Comment.Math.Univ.Carolin. 60,1 (2019) 49–60 49

Uniqueness of means in the Cohen model

Damjan Kalajdzievski, Juris Steprāns

Dedicated to the memory of Bohuslav Balcar

Abstract. We investigate the question of whether or not an amenable subgroup of the permutation group on N can have a unique invariant mean on its action. We extend the work of M. Foreman (1994) and show that in the Cohen model such an amenable group with a unique invariant mean must fail to have slow growth rate and a certain weakened solvability condition.

Keywords: construction scheme; Knaster hierarchy; Cohen reals

Classification: 03E05, 03E35, 03E65

1. Introduction

In order to place the results to be reported in this paper in context, it is worth recalling that a (discrete) group G is finite if and only if there is a unique, finitely additive, left invariant probability measure on G; in other words, if there is a unique, finitely additive measure μ on G such that μ(X) = μ(gX) for every X ⊆ G and μ(G) = 1. A group is defined to be amenable if there is any finitely additive, left invariant, probability measure on G. If G is a group then recall that a (left) action of G on the set S is a mapping “·” from G × S to S satisfying the associative law g(h · s) = (gh) · s and for which the identity element e_G satisfies e_G · s = s. If X ⊆ S then {g · x: x ∈ X} will be denoted by g · X and a finitely additive measure λ on S is left invariant (with respect to the action) if λ(Z) = λ(g · Z) for all Z ⊆ S and g ∈ G. Now recall Day’s theorem:

Theorem 1.1 (Day). If G is a locally compact group then the following are equivalent:

∘ The group G is amenable.

∘ If “·” is an affine action of G on a compact, convex subset K of a locally convex vector space E such that the mapping (g, x) → g · x from G × K to K is separately continuous, then there is x ∈ K such that g · x = x for all g ∈ G.

Note that if the discrete group G acts on X then the action on l^∗_∞(X) defined by gμ(f) = μ(gf)

DOI 10.14712/1213-7243.2015.274

50 Kalajdzievski D., Steprāns J.

where gf(x) = f(gx) sends the unit ball (which is weak^∗ compact and convex) to itself, then the action is affine, and by Day’s theorem there is then μ in the unit ball such that gμ = μ for all g ∈ G. Since elements of the unit ball of l^∗_∞(X) are finitely additive probability measures, it follows that μ is a G invariant such measure. In contrast to the case of a group acting on itself, though, it is not clear when there is a unique such invariant measure.

The question of the number of invariant measures with specific additional properties was the focus of J. Rosenblatt and M. Talagrand in [6]. Typical of the results they obtained there is the following:

Theorem 1.2 (J. Rosenblatt and M. Talagrand). For an infinite amenable group G acting on itself in the natural way the following are equivalent:

(1) there is a left and right G-invariant mean of G that is not inversion invariant;

(2) there are 2^{2|G|} such means that are mutually singular such that the failure of inversion invariance is witnessed by the same set.

A natural extension of their results in [6] would be to the case of a group acting on an arbitrary set and J. Rosenblatt and M. Talagrand note that their results extend to general actions of a group G on a set X provided that |G| ≤ |X|. They then asked whether there may not even be a unique G-invariant mean if |G| > |X|. As a partial answer, they also showed in [6] that this is not the case if G is nilpotent. S. Krasa in [4] later extended this result to apply to solvable G as well, and then M. Foreman in [3] showed that there is no analytic subgroup of Sym(N) whose natural action on N has a unique invariant mean.

Partially answering the question of J. Rosenblatt and M. Talagrand, Z. Yang showed in [7] that, assuming the continuum hypothesis, there is an amenable subgroup G of the full symmetric group on N whose natural action on N has a unique invariant mean. Later M. Foreman showed in [3] that the same result holds under various other set theoretic hypotheses weaker than the continuum hypothesis. While Yang’s mean attains all values in the interval [0, 1], in Foreman’s construction the unique invariant mean is an ultrafilter.

Moreover, M. Foreman also showed in [3] that in the model obtained by adding ℵ_2 Cohen reals to a model of the continuum hypothesis, there are no such groups that are locally finite. The significance of this results is that the groups constructed by both Z. Yang and M. Foreman are amenable by virtue of being locally finite. Nevertheless it is natural to ask whether there is any amenable group with a faithful action on N that has unique invariant mean in the Cohen model. Indeed, there is no model currently known in which there is no such amenable group. In this context it is of interest to know whether there are amenable groups, that are not locally finite (in some nontrivial sense) acting with unique invariant mean. The following provides some information.

