ. Thus (c \ a_α)^∗ is disjoint from A and so c ∩ (a_{α+1} \ a_α) is finite. This proves that A_A is not reaped by c.

The reaping number r is the minimum cardinal of a family that cannot be reaped, see [11] and [18]. For any infinite set a ⊂ N, let next(a, ·) be the function in N^N defined by next(a, k) = min(a \ {1, . . . , k}). As usual, for f, g ∈ N^N we say that f <^∗ g if {k : g(k) ≤ f(k)} is finite.

Proposition 2.2 ([11]). If A ⊂ [N]^{ℵ0} and if there is some g ∈ N^N such that next(a, ·) <^∗ g for all a ∈ A, then A can be reaped. In particular, b ≤ r.

If {a_α : α ∈ κ} is strictly ⊂^∗-increasing and ⊂^∗-cofinal in I_A for an almost clopen set A, then the family {a_{α+1} \ a_α : α ∈ κ} is an example of a converging family of infinite sets.

Definition 2.3. Let A be a family of infinite subsets of N. We say that A converges if there is an ultrafilter x on N such that for each U ∈ x, the set {a ∈ A: a \ U ≠^∗ ∅} has cardinality less than that of A.

We say that A is hereditarily unreapable if each reapable subfamily of A has cardinality less than that of A.

Lemma 2.4. If for a cardinal κ, {a_α : α ∈ κ} is a strictly ⊂^∗-increasing family of subsets of N, and if {a_{α+1} \ a_α : α ∈ κ} converges, then the closure of � {a^∗_α :

α ∈ κ} is a simple almost clopen set of type κ.

Proof: Suppose that {a_{α+1} \ a_α : α ∈ κ} converges to x ∈ N^∗ and let A = {x} ∪ � {a^∗_α : α ∈ κ}. It suffices to prove that A is closed. Choose any y ∈ N^∗ \ A and let a be an element of x \ y. Choose β ∈ κ so that (a_{α+1} \ a_α) ⊂^∗ a for all β ≤ α ∈ κ. By induction on α < κ, it follows that a_α \ a_β ⊂^∗ a. Therefore A is contained in the clopen set (a_β ∪ a)^∗ ⊂ N^∗ \ {y}. □

An ultrafilter x of N^∗ is said to be an almost P_κ-point (or pseudo-P_κ-point) if each set of fewer than κ many members of x have a pseudo-intersection (an infinite set mod finite contained in each of them). Certainly a converging family is hereditarily unreapable and converges to a point that is an almost P_κ-point where κ is the cardinality of the family. Clearly the cardinality of any hereditarily unreapable family will have cofinality not larger than the splitting number s. Therefore if, for example, s = ℵ_1 and r = c = ℵ_2, there will be no hereditarily unreapable family. If s = c, then there is a hereditarily unreapable family of cardinality s. In the Mathias model of s = c = b = ℵ_2, there is no converging unreapable family because there is no almost P_{ℵ2} -point. In the Goldstern–Shelah model of r = s = ℵ_1 < u, see [11], there is (easily checked) no converging family of cardinality r.

If there is a simple almost clopen set of type κ, are there restrictions on the behavior of its almost clopen complement and can there be simple almost clopen sets of different types (including the complement)? These are the types of questions that stimulated this study. The most compelling of these has been answered. Theorem 2.5. If A is a simple almost clopen set of type κ and if the complementary almost clopen set B is simple, then it also has type κ.

We defer the proof of this, and the next two theorems, until the next section. Similarly, there is restriction on what the type of a simple almost clopen set can be that is shared by simple P_κ-points (as shown, for simple P_κ-points, by Nyikos (unpublished), see [2]).

Theorem 2.6. If A is a simple almost clopen set of type κ, then κ is one of {b, d}.

Now that we understand the limits on the behavior of a complementary pair of simple almost clopen sets, we look to the properties of the complement B when it is not assumed to be simple. The topological properties of character and tightness of x_B in B are natural cardinal invariants to examine. These correspond to natural properties of I_B as well. An indexed subset {x_β : β < λ} of a space X is said to be a free sequence if the closure of each initial segment is disjoint from the closure of its complementary final segment. A λ-sequence {x_β : β < λ} is converging if there is a point x such that every neighborhood of x contains a final segment of {x_β : β < λ}. A subset D of N^∗ is said to be strongly discrete, see [10] and [21], if there is a family of pairwise disjoint clopen subsets of N^∗ each containing a single point of D.

Theorem 2.7. If κ < λ are regular cardinals with c ≤ λ, then there is a countable chain condition (ccc) forcing extension in which there is a simple almost clopen set

A of type κ such that the almost clopen complement B contains a free λ-sequence {x_β : β < λ} that converges to x_A.

We finish this section by formulating some open problems about almost clopen sets and possible asymmetries.

Question 2.8. Can there exist simple almost clopen sets of different types?

If A is a simple almost clopen set of type κ, then, as a point in A, x_A is a P-point with a linear neighborhood base of clopen sets. Therefore the next two questions seem natural. See also the remark about Nyikos’ result, see [2], about simple P_κ-points preceding Theorem 2.6.

Question 2.9. If there is a simple almost clopen set of type κ is there a point of N^∗ of character κ? Is there a simple P_κ-point?

Question 2.10. Is a simple almost clopen set of type ℵ_1 necessarily homeomorphic to N^∗?

Question 2.11. If A is a simple almost clopen set of type κ, is there a simple almost clopen set B^′ contained in the almost clopen complement B of A such that x_A = x_B′ ? Is there a family of κ-many members of I_B that converges to x_A?

3. Proofs

Our analysis of simple almost clopen sets depends on the connection between the type of the clopen set and the ultrafilter ordering of functions from N to N. For an ultrafilter x on N the ordering <_x is defined on N^N by the condition that f <_x g if {n ∈ N: f(n) < g(n)} ∈ x. Since x is an ultrafilter, a set F ⊂ N^N is cofinal in (N^N, <_x) if it is not bounded. Of course a subset of N^N that is unbounded with respect to the <_x-ordering is also unbounded with respect to the mod finite ordering <^∗.

