Comment.Math.Univ.Carolin. 60,2 (2019) 269–284 269

Results of nonexistence of solutions for some nonlinear evolution problems

Medjahed Djilali, Ali Hakem

Abstract. In the present paper, we prove nonexistence results for the following nonlinear evolution equation, see works of T. Cazenave and A. Haraux (1990) and S. Zheng (2004), u_{tt} + f(x)u_t + (−Δ)^{α/2}(u^m) = h(t, x)|u|^p, posed in (0, T ) × R^N , where (−Δ)^{α/2}, 0 < α ≤ 2 is α/2-fractional power of −Δ. Our method of proof is based on suitable choices of the test functions in the weak formulation of the sought solutions. Then, we extend this result to the case of a 2 × 2 system of the same type.

Keywords: nonexistence; test functions; global weak solution; fractional Laplacian; critical exponent Classification: 47J35, 35A01, 35D30

1. Introduction

In this article, we are concerned with the following problem:

(1.1) � u_{tt} + f(x)u_t + (−Δ)^{α/2}(|u|^m) = h(t, x)|u|^p, (t, x) ∈ (0, T ) × R^N , u(0, x) = u_0(x), u_t(0, x) = u_1(x), x ∈ R^N

for some 0 < T ≤ ∞, where (−Δ)^{α/2} with 0 < α ≤ 2 is the fractional power of the (−Δ), p > 1 and 1 ≤ m < p.

The integral representation of the fractional Laplacian in the N-dimensional space is

(1.2) (−Δ)^{β/2}ψ(x) = −c_N (β) � R^N

ψ(x + z) − ψ(x) |z|^{N+β} dz for all x ∈ R^N ,

where c_N (β) = Γ((N + β)/2)/(2π^{N/2+β}Γ(1 − β/2)), and Γ denotes the gamma function, see [10].

Note that the fractional Laplacian ((−Δ)^{α/2}), see [8], [10], with α ∈ (0; 2] is a pseudo-differential operator defined by:

(−Δ)^{α/2}u(x) = F^{−1}{|ζ|^αF(u)(ζ)}(x) for all x ∈ R^N ,

DOI 10.14712/1213-7243.2019.001

where F and F^{−1} are Fourier transform and its inverse, respectively. Set Σ_T = (0, T ) × (R^N ).

Before beginning this work, let us point out that many authors were interested in studying the following Cauchy problem for a nonlinear wave equation with damping term:

(1.3) � u_{tt} + u_t − Δu = |u|^p, (t, x) ∈ (0, ∞) × R^N , u(0, x) = u_0(x), u_t(0, x) = u_1(x), x ∈ R^N .

G. Todorova and B. Yordanov in [13] showed that, if p_c < p ≤ N/(N − 2) for n ≥ 3 and p_c < p < ∞ for N = 1, 2, where p_c = 1 + 2/N, then (1.3) subjected to initial data u(0, x) = εu_0(x), u_t(0, x) = εu_1(x), ε > 0, x ∈ R^N , admits a unique global solution, and they proved that if 1 < p < 1 + 2/N, then the solution u blows up in a finite time.

Q. Zhang in [14] studied the case 1 < p < 1 + 2/N, when u_i, i = 0, 1, is compactly supported and � u_i(x) dx > 0, he proved that global solution of (1.3) does not exist. Therefore, he showed that p = 1 + 2/N belongs to the blow-up case.

Let us point that T. Ogawa and H. Takeda in [9] showed that when 1 < p < 1 + 2/N and the support of data is not far away from the obstacle, then the weak solution of (1.3) does not exist globally, but if the supports of the initial data are sufficiently away from the boundary, they treated the problem as in the Cauchy problem.

A. Z. Fino, H. Ibrahim and A. Wehbe in [2] generalized the results of T. Ogawa and H. Takeda in [9] by proving the blow-up of solutions of (1.3) under weaker assumptions on the initial data and they extended this results to the critical case p = 1 + 2/N. Observe that A. Hakem in [6] treated the problem:

(1.4) � u_{tt} + g(t)u_t − Δu = |u|^p, (t, x) ∈ (0, ∞) × R^N , u(0, x) = u_0(x), u_t(0, x) = u_1(x), x ∈ R^N ,

as a generalized problem of (1.3), where g(t) is a function behaving like t^β , 0 ≤ β < 1. He obtained the non-existence of weak solution for the problem (1.4), when 1 < p ≤ 1 + (N + 2)(N + 2β).