Theorem 1.3 (D. Raghavan and J. Steprāns). Assuming there is an ultrafilter on N generated by a tower, there is a subgroup G of the full symmetric group on N

Uniqueness of means in the Cohen model 51

whose natural action on N has a unique invariant mean and that has a generating set all of whose elements have infinite order. The group is a solvable extension of a locally finite group and, hence, amenable.

It will be shown in this paper that in the Cohen model, any group with a faithful action on N and a unique invariant mean must fail to have slow growth rate and weakened solvability conditions that will be defined precisely in Section 2. While it is known (pages 21–22 in [5]) that locally solvable groups and groups with subexponential growth, are amenable, there are examples of amenable groups which have neither of those properties. The Basilica group, see [1], is an example of such a group, but since it is countable its natural action on 2^{<ω} cannot have a unique invariant mean by the result of M. Foreman in [3] that any analytic group of permutations of a countable set cannot have a unique invariant mean. However, this does not rule out the possibility that a group built using the Basilica group locally might not provide an absolute example of an action with a unique invariant mean.

2. Definitions

Definition 2.1. Let G be a group and S ⊆ G a finite subset. Define γ^S_G(n) to be the cardinality of the set

{s_1 · s_2 · . . . · s_k : k ≤ n and (∀ i ≤ k) s_i ∈ S}.

If G is generated by S and there are d and c in N such that γ^S_G(n) ≤ cn^d for all n, then G is said to have polynomial growth. If lim_{n→∞}(γ^S_G(n))^{1/n} exists and is greater than 1, then G is said to have exponential growth. If lim_{n→∞}(γ^S_G(n))^{1/n} is infinite, then G is said to have ultra-exponential growth. If the limit is no greater than 1, then the group is said to have subexponential growth. Define an arbitrary group to have polynomial, exponential, or subexponential growth, if all of its finitely generated subgroups have at most the corresponding growth.

It is known that finitely generated groups with subexponential growth, or solvable groups, are amenable. Since directed limits of amenable groups are amenable, it follows that a group with subexponential growth or local solvability is amenable (pages 14, 21–22 in [5]).

The above definitions of growth can be destroyed by a direct product with a countable group with large growth, hence, for uncountable groups the following is more useful.

Definition 2.2. For γ : ω −→ ω, a finite subset H of a group G will be said to satisfy the γ-growth condition if γ^H_G ≤^∗ γ, which means that γ^H_G (n) ≤ γ(n) for all but finitely many n ∈ N.

For functions γ_j : ω −→ ω and m ∈ N, an uncountable group G satisfies the m-{γ_j }_{j∈ω}-κ-λ-growth condition if for every family {H_ξ}_{ξ∈κ} of disjoint subsets of G of cardinality m, there is S ∈ [κ]^λ, such that for all infinite B ∈ [S]^{<λ} there is

52 Kalajdzievski D., Steprāns J.

some j where for all k and all A ∈ [B]^k, � ξ∈A H_ξ satisfies the γ_j -growth condition.

An uncountable group G is said to satisfy the {γ_j }_{j∈ω}-κ-λ-growth condition if it satisfies the m-{γ_j }_{j∈ω}-κ-λ-growth condition for all m ∈ N.

Note that a group G with no subset S of ultra-exponential growth, must satisfy the {n → j^n}_{j∈ω}-κ-λ-growth condition.

Definition 2.3. Recall that for a group G the derived series G^{(ξ)} for ordinals ξ is defined by setting G^{(0)} = G, setting G^{(ξ+1)} to be the commutator group [G^{(ξ)}, G^{(ξ)}] and, if ξ is a limit ordinal, letting G^{(ξ)} = � η∈ξ G^{(η)}. A group is solvable if there is some n ∈ ω such that G^{(n)} is trivial. For an arbitrary subset H ⊆ G define H^{[0]} = H and let H^{[n+1]} = ˙[H^{[n]}, H^{[n]}˙] be the set of commutators formed from H^{[n]} rather than the commutator subgroup; in other words H^{[n+1]} = {[g, h]: g, h ∈ H^{[n]}}. Note that if H ⊆ G then H^{[n]} ⊆ G^{(n)}. For any subset H of a group G the notation ⟨H⟩ will be used to denote the subgroup of G generated by H.

The following definition is a weakening of the notion of solvability.