Fix a <^∗-unbounded family {f_ξ : ξ < b} ⊂ N^N such that each f_ξ is strictly increasing and such that f_η <^∗ f_ξ for all η < ξ < b. The following well-known fact will be useful.

Proposition 3.1. For each infinite b ⊂ N and each unbounded Γ ⊂ b, the family {f_ξ ↾ b: ξ ∈ Γ} is <^∗-unbounded in N^b.

Proof: For each η < b, there is a ξ ∈ Γ \ η such that f_η <^∗ f_ξ, hence {f_ξ : ξ ∈ Γ} is <^∗-unbounded. If g ∈ N^b, then g ∘ next(b, ·) ∈ N^N. So there is a ξ ∈ Γ such that f_ξ ≮^∗ g ∘ next(b, ·). Since f_ξ is strictly increasing, f_ξ ↾ b ≮^∗ g. □

Lemma 3.2. If a family A ⊂ [N]^{ℵ0} converges to an ultrafilter x and if {f_ξ : ξ ∈ b} is bounded mod <_x, then A has cardinality b.

Proof: Choose g ∈ N^N so that f_ξ <_x g for all ξ < b. Since A cannot be reaped, Proposition 2.2 implies that b ≤ |A|. For each ξ, let U_ξ = {n ∈ N: f_ξ(n) < g(n)} ∈ x. If b < |A|, then there is a b ∈ A such that b ⊂^∗ U_ξ for all ξ < b

(i.e. x is an almost P_b+ -point). However we would then have that f_ξ ↾ b <^∗ g ↾ b for all ξ < b, and by Proposition 3.1, there is no such set b. This completes the proof. □

Concerning this next result, we do not know if it is consistent to have a family in [N]^{ℵ0} of singular cardinality that is converging.

Lemma 3.3. If a family A ⊂ [N]^{ℵ0} of regular cardinality converges to an ultrafilter x and if {f_ξ : ξ ∈ b} is unbounded mod <_x, then A has cardinality equal to d.

Proof: Since we are assuming that {f_ξ : ξ ∈ b} is <_x-unbounded, it is actually <_x-cofinal. Also, we check that the family {f_ξ ∘ next(a, ·): ξ < b, a ∈ A} is a <^∗- dominating family. Take any strictly increasing g ∈ N^N and choose ξ < b such that U = {n: g(n) < f_ξ(n)} ∈ x. Since A converges to x, there is an a ∈ A such that a ⊂^∗ U. Since g is strictly increasing, it is clear that g < f_ξ ∘ next(U, ·) <^∗ f_ξ ∘ next(a, ·). Again, since A cannot be reaped, we have b ≤ |A| and this implies that d ≤ |A|. Assume that {g_β : β < d} ⊂ N^N is a <^∗-dominating family. For each a ∈ A, there is a β_a < d such that next(a, ·) <^∗ g_{βa} . Now since A is hereditarily unreapable, Proposition 2.2 implies that the mapping a → β_a is <|A|-to-1. Since we assume that |A| is regular, this implies that |A| ≤ d. □

Corollary 3.4. If A is a simple almost clopen set of type κ, then κ = b if {f_ξ : ξ < b} is <_{xA} -bounded. Otherwise κ = d.

Proof: Let {a_α : α ∈ κ} be the family contained in I_A witnessing that A has type κ. Set A equal to the family {a_{α+1} \ a_α : α ∈ κ} which converges to x_A. If {f_ξ : ξ < b} is <_{xA} -bounded, then by Lemma 3.2, κ = b. Otherwise, since κ is a regular cardinal, we have by Lemma 3.3, κ = d. □

Proof of Theorem 2.5: Assume that A and its complementary almost clopen set B are both simple and let x = x_A. If {f_ξ : ξ < b} is <_x-bounded then, by Corollary 3.4 they both have type b; otherwise they both have type d. □

Proof of Theorem 2.6: Immediate from Corollary 3.4. □

We can improve Theorem 2.5. First we recall that a family A ⊂ [N]^{ℵ0} is a splitting family if for all infinite b ⊂ N, there is an a ∈ A such that |b∩a| = |b\a|. We say that b is split by a. The splitting number s is the least cardinality of a splitting family and s ≤ d, see [11].

Proposition 3.5. There is no almost P_s+ -point in N^∗.

Proof: Let A be a splitting family of cardinality s. We may assume that A is closed under complements. Let x be any point of N^∗. It is easily seen that any pseudointersection of x ∩ A is not split by any member of A. Since A is splitting, x ∩ A has no pseudointersection, and so x is not an almost P_s+ -point. □

Now we improve Theorem 2.5.

Theorem 3.6. If A is a simple almost clopen set of type κ then x_A is not an almost P_κ+ -point.

Proof: We first note that by Proposition 3.5 we must have that κ < d. Therefore, by Lemma 3.3, {f_ξ : ξ < b} is <_{xA} -bounded. Choose any g ∈ N^N so that f_ξ <_{xA} g for all ξ < b. For each ξ, let U_ξ = {n ∈ N: f_ξ(n) < g(n)}. By Proposition 3.1, we have that the collection {U_ξ : ξ < b} ⊂ x has no pseudointersection. By Theorem 2.5, b ≤ κ and this proves the theorem. □

Proof of Theorem 2.7: We first prove the easier special case when κ = ℵ_1. An α-length finite support iteration sequence of posets, denoted (⟨P_β : β ≤ α⟩, ⟨Q̇_β : β < α⟩), will mean that ⟨P_β : β ≤ α⟩ is an increasing chain of posets, Q̇_β is a P_β -name of a poset for each β < α, and members p of P_α will be functions with domain a finite subset, supp(p), of α satisfying that p ↾ β ∈ P_β forces that p(β) ∈ Q̇_β. As usual, p_2 < p_1 providing p_2 ↾ β ⊩_{Pβ} “ p_2(β) < p_1(β)” for all β ∈ supp(p_1). Since P_0 is the trivial poset, we will allow ourselves to simply specify a poset Q_0 in such an iteration sequence rather than the P_0-name of that poset.