It should be noted that F. Sun and M. Wang in [11] worked on the system:

(1.5) � � � � � u_{tt} − Δ(u) + u_t = |v|^p, (t, x) ∈ (0, ∞) × R^N , v_{tt} − Δ(v) + v_t = |u|^q, (t, x) ∈ (0, ∞) × R^N , u(0, x) = u_0(x), u_t(0, x) = u_1(x), v(0, x) = v_0(x), v_t(0, x) = v_1(x),

where p, q ≥ 1 and satisfy pq > 1. They showed that if max{(1 + p)/(pq − 1), (1 + q)/(pq − 1)} ≥ N/2 for N ≥ 1, then every solution with initial data having positive average value does not exist globally.

Our purpose of this work is to generalize some of the above results, so in the first part of our research and with the suitable choice of the test function, we prove the non-existence of nontrivial global weak solution of (1.1), and in the second part we extend the results of A. Hakem’s work [6] to the fractional Laplacian, see [4], [7], [8], [10]. The same technique is used to prove the non-existence of solutions to the system:

(1.6) � u_{tt} + (−Δ)^{α/2}(u) + f(x)u_t = h(t, x)|v|^{p+1}, (t, x) ∈ (0, ∞) × R^N , v_{tt} + (−Δ)^{β/2}(v) + g(x)v_t = h(t, x)|u|^{q+1}, (t, x) ∈ (0, ∞) × R^N ,

subjected to the conditions

u(0, x) = u_0(x), u_t(0, x) = u_1(x), v(0, x) = v_0(x), v_t(0, x) = v_1(x).

The results of our research are based on the following definitions: Definition 1.1. We say that u is a local weak solution to (1.1), defined in Σ_T , 0 < T < ∞, if u is a locally integrable function such that u^ph ∈ L^1_{loc}(Σ_T ) and � Σ_T

h|u|^pΨ dx dt + � R^N

f(x)u_0(x)Ψ(0, x) dx + � R^N

u_1(x)Ψ(0, x) dx − � R^N

u_0(x)Ψ_t(0, x) dx = � Σ_T

uΨ_{tt} dx dt − � Σ_T

f(x)uΨ_t dx dt + � Σ_T

|u|^m(−Δ)^{α/2}Ψ dx dt,

is satisfied for any Ψ ∈ C^∞_0 (Σ_T ) which vanishes for large |x| and at t = T . Definition 1.2. We say that u is a global weak solution to (1.1) if it is a local solution to (1.1) defined in Σ_T for any T > 0, see [5].

The integrals in the above definition are supposed to be convergent.

2. Nonexistence results for nonlinear evolution equation We consider the following Cauchy problem:

(2.1) � u_{tt} + f(x)u_t + (−Δ)^{α/2}|u|^m = h(t, x)|u|^p, (t, x) ∈ (0, T ) × R^N , u(0, x) = u_0(x), u_t(0, x) = u_1(x), x ∈ R^N

for some 0 < T ≤ ∞, where (−Δ)^{α/2} with 0 < α ≤ 2 is the fractional power of the −Δ, p > 1, m ≥ 1, and the functions f and h are non-negative and satisfy the conditions:

∘ f ∈ L^∞(R^N ).

∘ For every compact Ω ⊂ R_+ × R^N , there exists a real l ≥ 0 such that with (t, x) ∈ Ω we have:

(2.2) h(t, x) = O(R^l) and h(t, x) behave like Ct^μ|x|^ν , where R > 0 large , C > 0.

The assumption on the positive real numbers R, l, μ and ν will be determined later in the proof, see bellow (2.8).

Theorem 2.1. Assume that 1 ≤ m < p and the conditions (2.2) are fulfilled and the initial data satisfies (2.3) � R^N

f(x)u_0(x) dx > 0 and � R^N

u_1(x) dx > 0. If (2.4)

(p − 1)N α − 1 ≤ l,

then every weak solution of the problem (2.1) does not exist globally in time. Proof: The proof proceeds by contradiction. Suppose u is a solution which exists globally in time. Let Φ be the test function such that

Φ(r) = � 0 if r ≥ 2, 1 if r ≤ 1, and 0 ≤ Φ ≤ 1, |Φ^′| ≤ C r for all r > 0.

Now multiplying the equation (2.1) by Ψ and integrating by parts on Σ_T = (0, T ) × R^N , we get

(2.5)

� Σ_T

h|u|^pΨ dx dt + � R^N

f(x)u_0(x)Ψ(0, x) dx + � R^N

u_1(x)Ψ(0, x) dx − � R^N

u_0(x)Ψ_t(0, x) dx = � Σ_T

uΨ_{tt} dx dt − � Σ_T

f(x)uΨ_t dx dt + � Σ_T

|u|^m(−Δ)^{α/2}Ψ dx dt,

where Ψ(t, x) = Φ

� t2 + |x|2α

R^2 � , R > 0.