Definition 2.4. A group G will be called (κ, λ, m)-solvable if for every family {H_ξ}_{ξ∈κ} of disjoint subsets of G of cardinality m there is S ∈ [κ]^λ such that for all B ∈ [S]^{<λ} there is A ∈ [B]^{ℵ0} such that � ξ∈A H_ξ � is solvable. Call a group (κ, λ)-solvable if it is (κ, λ, m)-solvable for every m ∈ N.

In determining if this is the correct Ramsey theoretic analogue for solvability, the following question would need to be answered:

Question 2.5. If G is a group of size ℵ_2 and

(∀H ∈ [G]^{ℵ2} )(∃ S ∈ [H]^{ℵ1} )(∀B ∈ [S]^{ℵ0} )(∃ A ∈ [B]^{ℵ0} ) ⟨A⟩ is solvable

does it follow that

(∀H ∈ [G]^{ℵ2} )(∃ S ∈ [H]^{ℵ1} ) ⟨S⟩ is solvable?

The above question does have a positive answer if “solvable” is replaced with “abelian”; in other words, if G is such that

(2.1) (∀H ∈ [G]^{ℵ2} )(∃ S ∈ [H]^{ℵ1} )(∀B ∈ [S]^{ℵ0} )(∃ A ∈ [B]^{ℵ0} ) ⟨A⟩ is abelian

then (∀H ∈ [G]^{ℵ2} )(∃ S ∈ [H]^{ℵ1} ) ⟨S⟩ is abelian.

This follows from a standard application of the Dushnik–Miller theorem, see [2]: From (2.1) it follows that for any H ∈ [G]^{ℵ2} there is S ∈ [H]^{ℵ1} such that for every infinite B ⊆ S there is some infinite A ⊆ B such that any two elements of A commute. Define a colouring on [S]^2 by sending a pair to 0 if its elements commute and to 1 otherwise. By the Dushnik–Miller theorem there is either an uncountable homogeneous set for this colouring of colour 0 or an infinite homogeneous set of

Uniqueness of means in the Cohen model 53

colour 1. Since the second alternative is ruled out by the choice of S, it must be the case that there is an uncountable abelian subgroup of S.

Definition 2.6. If the group G acts on N and 0 ≤ r ≤ 1, then a set X ⊆ N is said to be r-thick with respect to the action if for every nonempty finite H ⊆ G there is n ∈ N such that

|{h ∈ H : h(n) ∈ X}| |H| ≥ r.

Lemma 2.7 (Z. Yang [7]). If the group G acts on N, then a set X ⊆ N is r-thick with respect to the action if and only if there is a mean m on N invariant under the action of G such that m(X) ≥ r.

Observe that a consequence of Lemma 2.7 is that if m is the unique invariant mean under the action of G, then a set X ⊆ N is r-thick precisely if m(X) ≥ r.

3. Unique means in the Cohen model

This section will amplify Foreman’s argument of Theorem 4.1 from [3] showing that there are no locally finite groups acting on N with a unique invariant mean in the model obtained by adding ℵ_2 Cohen reals. It is supposed that the ground model V satisfies the continuum hypothesis. Let P be the partial order for adding ℵ_2 Cohen reals represented as all finite functions from ω_2 × ω to 2 ordered by inclusion and let G be a P name for the generic subset of P. Let Γ be name for � G. The argument begins by assuming that there is a P-name for a subgroup G of the symmetric group on N and a name m such that

1 ⊩_P “m is the unique mean invariant under the natural action on N”.

Notation 3.1. For any set of permutations H of N and n ∈ N let H⟨n⟩ = {h(n): h ∈ H}.

For each ξ ∈ ω_2 let c_ξ = {i ∈ ω : Γ(ξ, i) = 0} be the ξth Cohen real. Either ℵ_2 many Cohen reals have measure less than 1 or ℵ_2 many of their complements do, so by symmetry it can be assumed the first case holds. Using Lemma 2.7 and the uniqueness of the mean, there are ℵ_2 many ξ ∈ ω_2 for which there is a finite H ⊆ G with H⟨n⟩ ⊈ c_ξ for each n ∈ N. Using the continuum hypothesis, a Δ-system argument can then be used to find {(D_η, f_η, H_η , ξ(η))}_{η<ω2} such that for η < ω_2:

(1) the set D_η is a countable subset of ω_2 with ξ(η) ∈ D_η;