Definition 3.7. Let A = {a_β : β < α} be a ⊂^∗-increasing chain of subsets of ω, and let I be an ideal contained in A^⊥. We define the poset Q = Q(A; I) where q ∈ Q if q = (F_q , σ_q , b_q) where

(1) F_q ∈ [ω]^{<ℵ0} ;

(2) b_q ∈ I is disjoint from F_q ; (3) σ_q : H_q → ω and H_q ∈ [α]^{<ℵ0} ;

(4) for each β ∈ H_q, a_β \ σ_q (β) is disjoint from b_q.

For r, q ∈ Q we define r < q providing F_r ⊃ F_q , σ_r ⊃ σ_q , and b_r ⊃ b_q .

Definition 3.8. If Q is Q(A; I) for some ⊂^∗-increasing chain of subsets of ω and ideal I ⊂ A^⊥, then the Q-generic set ȧ_Q is defined as the natural name {(ň, q): q ∈ Q and n ∈ F_q }, i.e. for each Q-generic filter G, val_G(ȧ_Q) is equal to the union of the family {F_q : q ∈ G}.

Lemma 3.9. Let A = {a_β : β < α} and I be as given in the definition of Q(A; I) and let Q = Q(A; I). Then 1 ⊩_Q “ ȧ_Q ∈ I^⊥”, and for all q ∈ Q(A; I) and β ∈ dom(σ_q ), q ⊩_Q “ a_β \ σ_q (β) ⊂ ȧ_Q”.

Proof: Let q ∈ Q, β ∈ σ_q and b ∈ I. Since q_b = (F_q , σ_q , b_q ∪ (b \ F_q )) forces that ȧ_Q is disjoint from b, this proves that 1 ⊩_Q “ ȧ_Q ∈ I^⊥”. Choose any k ∈ a_β \ σ_q (β) and let r ≤ q. By condition (4), k /∈ b_r. It is easily checked that r^′ = (F_r ∪ {k}, σ_r, b_r) < r and that r^′ ⊩_Q “ k ∈ ȧ_Q”. □

For constructing our models, we will need instances of Q(A; I) that are ccc. This first result is sufficient to produce simple almost clopen sets of type ℵ_1.

Lemma 3.10. Let A = {a_β : β < α} be a ⊂^∗-increasing chain of subsets of ω and let I be an ideal contained in A^⊥. If α is countable or if I = [ω]^{<ℵ0} , then Q(A; I) is σ-centered.

Proof: Let b, F ∈ [ω]^{<ℵ0} and H ∈ [α]^{<ℵ0} and σ : H_q → ω. Then each of the sets {q ∈ Q(A; I): F_q = F and σ_q = σ} and {q ∈ Q(A; I) : F_q = F and b_q = b} is centered. □

Lemma 3.11. If λ is a regular cardinal with c ≤ λ, then there is a ccc forcing extension in which there is a simple almost clopen set A of type ℵ_1 such that there is a strongly discrete free λ-sequence converging to x_A.

Proof: There are ccc posets of cardinality λ that add a strictly ⊂^∗-increasing sequence {b_ζ : ζ < λ} of infinite subsets of ω (e.g. [17, II Example 22]). Alternatively, by Definition 3.7 and Lemma 3.10, we could let Q_0 be a λ-length finite support sequence of posets of the form Q({b_β : β < ζ}; [ω]^{<ω}) and recursively let b_ζ be the resulting ȧ_Q as in Definition 3.8. In each of these models we obtain that c = λ.

For convenience we now work in such a ccc forcing extension in which λ = c and we construct a finite support ccc iteration sequence of cardinality λ and length ω_1 that will add a strictly ⊂^∗-increasing sequence {a_α : α ∈ ω_1} of infinite subsets of ω so that the closure A of � {a^∗_α : α ∈ ω_1} is almost clopen. Suppose that we do this in such a way that {b_ζ : ζ < λ} is contained in {a_α : α ∈ ω_1}^⊥ and for all U ∈ x_A and all ζ < λ there is an η < λ such that U ∩ (b_η \ b_ζ ) is infinite. We check that there is then a strongly discrete free λ-sequence converging to x_A. Let {U_ζ : ζ < λ} enumerate the members of x_A. Recursively define a strictly increasing function g from λ into λ satisfying that U_ζ ∩ (b_{g(δ)} \ b_δ) is infinite for all ζ < δ ∈ λ. Choose any cub C ⊂ λ satisfying that the family {U_ξ : ξ < δ} is closed under finite intersections. For each δ ∈ C, the family {U_ζ ∩ (b_{g(δ)} \ b_δ): ζ < δ} is closed under finite intersections, so we may choose an ultrafilter x_δ extending it. Pass to a cub subset C_1 ⊂ C satisfying that g(η) < δ for all η < δ in C_1. Since the family {b_ζ : ζ < λ} is mod finite increasing and b_δ \ b_η ∈ x_η for all η < δ in C_1, it follows that {x_δ : δ ∈ C_1} is strongly discrete and free. Similarly, the sequence converges to x_A since U_ζ ∈ x_δ for all ζ < δ ∈ C_1.