With the fact that Ψ_t(t, x) = 2tR^{−2}Φ^′

�t2 + |x|2α R^2 � , we have Ψ_t(0, x) = 0.

Thus the formula (2.5) will be on the shape

(2.6) � Σ_T

h|u|^pΨ dx dt + � R^N

f(x)u_0(x)Ψ(0, x) dx + � R^N

u_1(x)Ψ(0, x) dx = � Σ_T

uΨ_{tt} dx dt − � Σ_T

f(x)uΨ_t dx dt + � Σ_T

|u|^m((−Δ)^{α/2}Ψ) dx dt.

To estimate �

Σ_T

|u|Ψ_{tt} dx dt, we observe that � Σ_T

|u|Ψ_{tt} dx dt = � Σ_T

|u|(hΨ)^{1/p}Ψ_{tt}(hΨ)^{−1/p} dx dt,

we have also � Σ_T

f(x)|u|Ψ_t dx dt = � Σ_T

f(x)|u|(hΨ)^{1/p}Ψ_t(hΨ)^{−1/p} dx dt, and � Σ_T

|u|^m((−Δ)^{α/2}Ψ) dx dt = � Σ_T

|u|^m(hΨ)^{m/p}((−Δ)^{α/2}Ψ)(hΨ)^{−m/p} dx dt.

An application of the following ε-Young’s inequality

ab ≤ εa^p+C(ε)b^q where a > 0, b > 0, ε > 0, pq = p+q and C(ε) = (εp)^{−q/p}q^{−1},

in the first integral of the right hand side of (2.6), we obtain � Σ_T

|u|Ψ_{tt} dx dt ≤ ε � Σ_T

|u|^phΨ dx dt + C(ε) � Σ_T

|Ψ_{tt}|^{p/(p−1)}(hΨ)^{−1/(p−1)} dx dt,

in the second integral of the right hand side of (2.6), we get � Σ_T

f(x)|u|Ψ_t dx dt ≤ ε � Σ_T

|u|^phΨ dx dt + C(ε) � Σ_T

(f(x)|Ψ_t|)^{p/(p−1)}(hΨ)^{−1/(p−1)} dx dt ≤ ε � Σ_T

|u|^phΨ dx dt + ~C(ε) � Σ_T

|Ψ_t|^{p/(p−1)}(hΨ)^{−1/(p−1)} dx dt, where ~C(ε) = C(ε)‖f(x)‖^{p/(p−1)}∞ . And in the third integral of the right hand side of (2.6), we have � � � � Σ_T

|u|^m(−Δ)^{α/2}Ψ dx dt � � � ≤ ε � Σ_T

|u|^phΨ dx dt + C(ε) � Σ_T

|(−Δ)^{α/2}(Ψ)|^{p/(p−m)}(hΨ)^{−m/(p−m)} dx dt.

Finally, we get

(2.7)

� Σ_T

|u|^phΨ dx dt ≤ C_1 � Σ_T

|Ψ_{tt}|^{p−(p−1)}(hΨ)^{−1/(p−1)} dx dt

+ C_2 � Σ_T

|Ψ_t|^{p/(p−1)}(hΨ)^{−1/(p−1)} dx dt

+ C_3 � Σ_T

|(−Δ)^{α/2}(Ψ)|^{p/(p−m)}(hΨ)^{−m/(p−m)} dx dt.

At this stage, we introduce the scaled variables τ = tR^{−1}, ζ = xR^{−1/α} and use the fact that Ψ_t = R^{−1}Ψ_τ , Ψ_{tt} = R^{−2}Ψ_{τ τ} , (−Δ)^{α/2}x Ψ = R^{−1}(−Δ)^{α/2}_ζ Ψ, and also

(2.8) h(t, x) = h(τR, ζR^{1/α}) = Cτ^μ|ζ|^{ν/α}R^{μ+ν/α} = O(R^l), where l = μ+ν/α.