(2) if D_η is defined to be the partially ordered subset of P whose conditions have support in D_η × ω, then f_η ∈ D_η and H_η is a D_η-name;

(3) there is a countable D ⊆ ω_2 such that {D_ζ }_{ζ<ω2} is a Δ-system with root D; (4) if D is defined to be the partially ordered subset of P whose conditions have support in D × ω then there is f ∈ D such that f_η ↾ D × ω = f for each η;

(5) there is T ∈ N not depending on η such that f_η ⊩_{Dη} “|H_η | = Ť ”;

54 Kalajdzievski D., Steprāns J.

(6) for all n ∈ N, f_η ⊩_{Dη} “H_η⟨ň⟩ ⊈ c_{ξ(η)}”; and (7) there is a D name H such that f_η ⊩_{Dη} “H_η ∩ V [D ∩ G] = H” for each η. Note that D_η is the forcing for adding a single Cohen real. Without loss of generality, by arguing in the model V [G∩D], it can be assumed that D = ∅. Also, by adding functions to H_η we may assume T is arbitrarily large. Definition 3.1. Given any P name for a subgroup H of G and f ∈ P, let A(H, f, k, m) be the following statement:

(∀ a ⊆ N)(∀ l ∈ N) if |a| ≤ m and min(a) > k then f ⊮_P “(∃ u ∈ ǎ) max(H⟨u⟩) ≤ ľ”.

Lemma 3.2. Given η ∈ ω_2, f_η ⊆ f ∈ D_η , and m ∈ N, there is k ∈ N such that A(H_η , f, k, m) holds.

Proof: If the lemma fails for some i, f and m, then it is possible to construct a sequence {(k_j , l_j , a_j )}_{j<ω} such that:

(i) N < k_j , l_j ∈ N;

(ii) a_j ⊆ N and |a_j | ≤ m;

(iii) k_j < min(a_j ) ≤ max(a_j ) < k_{j+1}; and (iv) f ⊩ “(∃ u ∈ a_j ) max(H_η ⟨u⟩) ≤ l_j ”.

Let L > T |f| and let d be so large that d > max_{j≤L}(l_j ). Define g ∈ D_η by setting

domain(g) = ({ξ(η)} × d) ∪ domain(f)

and letting

g(u, v) = � f(u, v) if (u, v) ∈ domain(f), 0 otherwise.

Let Γ ⊆ D_η be generic such that g ∈ Γ. In V [Γ] note that

{h^{−1}(u): (ξ(η), u) ∈ domain(f) and h ∈ H_η}

has cardinality no greater than T |f| and so there must be some j ≤ L such that (ξ(η) × H_η ⟨u⟩) ∩ domain(f) = ∅ for each u ∈ a_j . Using (iv) and the fact that g ⊇ f it follows that V [Γ] satisfies max(H_η ⟨u⟩) ≤ l_j ≤ d for some u ∈ a_j . But

g ⊩ “{u ∈ d: (ξ(η), u) /∈ domain(f)} ⊆ c_{ξ(η)}”

contradicting the hypothesis (6) since g ⊇ f_η. □ Claim 3.3. Without loss of generality

1 ⊩_P “{H_η}_{η∈ω2} is a pairwise disjoint family”.

Proof: Keeping in mind that we are now arguing in V [G∩D], let H_G be the interpretation of H in V [G∩D]. It suffices to show that Lemma 3.2 is still satisfied if one replaces H_η with H_η \ H_G for each η ∈ ω_2. To see that this is the case, note

Uniqueness of means in the Cohen model 55

that by the genericity of G ∩ D_η \ D over the model V [G∩D] it follows that there are infinitely many n ∈ N such that H_G⟨n⟩ ⊆ c_η. In other words, the elements of H_G are never used to satisfy the conclusion of Lemma 3.2. So henceforth it will be assumed that H_η = H_η \ H_G. □

3.1 κ-solvability in the Cohen model.

Lemma 3.4. Suppose that

∘ i_0, . . . , i_{N−1} ∈ ω; ∘ � j<N f_{ij} ⊆ f ∈ � j<N D_{ij} ;

∘ 2^m ≤ N.

There is k ∈ N such that A � � j<N H_{ij}

�_{[m]}

, f, k, 1 � holds.

Proof: Proceed by induction on m; the case m = 0 is true by Lemma 3.2. Assume the lemma is true for m and let 2^{m+1} ≤ N, i_0, . . . , i_{N−1} ∈ ω, � j<N f_{ij} ⊆ f ∈ � j<N D_{ij} .