Now we construct the iteration sequence to define the ⊂^∗-increasing chain {a_α : α ∈ ω_1} that will be cofinal in I_A. We will use iterands of the form Q̇_α = Q({ȧ_β : β < α}; İ_α) for 0 < α < ω_1, and will recursively let ȧ_α be the standard P_{α+1}-name for a_{Q̇α} (as in Definition 3.8). Clearly the only choices we have for the construction are the definition of a_0 and, by recursion, the definition of İ_α. By recursion on γ < α < ω_1 we ensure that P_α forces each of the following:

(1) İ_{γ+1} ⊂ İ_α ⊂ {ȧ_β : β < α}^⊥;

(2) {b_ζ : ζ < λ} is a ⊂^∗-unbounded subset of İ_{γ+1};

(3) if α = γ + 1, then İ_α ∪ {ȧ_β : β < α} generates a proper maximal ideal. To start the recursion, using Lemma 1.6, we can choose a proper maximal ideal I_1 extending the ideal generated by {b_ζ : ζ < λ} ∪ {b_ζ : ζ < λ}^⊥. There is no ⊂^∗-bound for {b_ζ : ζ < λ} in I_1 since the complement of any such bound is in I_1. Very likely {b_ζ : ζ < λ}^⊥ is simply [ω]^{<ω}, so we let a_0 be exceptional and equal the emptyset. We now have our definition (working in the extension by Q_0) of Q_1 = Q({a_0}; I_1) and the generic set ȧ_1 = ȧ_{Q1} is forced to be almost disjoint from every member of I_1 (it is a pseudointersection of the ultrafilter dual to I_1). Now assume that α < ω_1 and that we have defined İ_β for all β < α. For the definition of İ_α we break into two cases.

If α is a limit ordinal, then we define İ_α to be the P_α-name of the ideal {ȧ_β : β < α}^⊥. By induction we have for γ < α that ⊩_{Pα} “ İ_γ ⊂ {ȧ_β : β < α}^⊥ = İ_α” as required in (1). Condition (2) holds by induction and (3) is vacuous.

In the case that α = γ + 1, we note that, by the genericity of ȧ_γ and the induction hypothesis (1), P_α forces that the family {ȧ_γ } ∪ � {İ_{η+1} : η < γ} generates a proper ideal J̇_α. Furthermore, hypotheses (2) (and the definition of ȧ_γ ) ensures that P_α forces that {b_ζ : ζ < λ} is ⊂^∗-unbounded in J̇_α. Again using Lemma 1.6, we can choose J̇^′_α to be the P_α-name of any proper maximal ideal that contains J̇_α ∪ (J̇_α)^⊥. Just as in the first inductive step, P_α again forces that {b_ζ : ζ < λ} is ⊂^∗-unbounded in J̇^′_α. The definition of İ_α is the P_α-name of {b ∈ J̇^′_α : b ∩ ȧ_γ =^∗ ∅}. The set ȧ_α \ ȧ_γ will be forced by P_{α+1} to be an infinite pseudointersection of the ultrafilter that is dual to J̇^′_α. For convenience, let ẏ_α denote the P_α-name of this ultrafilter.

This completes the definition of the poset P_{ω1} . Now we establish some additional properties. It will be convenient to observe that for each α = γ + 1 < ω_1 the P_α-name for {ω \ (b ∪ ȧ_γ ): b ∈ İ_α} is forced to be a base for ẏ_α. Let Ȧ denote a P_{ω1} -name of the closure in ω^∗ of � {ȧ^∗_α : α ∈ ω_1}.

Claim 1. For each β < α < ω_1, P_{α+1} forces that ȧ_α \ ȧ_β is a pseudointersection of the filter ẏ_{β+1}.

Proof: We prove the claim by induction on α ≥ β + 1. For α = β + 1, ȧ_α is almost disjoint from each member of İ_α, and so ȧ_α \ ȧ_β is almost disjoint from every member of J̇^′_α. Thus ȧ_α \ ȧ_β is forced to be mod finite contained in every member of the dual filter, namely ẏ_{β+1}. Similarly, for α > β + 1, ȧ_α is forced to be almost disjoint from each member of İ_α. This means that ȧ_α is almost disjoint from each member of İ_{β+1}, and so ȧ_α \ ȧ_{β+1} is also almost disjoint from every member of J̇^′_{β+1}. □

Claim 2. The family {ẏ_{β+1} : β < ω_1} is a family of P_{ω1} -names and the union is forced to generate an ultrafilter ẋ_Ȧ that is indeed the unique boundary point of Ȧ.

Proof: Since, for each β < α < ω_1, İ_{β+1} is contained in İ_{α+1} and ȧ_β is forced to be a mod finite subset of ȧ_α, the filter dual to the ideal generated by {ȧ_β} ∪ İ_{β+1} is contained in the filter dual to the ideal generated by {ȧ_α} ∪ İ_{α+1}. This implies that P_{ω1} forces that � {ẏ_{β+1} : β < ω_1} is a filter. Furthermore, since P_{ω1} is ccc, every P_{ω1} -name of a subset of ω is forced to be equal to a P_β-name for some β < ω_1. Since P_{β+1} forces that ẏ_{β+1} is an ultrafilter, this shows that P_{ω1} forces that ẋ_Ȧ is an ultrafilter. Finally, it follows from the previous claim and Lemma 2.4 that ẋ_Ȧ is the unique boundary point of Ȧ. □

We now verify the final property required of the construction.

Claim 3. Let P_{ω1} are forces that for each U ∈ ẋ_Ȧ and each ζ < λ, there is an η < λ such that U ∩ (b_η \ b_ζ ) is infinite.