By setting

Ω = {(τ, ζ) ∈ R^+ × R^N : 1 ≤ τ^2 + |ζ|^{2α} ≤ 2}, φ(τ, ζ) = τ^2 + |ζ|^{2α},

we arrive at

(2.9)

� Σ_T

|u|^phΨ dx dt ≤ C_1R^{θ1} � Ω |(Ψ_{τ τ} )(φ)|^{p/(p−1)}(hΨ)^{−1/(p−1)} dζ dτ

+ C_2R^{θ2} � Ω |(Ψ_τ )(φ)|^{p/(p−1)}(hΨ)^{−1/(p−1)} dζ dτ

+ C_3R^{θ3} � Ω |(−Δ)^{α/2}Ψ(φ)|^{p/(p−m)}(hΨ)^{−m/(p−m)} dζ dτ

where � � � � � � � θ_1 = N α − 1 − 2 p − 1 − l p − 1 , θ_2 = N α − 1 p − 1 − l p − 1 , θ_3 =^N_α − m p − m − lm p − m .

One can easily observe that θ_1 < θ_2 and θ_3 < θ_2, we infer that

(2.10)

� Σ_T

|u|^phΨ dx dt ≤ CR^θ � � Ω |(Ψ_{τ τ} )(φ)|^{p/(p−1)}(hΨ)^{−1/(p−1)} dζ dτ + � Ω |(Ψ_τ )(φ)|^{p/(p−1)}(hΨ)^{−1/(p−1)} dζ dτ + � Ω |(−Δ)^{α/2}Ψ(φ)|^{p/(p−m)}(hΨ)^{−m/(p−m)} dζ dτ � , where R > 0 is large and θ := θ_2 = (1/(p − 1))[(N(p − 1)/α) − 1 − l]. We have two cases:

∘ If N(p − 1) α − 1 − l < 0, then the right-hand side of (2.10) goes to 0 when R tends to ∞. We pass to the limit in the left hand side, as R goes to ∞; we get

lim_{R→∞} � Σ_T

h|u|^pΨ dx dt = 0.

Using the Lebesgue dominated convergence theorem, the continuity in time and space of u and the fact that Ψ(t, x) → 1 as R → ∞, we infer that �

R^+×R^N

h|u|^p dx dt = 0.

Therefore, if u exists then necessarily u ≡ 0 a.e. on R^+ × R^N . This is a contradiction to the assumptions (2.3).

∘ If N(p − 1) α − 1 − l = 0, then we have (2.11) � R^+×R^N

|u|^ph dx dt < ∞.

By using (2.6) we obtain

(2.12)

� Σ_T

h|u|^pΨ dx dt + � R^N

f(x)u_0(x)Ψ(0, x) dx + � R^N

u_1(x)Ψ(0, x) dx ≤ � Σ_T

|u|(hΨ)^{1/p}|Ψ_{tt}|(hΨ)^{−1/p} dx dt + � Σ_T

|u|(hΨ)^{1/p}f(x)|Ψ_t|(hΨ)^{−1/p} dx dt + � Σ_T

|u|^m(hΨ)^{m/p}|(−Δ)^{α/2}Ψ|(hΨ)^{−m/p} dx dt.

Accordingly, using Hölder’s inequality in the right hand side of (2.12), yields � Σ_T