To see that there is some k such that A � � j<N H_{ij}

�_{[m+1]}

, f, k, 1 � is true let l be given. By the inductive hypothesis, there is k_1 such that

(3.1) A � � 2^m≤j<N

H_{ij}

�_{[m]} , f ↾ � 2^m≤j<N

D_{ij} , k_1, 1 �

holds. Let n > k_1 be arbitrary and extend f ↾ � j<2^m Dij to f ′ ∈ � j<2^m Dij so

there is some L ∈ ω such that

(3.2) f^′ ⊩^∏_{j<2m Dij} “(∀ i ≤ ľ) � � j<2^m

H_{ij}

�_{[m]}

⟨i⟩ < L”.

By the inductive hypothesis, there is k_2 such that A � � j<2^m Hij

�_{[m]}

, f^′, k_2, 1 � holds, and since (3.1) holds, it is possible to find h ∈ � � 2^m ≤j<N Hij

�_{[m]}

, n^′ ∈ ω, and f^{′′} ∈ � 2^m≤j<N Dij extending f ↾ � 2^m≤j<N Dij such that

(3.3) f^{′′} ⊩^∏_{2m ≤j<N Dij} “n^′ = h(n) > ǩ_2”.

Since A(( � j<2^m Hij )

[m], f^′, k_2, 1) holds,

(∀K ∈ ω) f^′ ⊮_P “ max � � j<2^m

H_{ij}

�_{[m]} ⟨n^′⟩ � ≤ K”

56 Kalajdzievski D., Steprāns J.

so there are infinitely many possible K ∈ ω for which there are elements g_K ∈ � � j<2^m Hij

�_{[m]} and f^′_K ∈ � j<2^m Dij extending f

′ such that

(3.4) f^′_K ⊩ “g_K (n^′) = K.

This implies there is K as above with f^{′′} ⊮ h^{−1}(K) ≤ L, so we can extend f^{′′} to f^{′′′} ∈ � 2^m≤j<N Dij deciding h

−1(K) > L. Therefore combining (3.2), (3.3), and (3.4), f^′_K ∪ f^{′′′} ⊩ l < g^{−1}_K h^{−1}g_K h(n) = [g_K , h](n),

and this proves A � � j<N H_{ij}

�_{[m+1]}

, f, k, 1 � holds. □

Now it will be proven that G cannot be (ℵ_2, ℵ_1)-solvable.

Theorem 3.5. In the ℵ_2 Cohen real model, every group acting faithfully on N with a unique invariant mean is not (ℵ_2, ℵ_1)-solvable.

Proof: If G is a counterexample, let {(D_η, f_η, H_η, ξ(η))}_{η<ω2} and T be as in (1) to (7) of Section 3. The set Λ = {η : f_η ∈ G} must have size ℵ_2. Suppose that

1 ⊩ “S ∈ [Λ]^{ω1} and (∀B ∈ [S]^{ℵ0} )(∃ A ∈ [B]^{ℵ0} ) � � η∈A H_η � is solvable”.

Extend each f_η such that f_η ⊮ “η /∈ S” to f̄_η so that f̄_η ⊩ “η ∈ S”, and extend D_η to D_η so that if D_η is defined accordingly then f̄_η ∈ D_η . Let E = {η ∈ ω_2 : f̄_η ⊩ η ∈ S}. The set E must be uncountable, and so refine E so that {supp(f̄_η)}_{η∈E} forms a Δ-system. As in Lemma 3.2 it may be assumed that {supp(f̄_η )}_{η∈E} and {D_η}_{η∈E} are pairwise disjoint. Without loss of generality, by re-labelling the first ω indices in E, assume ω ⊆ E so that (∀ i ∈ N) f_i ⊩ i ∈ S. It will be shown that B = ω ∩ S satisfies that

1 ⊩_P “|B| = ω and (∀A ∈ [B]^{ℵ0} ) � � i∈A H_i � cannot be solvable.”

To see |B| = ω, note that for any n ∈ ω, f ∈ P there is i such that n < i < ω and supp(f_i) ∩ supp(f) = ∅; hence, f ∪ f_i ⊩_P “i ∈ B”. Suppose 1 ⊩ A ∈ [B]^{ℵ0} , and let ~G = � � i∈A H_i � . The proof follows as a corollary from Lemma 3.4.