Proof: Let U̇ be any P_{ω1} -name and assume that p ∈ P_{ω1} forces that U̇ ∈ ẋ_Ȧ. Since P_{ω1} is ccc and p ⊩_{Pω1} “ U̇ ⊂ ω”, we may suppose there is an α < ω_1 such that p ∈ P_{α+1} and U̇ is a P_{α+1}-name. By Claim 2, p ⊩_{Pα+1} “ U̇ ∈ ẏ_{α+1}”. Let Ẇ be the P_{α+1}-name of ω \ (U̇ ∪ ȧ_α), and note that p ⊩_{Pα+1} “ Ẇ ∈ İ_{α+1}”. Therefore, by induction hypothesis (2), p ⊩_{Pα+1} “ (∃ η < λ) b_η \ (b_ζ ∪ Ẇ ) ≠^∗ ∅”. Since P_{α+1} is ccc and λ has uncountable cofinality, we may choose an η < λ such that p ⊩_{Pα+1} “ b_η \ (b_ζ ∪ Ẇ ) ≠^∗ ∅”. Finally we have that p ⊩_{Pα+1} “ (b_η \ b_ζ ) ∩ U̇ ≠^∗ ∅” since p ⊩_{Pα+1} “ ȧ_α ∩ b_η =^∗ ∅”. □

This completes the proof of Lemma 3.9. □

Now we return to the complete proof of Theorem 2.7.

Definition 3.12. We say that A is a pre-ccc sequence if A = {a_β : β < α} ⊂ [ω]^{ℵ0} is ⊂^∗-increasing and for each sequence {b_ξ : ξ ∈ ω_1} ⊂ A^⊥, and sequence {γ_ξ : ξ ∈ ω_1} ⊂ α there are ξ < η such that either a_{γξ} ∩ b_ξ ≠ ∅ or (a_{γξ} ∪ a_{γη} ) ∩ (b_ξ ∪ b_η) = ∅.

Lemma 3.13. If A is a pre-ccc sequence, then Q(A; I) is ccc for any ideal I ⊂ A^⊥.

Proof: Let A = {a_β : β < α} ⊂ [ω]^{ℵ0} be ⊂^∗-increasing. Let {q_ξ : ξ ∈ ω_1} ⊂ Q = Q(A; I). By passing to a subcollection we can suppose there is a single F ∈ [ω]^{<ℵ0} such that F_{qξ} = F for all ξ. For each ξ, let b_ξ = b_{qξ} , σ_ξ = σ_{qξ} , and H_ξ = dom(σ_ξ ). By passing to an uncountable subcollection, we can assume that the family {H_ξ : ξ ∈ ω_1} is a Δ-system with root H. Similarly, we can assume that for all ξ, η, σ_ξ ↾ H = σ_η ↾ H. For each ξ, let γ_ξ be the maximum element of H_ξ.

Next, we choose an integer m sufficiently large so that there is again an uncountable I ⊂ ω_1 and a subset b̄ of m such that for all ξ ∈ I and all β ∈ H_ξ σ_ξ (β) < m, a_β \ m ⊂ a_{γξ} , and b_ξ ∩ m = b̄. Now we apply the pre-ccc property for the family {γ_ξ : ξ ∈ I} and the sequence {b_ξ \ m: ξ ∈ I}. Since a_{γξ} is disjoint from b_ξ \ m for all ξ ∈ I, there must be ξ < η from I so that (a_{γξ} ∪ a_{γη} ) is disjoint from ((b_ξ ∪ b_η) \ m).

We claim that r = (F, σ_ξ ∪ σ_η, b_ξ ∪ b_η) is in Q and is an extension of each of q_ξ and q_η . It suffices to prove that for β ∈ H_ξ, a_β \ σ_ξ (β) is disjoint from b_η , and similarly, that a_β \σ_η(β) is disjoint from b_ξ for β ∈ H_η. Since b_ξ ∩m = b_η ∩m = b̄, it suffices to consider a_β \ m in each case. For β ∈ H_ξ, we have a_β \ m ⊂ a_{γξ} and a_{γξ} is disjoint from b_η \ m. For β ∈ H_η , we similarly have that a_β \ m ⊂ a_{γη} and a_{γη} is disjoint from b_ξ \ m. □

For the remainder of the section, κ < λ are regular cardinals with c ≤ λ (as in Theorem 2.7).

Definition 3.14. A is the class of triples (P, A, I) such that, there is an ordinal 0 < α ≤ κ, and the following holds for each γ < β < α:

(1) P = (⟨P_β : β ≤ α⟩, ⟨Q̇_β : β < α⟩) is a finite support iteration sequence of ccc posets, and has cardinality λ;

(2) A is an α-sequence {ȧ_β : β < α} and ȧ_0 = ∅; (3) I is an α-sequence {İ_β : β < α};

(4) ȧ_β is a P_{β+1}-name, and ⊩_{Pβ+1} “ ȧ_γ ⊂^∗ ȧ_β ⊂ ω”;

(5) P_1 forces that İ_1 is an ideal on ω that has a cofinal ⊂^∗-increasing chain of type λ;

(6) İ_β is a P_β -name, and ⊩_{Pβ} “ İ_β ⊂ {ȧ_ξ : ξ < β}^⊥ is an ideal ”; (7) ⊩_{Pβ} “ İ_{γ+1} ⊂ İ_β ”, and ⊩_{Pβ} “ İ_1 is ⊂^∗ -unbounded in İ_{γ+1}”; (8) ⊩_{Pβ} “ Q̇_β = Q({ȧ_ξ : ξ < β}; İ_β)”;

(9) P_{γ+1} forces that {ȧ_γ } ∪ İ_{γ+1} generates a maximal ideal; (10) ȧ_β is the P_{β+1}-name for ȧ_{Q({ȧξ : ξ<β};İβ )}; (11) if cf(β) = ω, then ⊩_{Pβ} “ İ_β = � {İ_{ξ+1} : ξ < β}”.

We omit the routine modifications of the proof of Lemma 3.11 needed to prove the following.

Lemma 3.15. If (P, A, J ) ∈ A and P = (⟨P_β : β ≤ κ⟩, ⟨Q̇_β : β < κ⟩), and A = {ȧ_β : β < κ}, then P_κ is a ccc poset that forces that the closure A of � {ȧ^∗_β : β < κ} is a simple almost clopen set of type κ and that there is a strongly discrete free λ-sequence converging to x_A.