h|u|^pΨ dx dt ≤ � Σ_T

|u|^phΨ dx dt

�_{1/p}�

Σ_T

|Ψ_{tt}|^{p/(p−1)}(hΨ)^{−1/(p−1)} dx dt

�_{(p−1)/p}

+ � Σ_T

|u|^phΨ dx dt

�_{1/p}�

Σ_T

(f(x)|Ψ_t|)^{p/(p−1)}(hΨ)^{−1/(p−1)} dx dt

�_{(p−1)/p}

+ � Σ_T

|u|^phΨ dx dt

�_{m/p}�

Σ_T

(|(−Δ)^{α/2}Ψ|)^{p/(p−m)}(hΨ)^{−m/(p−m)} dx dt

�_{(p−m)/p} . Let � � Σ_T

|u|^phΨ dx dt

�_{κ/p}

= max � � Σ_T

|u|^phΨ dx dt

�_{1/p} , � � Σ_T

|u|^phΨ dx dt

�_{m/p}� , κ = 1 or κ = m,

we obtain � Σ_T

h|u|^pΨ dx dt ≤ � � Σ_T

|u|^phΨ dx dt

�_{κ/p}� �

Σ_T

|Ψ_{tt}|^{p/(p−1)}(hΨ)^{−1/(p−1)} dx dt

�_{(p−1)/p}

+ � � Σ_T

(f(x)|Ψ_t|)^{p/(p−1)}(hΨ)^{−1/(p−1)} dx dt

�_{(p−1)/p}

+ � � Σ_T

(|(−Δ)^{α/2}Ψ|)^{p/(p−m)}(hΨ)^{−m/(p−m)} dx dt

�_{(p−m)/p}� . Because N(p − 1)/α − 1 − l = 0, we get from (2.11) that � Σ_T

h|u|^pΨ dx dt ≤ � � Ω_2

|u|^phΨ dx dt

�_{κ/p}� �

Ω_1

|Ψ_{τ τ} (φ)|^{p/(p−1)}(hΨ(φ))^{−1/(p−1)} dζ dτ

�_{(p−1)/p}

+ � � Ω_1

(f(ζ)|Ψ_τ (φ)|)^{p/(p−1)}(hΨ(φ))^{−1/(p−1)} dζ dτ

�_{(p−1)/p}

+ � � Ω_1

(|(−Δ)^{α/2}Ψ(φ)|)^{p/(p−m)}(hΨ(φ))^{−m/(p−m)} dζ dτ

�_{(p−m)/p}� , where Ω_1 = {(τ, ζ) ∈ R^+ × R^N : 1 ≤ τ^2 + |ζ|^{2α} ≤ 2}, and Ω_2 = {(t, x) ∈ R^+ × R^N : R^2 ≤ t^2 + |x|^{2α} ≤ 2R^2}.

Taking into account the fact that � R^+×R^N

|u|^ph dx dt < ∞, we obtain lim_{R→∞} � Ω_2

|u|^phΨ dx dt = 0,

hence, we conclude that � R^+×R^N

|u|^ph dx dt = 0.

Whereupon, u ≡ 0. This is also a contradiction. We deduce that no global solution to (2.1) is possible. This finishes the proof. □

Remark 2.2. We can observe that in the case l = 0 and α = 2, we retrieve the critical exponent p_c = 1 + 2/N, see [3].

We conclude this section by the study of the inhomogeneous equation: (2.13) � u_{tt} + f(x)u_t + (−Δ)^{α/2}(|u|^m) = h(t, x)|u|^p + ϱw(x), (t, x) ∈ (0, T ) × R^N , u(0, x) = u_0(x), u_t(0, x) = u_1(x), x ∈ R^N ,

where ϱ > 0, u_0 ∈ L^1(R^N ), u_1 ∈ L^1(R^N ) and the function w is positive and w ≢ 0.

Theorem 2.3. Assume that the hypotheses of Theorem 2.1 are satisfied, then the problem (2.13) does not admit global solutions for ϱ large.

Proof: All as in the proof of Theorem 2.1, we obtain

(2.14) � Σ_T

h|u|^pΨ dx dt + � R^N

f(x)u_0(x)Ψ(0, x) dx + � R^N

u_1(x)Ψ(0, x) dx + ϱ � Σ_T

w(t, x)Ψ dx dt ≤ CR^θ.

For R large, where θ = 1 p − 1

� N(p − 1) α − 1 − l � . First of all we suppose that w ∈ L^1(R^+ ×R^N ). Therefore, we obtain the inequality � R^N

f(x)u_0(x)Ψ(0, x) dx + � R^N

u_1(x)Ψ(0, x) dx + ϱ � R^+×R^N

w(x)Ψ dx dt ≤ C, which is impossible if ϱ > ‖f‖_L∞_{(R}N_)‖u_0‖_L1_{(R}N_) + ‖u_1‖_L1_{(R}N_) + C ‖w‖_L1_{(R}+_{×R}N_) . But if ‖w‖_1 = ∞, then we arrive again at a contradiction with (2.14) for all ϱ > 0. □

3. Case of system of equations

In this section we consider the problem

(3.1) � u_{tt} + (−Δ)^{α/2}(u) + f(x)u_t = h(t, x)|v|^{p+1}, (t, x) ∈ (0, ∞) × R^N , v_{tt} + (−Δ)^{β/2}(v) + g(x)v_t = h(t, x)|u|^{q+1}, (t, x) ∈ (0, ∞) × R^N ,

subjected to the conditions

u(0, x) = u_0(x), u_t(0, x) = u_1(x), v(0, x) = v_0(x), v_t(0, x) = v_1(x),

where p > 0, q > 0, 0 < α ≤ 2, 0 < β ≤ 2, h > 0, f, g are positive functions and f ∈ L^∞(R^N ), g ∈ L^∞(R^N ).

Suppose that the function h satisfied (2.2) and the assumption on the positive real numbers l, μ and ν will be determined later in the proof, see bellow (3.11).