Suppose m ∈ ω and f is some condition forcing ~G^{[m]} is trivial. Let N ∈ ω be larger than 2^m and extend f to force that i_0, . . . , i_{N−1} are distinct elements of A. Since A ⊆ Λ, f must extend � j<N f_{ij} . Lemma 3.4 yields some k ∈ ω with the

property A � � j<N H_{ij}

�_{[m]}

, f, k, 1 � , and so there are g ∈ � � j<N H_{ij}

�_{[m]} ⊆ ~G^{[m]} and f^′ ∈ � j<N D_{ij} extending f such that

f^′ ⊩ g(k + 1) > k + 1.

In other words, the condition f^′ forces a contradiction since g is the identity but g(k + 1) > k + 1. □

Uniqueness of means in the Cohen model 57

3.2 Subexponential growth in the Cohen model.

Notation 3.2. In the next two lemmas the notation n^m for n and m elements of N will be used to denote both the set of all functions from m = {0, 1, . . . , m−1} to n = {0, 1, . . . , n−1}, as well as the cardinality of this set of functions. However, this potential ambiguity should cause no distress to the careful reader.

Lemma 3.6. Let K, J ∈ N with K ≥ JT^2, let Q = � i≤K D_i, and let q ∈ Q be a condition with q(i) ≤ f_i. There are {(q_n, {(a_t, b_t)}_{t∈K}n , k^0_n, k^1_n)}_{n∈ω} such that for n ∈ ω:

(1) q_0 = q;

(2) q_{n+1}(i) ⊇ q_n(i) for each i ≤ K;

(3) the property A(H_0, q_n(0), k^0_n, K^n) of Lemma 2.1 holds; (4) the property A(H_{i+1}, q_n(i + 1), k^1_n, K^n) of Lemma 3.2 holds for i ∈ K − 1; (5) a_t, b_t ⊆ N, and h^i_t ∈ H_i for i ≤ K;

(6) k^0_n < a_t < k^0_{n+1} and k^1_n < b_t < k^1_{n+1} for each t ∈ K^n; (7) q_{n+1}(0) ⊩ “b_t ∈ H_0⟨a_t⟩” for each t ∈ K^n;

(8) q_{n+1}(i + 1) ⊩ “a_t⌢_i ∈ H_{i+1}⟨b_t⟩” for each t ∈ K^n and i ∈ K − 1; (9) if t and s are in K^n and j ∈ K − 1 then a_t⌢_j < a_s⌢_{j+1}; (10) |{a_t}_{t∈K}n | ≥ J^n.

Proof: Proceed by induction on n. To begin, let q_0 = q and use Lemma 3.2 to find k_0 sufficiently large that the property A(H_i, q_0(i), k_0, 1) holds for each i ≤ K and let k^0 = k^1_0 = k_0. Let a_∅ ∈ N be arbitrary such that a_∅ > k_0. Then using A(H_0, q_0(0), k^0 , 1) for l = k_0 let q_1(0) ⊇ q(0) be such that there is h^0_∅ ∈ H_0 with

q_1(0) ⊩ “h^0(a_∅) is decided and above k_0”.

Set b_∅ = h^0(a_∅).

Then let k^0_1 > a_∅ be so large that property A(H_0, q_1(0), k^0_1 , K) holds. Using property A(H_1, q_0(1), k^1_0 , 1) with l = k^0_1 let q_1(1) ⊇ q_0(1) and a_∅⌢_0 be such that

q_1(1) ⊩ “a_∅⌢_0 ∈ H_1⟨b_∅⟩ and a_∅⌢_0 > k^0_1 ”.

Using property A(H_2, q_0(2), k^1_0 , 1) with l = a_∅⌢_0 let q_1(2) ⊇ q_0(2) and a_∅⌢_1 be such that q_1(2) ⊩ “a_∅⌢_1 ∈ H_2⟨b_∅⟩ and a_∅⌢_1 > a_∅⌢_0 > k^0_1 ”.

Proceed inductively to use property A(H_i, q_0(i), k^1_0 , 1) with l = a_∅⌢_{i−1} to let q_1(i) ⊇ q_0(i) and a_∅⌢_{i−1} be such that

q_1(i) ⊩ “a_∅⌢_{i−1} ∈ H_i⟨b_∅⟩ and a_∅⌢_{i−1} > a_∅⌢_{i−2}”

for each i ≤ K−1. Then let k^1 > b_∅ sufficiently large that A(H_{i+1}, q_1(i+1), k^1 , K) holds for i ≤ K − 1. The values of the condition q_1(i) have been defined for each i ∈ K and, noting |{a_i}_{i∈K} | = K ≥ J, it is easy to check that the induction hypotheses are satisfied.