To finish the proof of Theorem 2.7 we have to prove there is an element of A of length κ. Towards doing so, we let <_A denote the obvious coordinatewise ordering on the elements of A. Using Zorn’s lemma, we let C ⊂ A be a maximal <_A-chain. It is easily checked that the maximality of C implies that it has a maximal element which we denote

(P, A, J ) = (⟨P_β : β ≤ α⟩, ⟨Q̇_β : β < α⟩), {ȧ_β : β < α}, {İ_β : β < α})

and we prove that α = κ.

Lemma 3.16. If α < κ then (P, A, J ) is not maximal.

Proof: In order to extend (P, A, J ) we have to define a P_α-name İ_α and to then let Q̇_α be the P_α-name of Q(A; İ_α). We then set P_{α+1} = P_α ∗ Q̇_α and let ȧ_α be the P_{α+1}-name for ȧ_{Q(A;İα)}. We must show that (P^⌢{(⟨P_{α+1}⟩, ⟨Q̇_α⟩)}, A^⌢{ȧ_α}, J^⌢{İ_α}) is in A to complete the proof. We defer to the end of the proof that our choice of İ_α will result in the fact that P_α forces that Q(A; İ_α) is ccc.

First we assume that α is a limit ordinal and explain the construction of İ_α. If α has uncountable cofinality, we let İ_α simply be the P_α-name for A^⊥. If α has countable cofinality, then define İ_α = � {İ_{ξ+1} : ξ < α} as required in item (11).

These definitions ensure that items (2)–(11) in the definition of A are fulfilled.

In the case that α is a successor, let α = δ + 1. We proceed exactly as in the successor case in the proof of Lemma 3.11. By property (7) of A, P_α forces that İ_1 is unbounded in İ_{γ+1} for all γ < δ. In this case, A has a maximal element ȧ_α and we follow the steps in Lemma 3.11 to define a P_α-name of an ideal İ_α that is forced to contain for each γ < δ, İ_{γ+1} as an ⊂^∗-unbounded subset, and in such a way that every member is almost disjoint from ȧ_α and the ideal generated by {ȧ_α} ∪ İ_α is a maximal ideal. This ensures that properties (2)–(11) of A will hold in this successor case.

Now to finish the proof, we have to prove that P_α forces that Q(A; İ_α) is ccc. By Lemma 3.13, it suffices to prove that P_α forces that A is a pre-ccc sequence. To prove this we consider, as in the definition of pre-ccc, P_α-names {γ̇_ξ : ξ ∈ ω_1} and {ḃ_ξ : ξ ∈ ω_1} such that there is some p_0 ∈ P_α forcing that for each ξ < ω_1, γ̇_ξ ∈ α, ḃ_ξ ∈ Ȧ^⊥ and ȧ_{γξ} ∩ ḃ_ξ is empty.

Assume first that, by possibly passing to an extension of p_0 and to an uncountable subsequence, there is some β < α such that p_0 forces that γ̇_ξ < β for all ξ < ω_1. For each 0 < ξ < ω_1 choose p_ξ < p_0, an integer m_ξ and a γ_ξ < β so that a_{γξ} \ a_β ⊂ m_ξ and p_ξ ⊩_{Pα} “ γ̇_ξ = γ_ξ and a_β ∩ ḃ_ξ ⊂ m_ξ”. We may also assume that there is some d_ξ ⊂ m_ξ such that p_ξ ⊩_{Pα} “ ḃ_ξ ∩ m_ξ = d_ξ ”. There is a pair m, d so that S = {ξ : m_ξ = m and d_ξ = d} is uncountable. Since P_α is ccc, we may choose ξ < η from S so that p_ξ and p_η are compatible. Let q ∈ P_α be any common extension of p_ξ and p_η. Note that q forces that ȧ_{γ̇ξ} ∪ ȧ_{γ̇η} is contained in a_β ∪ m and that (ḃ_ξ ∪ ḃ_η ) \ m is disjoint from a_β . Since q also forces that ḃ_ξ ∩ m = ḃ_η ∩ m, it should now be clear that q forces that ȧ_{γ̇ξ} ∪ ȧ_{γ̇η} is disjoint from ḃ_ξ ∪ ḃ_η. This proves that p_0 does not force this to be a violation of the pre-ccc property.

Now we may suppose that p_0 forces that {γ̇_ξ : ξ ∈ ω_1} is strictly increasing and cofinal in α. We may assume that p_0 decides the value, γ_0, of γ̇_0. For each ξ < ω_1, choose any p_ξ < p_0 that decides a value, γ_ξ, of γ̇_ξ and that ḃ_ξ is a P_β -name for some β ∈ supp(p_ξ). Let g be a continuous strictly increasing function from ω_1 into α with cofinal range. Since P_α is ccc we have, for each δ ∈ ω_1, the set {ξ : γ_ξ < g(δ)} is countable. Therefore there is a cub C ⊂ ω_1 such that for all δ ∈ C, g(δ) ≤ γ_δ and g(δ) is a limit ordinal with countable cofinality. We may also arrange that for each δ ∈ C and ξ < δ, supp(p_ξ ) ⊂ g(δ).

For each δ ∈ C, we may extend p_δ so as to ensure that each of g(δ) and γ_δ are in supp(p_δ ) and such that there is a β ∈ supp(p_δ) such that ḃ_δ is a P_β -name. We also extend each p_δ so that we can arrange a list of special properties (referred to as “determined” in many similar constructions). Specifically, for each β ∈ supp(p_δ )

(1) there are F^δ_β ∈ [ω]^{<ℵ0} , H^δ_β ∈ [β]^{<ℵ0} , σ^δ_β : H^δ_β → ω, and a P_β -name ḃ^δ_β such that p_δ ↾ β ⊩_{Pβ} “ p_δ(β) = (F^δ_β , σ^δ_β , ḃ^δ_β)”;

(2) if g(δ) < γ_δ, then g(δ) ∈ H^δ_{γδ} ; (3) H^δ_β ⊂ supp(p_δ);

(4) if β is a limit with countable cofinality, then there is a μ^δ_β < β such that ḃδ_β is a P_{μδβ} -name and supp(p_δ) ∩ β ⊂ μδ_β ;

(5) if ι < β is in supp(p_δ), then H^δ_ι ⊃ H^δ_β ∩ ι.