Using the same reasoning as above, one gets the following assertion. Theorem 3.1. Let

p^⋆ :=

(p + 1)[α(q + 1) + β] + σ[l(p + 2) − (p + 1)(q + 1) + 1] (p + 1)(q + 1) − 1 , and q^⋆ :=

(q + 1)[β(p + 1) + α] + σ[l(q + 2) − (p + 1)(q + 1) + 1] (p + 1)(q + 1) − 1 , where p > 0, q > 0 and σ = max{α, β}. Assume that the condition (2.2) is fulfilled and the initial data satisfies

(3.2) � R^N

f(x)u_0(x) dx > 0, � R^N

u_1(x) dx > 0 and � R^N

g(x)v_0(x) dx > 0, � R^N

v_1(x) dx > 0. If N ≤ max{p^⋆; q^⋆}, then the solution (u(t, x), v(t, x)) of problem (3.1) does not exist globally.

Proof: We notice that, in all steps of proof, C > 0 is a real positive number which may change from line to line.

Set ζ(t, x) = Φ(t^2 + |x|^{2σ} /R^2), where Φ ∈ C^∞_c (R^+) satisfies 0 ≤ Φ ≤ 1 and Φ(r) = � 1 if r ≤ 1, 0 if r ≥ 2.

Multiplying the first equation of (3.1) by ζ and integrating by parts on Q_T = (0, T ) × R^N , we get

(3.3)

� Q_T

h|v|^{p+1}ζ dx dt + � R^N

f(x)u_0(x)ζ(0, x) dx + � R^N

u_1(x)ζ(0, x) dx − � R^N

u_0(x)ζ_t(0, x) dx = � Q_T

uζ_{tt} dx dt − � Q_T

f(x)uζ_t dx dt + � Q_T

u(−Δ)^{α/2}ζ dx dt.

With the fact that ζ_t(0, x) = 0, we obtain

(3.4) � Q_T

h|v|^{p+1}ζ dx dt + � R^N

f(x)u_0(x)ζ(0, x) dx + � R^N

u_1(x)ζ(0, x) dx = � Q_T

uζ_{tt} dx dt − � Q_T

f(x)uζ_t dx dt + � Q_T

u(−Δ)^{α/2}ζ dx dt. Hence

(3.5) � Q_T

h|v|^{p+1}ζ dx dt ≤ � Q_T

|u||ζ_{tt}| dx dt + � Q_T

f(x)|u||ζ_t| dx dt + � Q_T

|u||(−Δ)^{α/2}ζ| dx dt. We have also

(3.6) � Q_T

h|u|^{q+1}ζ dx dt ≤ � Q_T

|v||ζ_{tt}| dx dt + � Q_T

g(x)|v||ζ_t| dx dt + � Q_T

|v||(−Δ)^{β/2}ζ| dx dt.

To estimate �

Q_T

|u||ζ_{tt}| dx dt, we observe that it can be rewritten as � Q_T

|u||ζ_{tt}| dx dt = � Q_T

|u|(hζ)^{1/(q+1)}|ζ_{tt}|(hζ)^{−1/(q+1)} dx dt.

Using Hölder’s inequality, we obtain � Q_T

|u||ζ_{tt}| dx dt ≤ � � Q_T

|u|^{q+1}(hζ) dx dt

�_{1/(q+1)}� �

Q_T

|ζ_{tt}|^{(q+1)/q} (hζ)^{−1/q} dx dt

�_{q/(q+1)} .

Proceeding as above, we have � Q_T

f|u||ζ_t| dx dt ≤ � � Q_T

|u|^{q+1}(hζ) dx dt

�_{1/(q+1)}� �

Q_T

f^{(q+1)/q}|ζ_t|^{(q+1)/q} (hζ)^{−1/q} dx dt

�_{q/(q+1)} ,

and � Q_T

|u||(−Δ)^{α/2}ζ| dx dt ≤ � � Q_T

|u|^{q+1}(hζ) dx dt

�_{1/(q+1)}� �

Q_T

|(−Δ)^{α/2}ζ|^{(q+1)/q} (hζ)^{−1/q} dx dt

�_{q/(q+1)} .