58 Kalajdzievski D., Steprāns J.

Now assume that q_m, {(a_t, b_t)}_{t∈K}m , k^0_m and k^1_m are all given satisfying the induction hypotheses. Using (3) it follows that the property A(H_0, q_m(0), k^0_m, K^m) holds. Note that, in the notation of Lemma 3.2 setting a = {a_t}_{t∈K}m , it is the case that a > k^0_m. Hence it is possible to apply this property to l = k^1_m and a to find q_{m+1}(0) ⊇ q_m(0), such that for all t ∈ K^m there is g^0_t ∈ H_0 with

q_{m+1}(0) ⊩ “g^0_t (a_t) is decided and above k^1_m”.

Set b_t = g^0_t (a_t). By pigeonholing, there must be some h^0_t ∈ {g^0_t }_{t∈K}m that is forced by q_{m+1}(0) to map at least |a|/T elements of a above k^1_m, and since h^0_t is injective, |{b_t}_{t∈K}m | ≥ |{a_t}_{t∈K}m |/T .

Let k^0_{m+1} > max_{t∈K}m a_t be so large that property A(H_0, q_{m+1}(0), k^0_{m+1}, K^{m+1}) holds. Using property A(H_1, q_m(1), k^1_m, K^m) with l = k^0_{m+1}, let q_{m+1}(1) ⊇ q_m(1) be such that for every t ∈ K^m there is g^1_t ∈ H_1 with

q_{m+1}(1) ⊩ “g^1_t (b_t) is decided and above k^0_{m+1}”.

Set a_t⌢_0 = g^1_t (b_t). By pigeonholing, there must be some h^1_t ∈ {g^1_t }_{t∈K}m that is forced by q_{m+1}(0) to map at least |{b_t}_{t∈K}m |/T ≥ |{a_t}_{t∈K}m |/T^2 elements of {b_t}_{t∈K}m above k^1_m, and since h^i_t is injective, |{a_t⌢_0}_{t∈K}m | ≥ |{a_t}_{t∈K}m |/T^2.

Proceeding by the induction using the property A(H_i, q_m(i), k^1_m, K^m) with l = max_{t∈K}m a_t⌢_{i−2} let q_{m+1}(i) ⊇ q_m(i) and a_t⌢_{i−1} be such that for every t ∈ K^m there is g^i_t ∈ H_i with

q_{m+1}(i) ⊩ “a_t⌢_{i−1} = g^i_t(b_t) > max_{t∈Km} a_t⌢_{i−2}.

Again there must be some h^i_t ∈ {g^i_t}_{t∈K}m that is forced by q_{m+1}(i) to map at least |{b_t}_{t∈K}m |/T ≥ |{a_t}_{t∈K}m |/T^2 elements of {b_t}_{t∈K}m above max_{t∈K}m a_t⌢_{i−2}, and since h^i_t is injective, |{a_t⌢_{i−1}}_{t∈K}m | ≥ |{a_t}_{t∈K}m |/T^2. Let k^1_{m+1} > max_{t∈K}m b_t be sufficiently large that A(H_{i+1}, q_{m+1}(i + 1), k^1_{m+1}, K^{m+1}) holds for each i ∈ K − 1. Noting that

|{a_t}_{t∈K}m+1 | ≥ � i∈K |{a_t⌢_i}_{t∈K}m | ≥ K

|{a_t}_{t∈K}m | T^2 ≥ K J^m T^2

≥ J^{m+1},

it is again routine to check that the induction hypotheses are all satisfied. □

Corollary 3.7. Given K, J, N ∈ N with K ≥ JT^2, and q ∈ Q = � i≤K D_i with q(i) ≤ f_i, there is B ⊆ K^N with |B| = J^N and {a_t}_{t∈B} ⊆ N, a_∅ ∈ N, {h^i_t}_{i≤K,t∈K}≤N , and q^′ ∈ Q extending q such that

(1) (∀ t, s ∈ B) t ≠ s then a_t ≠ a_s; (2) (∀ t ∈ K^{≤N} )(∀ i ≤ K) f ⊩ “h^i_t ∈ H_i”;

(3) (∀ t ∈ B) q^′ ⊩ “a_t = h^{t(N−1)+1}_t h^0_{t↾(N−1)} ∘ · · · ∘ h^{t(1)+1}_{t↾2} h^0_{t↾1} ∘ h^{t(0)+1}_{t↾1} h^0_∅(a_∅)”. In particular, for γ_j = n → j^n, � i≤K H_i does not satisfy the γ_{(J−1)}-growth condition.