Let us note that, by our assumption on C, we have defined μ^δ_{g(δ)} < g(δ), as in (4) for all δ ∈ C. By the pressing down lemma, there is a stationary set S ⊂ C and a μ < α such that μ^δ_{g(δ)} < μ for all δ ∈ S and so g(δ) is the minimum element of supp(p_δ ) \ μ. Since P_{μ+1} is ccc, it follows by a standard argument that there is a p̄ ∈ P_{μ+1} with the property that for all cub ~C ⊂ C, the set {p_ξ ↾ μ: ξ ∈ S ∩ ~C} is pre-dense below p̄. Pick such a p̄ and let p̄ ∈ G_{μ+1} be P_{μ+1}-generic filter. Now we work in V [G_{μ+1}]. In effect, p̄ has forced that {ξ ∈ S : p_ξ ↾ μ ∈ G_{μ+1}} is stationary. By passing to a stationary subset S_1 of this set, we may also arrange that the values of the pair {F^ξ_{g(ξ)}, F^ξ_{γξ} } is the same for all ξ ∈ S_1. For all β ∈ μ+1, we let a_β denote the valuation of ȧ_β by G_{μ+1}. By further shrinking S_1 we may suppose there is an m ∈ ω and a b̄ ⊂ m, satisfying that for all δ ∈ S_1 (1) for all β ∈ supp(p_δ ), F^δ_β ⊂ m, and for all ι ∈ H^δ_β , σ^δ_β (ι) < m; (2) for all β ∈ supp(p_δ ) ∩ μ, a_ι \ a_μ ⊂ m;

(3) b̄ = m ∩ b^δ_{g(δ)}, where b^δ_{g(δ)} is the valuation of ḃ^δ_{g(δ)} by G_{μ+1}; (4) b^δ_{g(δ)} ∩ a_μ ⊂ m.

Fix any ξ < η from S_1. Define q_ξ so that supp(q_ξ ) = supp(p_ξ) \ μ + 1, and for β ∈ supp(q_ξ ),

q_ξ (β) = � (F^ξ_{g(ξ)}, σ^ξ_{g(ξ)} ∪ {(μ, m)}, ḃ^ξ_{g(ξ)} ∪ ḃ^η_{g(η)}) if β = g(ξ), (F^ξ_β , σ^ξ_β , ḃ^ξ_β ∪ b^η_{g(η)} \ m) if g(ξ) < β .

We prove by induction on β ∈ supp(q_ξ ), that there is a condition r^ξ_β ∈ G_{μ+1} such that r^ξ_β ∪ (q_ξ ↾ β + 1) ≤ p_ξ ↾ β + 1. Evidently, for the case β = g(ξ), F^ξ_{g(ξ)} and m ∩ a_ι are disjoint from b̄ and so there is some condition in G_{μ+1} that forces that, they are disjoint from ḃ^η_{g(η)}. Similarly, for ι ∈ H^ξ_{g(ξ)}, a_ι \ m ⊂ a_μ, and since a_μ \ m ∩ (b^ξ_{g(ξ)} ∪ b^η_{g(η)}) is empty, there is a condition r in G_{μ+1} that forces that q_ξ (g(ξ)) ∈ Q̇_{g(ξ)} and that q_ξ(g(ξ)) < p_ξ(g(ξ)). In addition, r ∪ q_ξ ↾ g(ξ) + 1 forces that ȧ_{g(ξ)} is disjoint from b^η_{g(η)} \ m. Now, suppose that g(ξ) < β ∈ supp(p_ξ), and that r ∪ q ↾ β is a condition in P_β that is below p_ξ ↾ β. We recall that H^ξ_β ⊂ supp(p_ξ), and so it follows that r ∪ q_ξ ↾ β forces that ȧ_ι is disjoint from b^η_{g(η)} \ m for all ι ∈ H^ξ_β . This is the only thing that needs verifying when checking that r ∪ q_ξ ↾ β + 1 < p_ξ ↾ β + 1.

Now that we have that r ∪ q_ξ forces that ȧ_{γξ} is disjoint from b^η_{g(η)} \ m, we can add {(γ_ξ, m)} to σ^η_{g(η)} and still have a condition. Similarly, for all ι ∈ supp(p_η )∩μ, a_ι \ m is contained in a_μ, and r ∪ q_ξ forces that a_μ \ m, being a subset of ȧ_{γξ} , is disjoint from ḃ_ξ. This implies that r ∪ q_ξ forces that (F^η_{g(η)}, σ^η_{g(η)} ∪{(γ_ξ, m)}, b^η_{g(η)} ∪

(ḃ_ξ \m)) is a condition in Q̇_{g(η)} and is less than p_η(g(η)). Now we define a condition q_η so that supp(q_η ) = supp(p_η ) \ μ + 1, and for β ∈ supp(q_η),

q_η (β) = � (F^η_{g(η)}, σ^η_{g(η)} ∪ {(γ_ξ, m)}, ḃ^η_{g(η)} ∪ ḃ_{γξ} ) if β = g(ξ),

(F^η_β , σ^η_β , ḃ^η_β ∪ (ḃ_{γξ} \ m)) if g(η) < β .