Finally, we infer

(3.7) � Q_T

h|v|^{p+1}ζ dx dt ≤ � � Q_T

|u|^{q+1}(hζ) dx dt

�_{1/(q+1)} K_q ,

where K_q = � � Q_T

|ζ_{tt}|^{(q+1)/q} (hζ)^{−1/q} dx dt

�_{q/(q+1)}

+ � � Q_T

f^{(q+1)/q} |ζ_t|^{(q+1)/q} (hζ)^{−1/q} dx dt

�_{q/(q+1)}

+ � � Q_T

|(−Δ)^{α/2}ζ|^{(q+1)/q} (hζ)^{−1/q} dx dt

�_{q/(q+1)} . Arguing as above we have likewise

(3.8) � Q_T

h|u|^{q+1}ζ dx dt ≤ � � Q_T

|v|^{p+1}(hζ) dx dt

�_{1/(p+1)} L_p, where L_p = � � Q_T

|ζ_{tt}|^{(p+1)/p}(hζ)^{−1/p} dx dt

�_{p/(p+1)}

+ � � Q_T

g^{(p+1)/p}|ζ_t|^{(p+1)/p}(hζ)^{−1/p} dx dt

�_{p/(p+1)}

+ � � Q_T

|(−Δ)^{β/2}ζ|^{(p+1)/p}(hζ)^{−1/p} dx dt

�_{p/(p+1)} . By substituting (3.8) in (3.7), it yields

(3.9) � � Q_T

h|v|^{p+1}ζ dx dt

�_{((p+1)(q+1)−1)/((p+1)(q+1))} ≤ K_q L^{1/(q+1)} p . Similarly, we get

(3.10) � � Q_T

h|u|^{q+1}ζ dx dt

�_{((p+1)(q+1)−1)/((p+1)(q+1))} ≤ L_pK^{1/(p+1)} q . Now we consider the scale of variables t = τR, x = yR^{1/σ}, where σ = max{α, β}, and taking into account the fact that f ∈ L^∞(R^N ), g ∈ L^∞(R^N ) and

(3.11) h(t, x) = h(τR, yR^{1/σ} ) = Cτ^μ|y|^{ν/σ} R^{μ+ν/σ} = O(R^l), where l = μ + ν σ , namely we have � Q_T

f^{(q+1)/q} |ζ_t|^{(q+1)/q} (hζ)^{−1/q} dx dt ≤ C � Q_T

|ζ_t|^{(q+1)/q} (hζ)^{−1/q} dx dt, C > 0, and � Q_T

g^{(p+1)/p}|ζ_t|^{(p+1)/p}(hζ)^{−1/p} dx dt ≤ C � Q_T

|ζ_t|^{(p+1)/p}(hζ)^{−1/p} dx dt, C > 0.

We easily deduce that

(3.12) � � Q_T

h|v|^{p+1}ζ dx dt

�_{((p+1)(q+1)−1)/((p+1)(q+1))}

≤ C � R^{γ1} + R^{γ2} + R^{γ3} � × � R^{λ1} + R^{λ2} + R^{λ3}

�_{1/(q+1)} .

Similarly, we have

(3.13) � � Q_T

h|u|^{q+1}ζ dx dt

�_{((p+1)(q+1)−1)/((p+1)(q+1))}

≤ C � R^{λ1} + R^{λ2} + R^{λ3} � × � R^{γ1} + R^{γ2} + R^{γ3}

�_{1/(p+1)} , where γ_1 = �N σ + 1 � q q + 1

− 2 − l q + 1 , γ_2 = �N σ + 1 � q q + 1

− 1 − l q + 1 , γ_3 = �N σ + 1 � q q + 1 − α σ − l q + 1 , and λ_1 = �N σ + 1 � p p + 1

− 2 − l p + 1 , λ_2 = �N σ + 1 � p p + 1

− 1 − l p + 1 , λ_3 = �N σ + 1 � p p + 1 − β σ − l p + 1 . We remark that γ_1 < γ_2 ≤ γ_3 and λ_1 < λ_2 ≤ λ_3, hence

(3.14) � � Q_T

h|v|^{p+1}ζ dx dt

�_{((p+1)(q+1)−1)/((p+1)(q+1))} ≤ CR^{γ3+λ3 /(q+1)}, and (3.15) � � Q_T

h|u|^{q+1}ζ dx dt

�_{((p+1)(q+1)−1)/((p+1)(q+1))} ≤ CR^{λ3 +γ3/(p+1)}.

We conclude that

∘ If γ_3 + λ_3/(q + 1) < 0, the right hand side of (3.14) goes to 0, when R tends to ∞, while the left hand side converges to � � R^+×R^N

h|v|^{p+1} dx dt

�_{((p+1)(q+1)−1)/((p+1)(q+1))} . This implies that v ≡ 0 and hence u ≡ 0. We arrive at a contradiction with (3.2).