Uniqueness of means in the Cohen model 59

Proof: Using Lemma 3.6 set q^′ = q_N , and pick J^N distinct elements

{a_t}_{t∈B} ⊆ {a_t}_{t∈K}N . □ Theorem 3.8. In the ℵ_2 Cohen real model, every group acting faithfully on N with a unique invariant mean does not have the {n → j^n}_{j∈ω}-ℵ_2-ℵ_1-growth condition.

Proof: If G is a counterexample, let {(D_η, f_η, H_η , ξ(η))}_{η<ω2} and T be as in (1) to (7) of Section 3. Define the function γ_j on N by γ_j (n) = j^n. Let Γ be a generic filter for P and set Λ = {η : f_η ∈ Γ}, noting that this set must have size ℵ_2. Suppose that

1 ⊩ “S ∈ [Λ]^{ω1} ” and 1 ⊩ “(∀B ∈ [S]^{ℵ0} )(∃ j ∈ ω)(∀A ∈ [B]^{(j+1)T 2} ) � η∈A H_η

satisfies the γ_j -growth condition”.

As in Theorem 3.5, extend each f_η such that f_η ⊮ “η /∈ S” to f̄_η so that f̄_η ⊩ “η ∈ S”, and extend D_η to D_η so that if D_η is defined accordingly then f̄_η ∈ D_η. Let E = {η ∈ ω_2 : f̄_η ⊩ η ∈ S}. The set E must be uncountable, and so refine E so that {supp(f̄_η )}_{η∈E} forms a Δ-system. As in Lemma 3.2 it may be assumed that {supp(f̄_η)}_{η∈E} and {D_η}_{η∈E} are pairwise disjoint. Without loss of generality, by re-labelling the first ω indices in E, assume ω ⊆ E so that (∀ i ∈ N) f_i ⊩ i ∈ S. As in Theorem 3.5, 1 ⊩_P “|B| = ω”.

Suppose for some p ∈ P, J ∈ ω that

p ⊩ “(∀A ∈ [B]^{(J+1)T 2} ) � η∈A H_η satisfies the γ_J -growth condition”.

Let K = (J + 1)T^2. There are f_l, . . . , f_{l+K} such that for i ≤ K, supp(f_{l+i}) ∩ supp(p) = ∅. For q = p ∪ � i≤K f_{l+i} apply Corollary 3.7 to get q^′ ≤ q such that

q^′ ⊩ “ � i≤K H_{l+i} does not satisfy the γ_J -growth condition”.

Since q^′ ⊩ l, . . . , l + K ∈ B it is the case that

q^′ ⊩ “ � i≤K H_{l+i} satisfies the γ_J -growth condition”,

yielding a contradiction. □

60 Kalajdzievski D., Steprāns J.

References

[1] Bartholdi L., Virág B., Amenability via random walks, Duke Math. J. 130 (2005), no. 1, 39–56.

[2] Dushnik B., Miller E. W., Partially ordered sets, Amer. J. Math. 63 (1941), no. 3, 600–610. [3] Foreman M., Amenable groups and invariant means, J. Funct. Anal. 126 (1994), no. 1, 7–25.

[4] Krasa S., The action of a solvable group on an infinite set never has a unique invariant mean, Trans. Amer. Math. Soc. 305 (1988), no. 1, 369–376.

[5] Paterson A. L. T., Amenability, Mathematical Surveys and Monographs, 29, American Mathematical Society, Providence, 1988.

[6] Rosenblatt J., Talagrand M., Different types of invariant means, J. London Math. Soc. (2) 24 (1981), no. 3, 525–532.

[7] Yang Z., Action of amenable groups and uniqueness of invariant means, J. Funct. Anal.

97 (1991), no. 1, 50–63.

D. Kalajdzievski, J. Steprāns:

Department of Mathematics and Statistics, York University, N520 Ross 4700 Keele Street, Toronto, Ontario, ON M3J 1P3, Canada E-mail: dkala011@mathstat.yorku.ca E-mail: steprans@yorku.ca

(Received January 25, 2018, revised August 18, 2018)