It again follows, by induction on β ∈ supp(q_η), that r ∪ q_ξ forces that r ∪ q_ξ ∪ (q_η ↾ β + 1) is a condition in P_{β+1} and is below p_η ↾ β + 1. Finally, we observe that r ∪ q_ξ ∪ q_η forces that ȧ_{γξ} ⊂ ȧ_{γη} because it forces that ȧ_{γξ} ∩ m = ȧ_{γη} ∩ m and that ȧ_{γξ} \ m ⊂ ȧ_{g(η)} \ m ⊂ ȧ_{γη} . Similarly r ∪ q_ξ ∪ q_η forces that ȧ_{γη} is disjoint from ḃ_ξ because ḃ_ξ ∩ m = b̄ and ȧ_{γη} is disjoint from ḃ_ξ \ m. This completes the proof that A is pre-ccc and the proof of the Lemma 3.16. □

This finishes the proof of the main theorem, Theorem 2.7. □

References

[1] Baumgartner J. E., Applications of the proper forcing axiom, Handbook of Set-theoretic Topology, North-Holland Publishing, Amsterdam, 1984, pages 913–959.

[2] Blass A., Shelah S., There may be simple P_{ℵ1} - and P_{ℵ2} -points and the Rudin-Keisler ordering may be downward directed, Ann. Pure Appl. Logic 33 (1987), no. 3, 213–243.

[3] van Douwen E. K., Kunen K., van Mill J., There can be C^∗-embedded dense proper subspaces in βω − ω, Proc. Amer. Math. Soc. 105 (1989), no. 2, 462–470.

[4] Dow A., Shelah S., Tie-points and fixed-points in N^∗, Topology Appl. 155 (2008), no. 15, 1661–1671.

[5] Dow A., Shelah S., More on tie-points and homeomorphism in N^∗, Fund. Math. 203 (2009), no. 3, 191–210.

[6] Dow A., Shelah S., An Efimov space from Martin’s axiom, Houston J. Math. 39 (2013), no. 4, 1423–1435.

[7] Drewnowski L., Roberts J. W., On the primariness of the Banach space l_∞/C_0, Proc.

Amer. Math. Soc. 112 (1991), no. 4, 949–957.

[8] Farah I., Analytic quotients: theory of liftings for quotients over analytic ideals on the integers, Mem. Amer. Math. Soc. 148 (2000), no. 702, 177 pages.

[9] Fine N. J., Gillman L., Extension of continuous functions in βN, Bull. Amer. Math. Soc.

66 (1960), 376–381.

[10] Frankiewicz R., Zbierski P., Strongly discrete subsets in ω^∗, Fund. Math. 129 (1988), no. 3, 173–180.

[11] Goldstern M., Shelah S., Ramsey ultrafilters and the reaping number—Con(r < u), Ann.

Pure Appl. Logic 49 (1990), no. 2, 121–142.

[12] Juhász I., Koszmider P., Soukup L., A first countable, initially ω_1-compact but non-compact space, Topology Appl. 156 (2009), no. 10, 1863–1879.

[13] Just W., Nowhere dense P -subsets of ω, Proc. Amer. Math. Soc. 106 (1989), no. 4, 1145–1146.

[14] Katětov M., A theorem on mappings, Comment. Math. Univ. Carolinae 8 (1967), 431–433. [15] Koppelberg S., Minimally generated Boolean algebras, Order 5 (1989), no. 4, 393–406. [16] Koszmider P., Forcing minimal extensions of Boolean algebras, Trans. Amer. Math. Soc.

351 (1999), no. 8, 3073–3117.

[17] Kunen K., Set Theory. An Introduction to Independence Proofs, Studies in Logic and the Foundations of Mathematics, 102, North-Holland Publishing, Amsterdam, 1980.

466 Dow A., Shelah S.

[18] Kunen K., Vaughan J. E., eds., Handbook of Set-theoretic Topology, North-Holland Publishing, Amsterdam, 1984.

[19] Leonard I. E., Whitfield J. H. M., A classical Banach space: l_∞/c_0, Rocky Mountain J.

Math. 13 (1983), no. 3, 531–539.

[20] Pearl E., ed., Open Problems in Topology. II, Elsevier, Amsterdam, 2007. [21] Rabus M., On strongly discrete subsets of ω^∗, Proc. Amer. Math. Soc. 118 (1993), no. 4, 1291–1300.

[22] Rabus M., An ω_2-minimal Boolean algebra, Trans. Amer. Math. Soc. 348 (1996), no. 8, 3235–3244.

[23] Šapirovskiĭ B. È., The imbedding of extremally disconnected spaces in bicompacta. b-points and weight of pointwise normal spaces, Dokl. Akad. Nauk SSSR 223 (1975), no. 5, 1083–1086 (Russian).

[24] Shelah S., Steprāns J., PFA implies all automorphisms are trivial, Proc. Amer. Math. Soc.

104 (1988), no. 4, 1220–1225.

[25] Shelah S., Steprāns J., Somewhere trivial autohomeomorphisms, J. London Math. Soc. (2) 49 (1994), no. 3, 569–580.

[26] Steprāns J., The autohomeomorphism group of the Čech-Stone compactification of the integers, Trans. Amer. Math. Soc. 355 (2003), no. 10, 4223–4240.

[27] Veličković B., OCA and automorphisms of P(ω)/fin, Topology Appl. 49 (1993), no. 1, 1–13.

A. Dow:

Department of Mathematics, University of North Carolina at Charlotte, 9201 University City Blvd, Charlotte, NC 28223-0001, North Carolina, U.S.A.

E-mail: adow@uncc.edu

S. Shelah:

Department of Mathematics, Rutgers University, Hill Center for the Mathematical Sciences, 110 Frelinghuysen Rd., Piscataway, NJ 08854-8019, New Jersey, U.S.A.

current address: Einstein Institute of Mathematics, Hebrew University, Givat Ram, Jerusalem 9190401, Israel E-mail: shelah@math.rutgers.edu

(Received December 7, 2017, revised August 7, 2018)