∘ If γ_3 + λ_3/(q + 1) = 0, we get � � R^+×R^N

h|v|^{p+1} dx dt � < ∞.

Using again Hölder’s inequality we obtain � Q_T

h|u|^{q+1}ζ dx dt ≤ � � B_R

|v|^{p+1}(hζ) dx dt

�_{1/(p+1)} L_p,

where

B_R = {(t, x) ∈ R^+ × R^N : R^2 ≤ t^2 + |x|^{2θ} ≤ 2R^2}.

Since �

R^+×R^N

h|v|^{p+1} dx dt < ∞,

we get lim_{R→∞} � B_R

|v|^{p+1}hζ dx dt = 0,

hence, we infer that � R^+×R^N

h|u|^{q+1} dx dt = 0,

this leads to u ≡ 0 a.e. on R^+ × R^N , which contradicts our assumption (3.2). This completes the proof. □ Remark 3.2. We notice that, in the case where l = 0, α = β = 2, we obtain the same result of A. Hakem, when g(t), f(t) behave like t^β , t^α and β = α = 0, see [6] in Section 5 and [12]. Also we recover the case studied by F. Sun and M. Wang, see [11].

Acknowledgment. The authors would like to express their gratitude to the referee. We are very grateful for his/her helpful comments and careful reading, which helped to improve the manuscript.

References

[1] Cazenave T., Haraux A., Introduction aux problèmes d’évolution semi-linéaires, Mathématiques & Applications, 1. Ellipses, Paris, 1990 (French).

[2] Fino A. Z., Ibrahim H., Wehbe A., A blow-up result for a nonlinear damped wave equation in exterior domain: the critical case, Comput. Math. Appl. 73 (2017), no. 11, 2415–2420.

[3] Fujita H., On the blowing up of solutions of the problem for u_t = Δu + u^{1+α}, J. Fac. Sci.

Univ. Tokyo Sect. I 13 (1966), 109–124.

[4] Guedda M., Kirane M., A note on nonexistence of global solutions to a nonlinear integral equation, Bull. Belg. Math. Soc. Simon Stevin 6 (1999), no. 4, 491–497.

[5] Guedda M., Kirane M., Local and global nonexistence of solutions to semilinear evolution equations, Proc. of the 2002 Fez Conf. on Partial Differential Equations, Electron. J. Differ. Equ. Conf. 09 (2002), 149–160.

284 M. Djilali, A. Hakem

[6] Hakem A., Nonexistence of weak solutions for evolution problems on R^N , Bull. Belg. Math.

Soc. Simon Stevin 12 (2005), no. 1, 73–82.

[7] Hakem A., Berbiche M., On the blow-up behavior of solutions to semi-linear wave models with fractional damping, IAENG Int. J. Appl. Math. 41 (2011), no. 3, 206–212.

[8] Ju N., The maximum principle and the global attractor for the dissipative 2D quasigeostrophic equations, Comm. Math. Phys. 255 (2005), 161–181.

[9] Ogawa T., Takeda H., Non-existence of weak solutions to nonlinear damped wave equations in exterior domains, Nonlinear Anal. 70 (2009), no. 10, 3696–3701.

[10] Pozrikidis C., The Fractional Laplacian, CRC Press, Boca Raton, 2016. [11] Sun F., Wang M., Existence and nonexistence of global solutions for a nonlinear hyperbolic system with damping, Nonlinear Anal. 66 (2007), no. 12, 2889–2910.

[12] Takeda H., Global existence and nonexistence of solutions for a system of nonlinear damped wave equations, J. Math. Anal. Appl. 360 (2009), no. 2, 631–650.

[13] Todorova G., Yordanov B., Critical exponent for a nonlinear wave equation with damping, C. R. Acad. Sci. Paris Sèrie I Math. 330 (2000), no. 7, 557–562.

[14] Zhang Q. S., A blow up result for a nonlinear wave equation with damping: the critical case, C. R. Acad. Sci. Paris Sèrie I Math. 333 (2001), no. 2, 109–114.

[15] Zheng S., Nonlinear Evolution Equations, Chapman & Hall/CRC Monographs and Surveys in Pure and Applied Mathematics, 113, Chapman & Hall/CRC Press, Boca Raton, 2004.

M. Djilali, A. Hakem:

Laboratory ACEDP, Djillali Liabes University, BP 89, 22000 Sidi-Bel-Abbés, Algeria E-mail: djilalimedjahed@yahoo.fr E-mail: hakemali@yahoo.com

(Received September 25, 2018, revised December 7, 2018)