Comment.Math.Univ.Carolin. 60,2 (2019) 199–208 199

Generalized notions of amenability

for a class of matrix algebras

Amir Sahami

Abstract. We investigate the amenability and its related homological notions for a class of I × I-upper triangular matrix algebra, say UP(I, A), where A is a Banach algebra equipped with a nonzero character. We show that UP(I, A) is pseudo-contractible (amenable) if and only if I is singleton and A is pseudocontractible (amenable), respectively. We also study pseudo-amenability and approximate biprojectivity of UP(I, A).

Keywords: upper triangular Banach algebra; amenability; left φ-amenability; approximate biprojectivity

Classification: 46M10, 43A07, 43A20

1. Introduction and preliminaries

B. E. Johnson studied the class of amenable Banach algebras. Indeed a Banach algebra A is amenable if every continuous derivation D : A → X^∗ is inner for every Banach A-bimodule X, that is, there exists x_0 ∈ X^∗ such that

D(a) = a · x_0 − x_0 · a, a ∈ A.

B. E. Johnson also showed that A is amenable if and only if there exists a bounded net (m_α) in A ⊗_p A such that

a · m_α − m_α · a → 0, π_A(m_α)a → a, a ∈ A,

where π_A : A ⊗_p A → A is given by π_A(a ⊗ b) = ab for every a, b ∈ A. About the same time A. Y. Helemskii defined the homological notions of biflatness and biprojectivity for Banach algebras. In fact a Banach algebra A is called biflat (biprojective), if there exists a bounded A-bimodule morphism ϱ: A → (A⊗_p A)^{∗∗} (ϱ: A → A ⊗_p A) such that π^{∗∗}_A ∘ ϱ is the canonical embedding of A into A^{∗∗} (ϱ is a right inverse for π_A), respectively. Note that a Banach algebra A is amenable if and only if A is biflat and A has a bounded approximate identity. It is known that for a locally compact group G, L^1(G) is biflat (biprojective) if and only if G is amenable (compact), respectively. For more information about amenability and homological properties of Banach algebras, see [17].

DOI 10.14712/1213-7243.2019.002

Upper triangular Banach algebras are 2 × 2-matrix algebras. B. E. Forrest and L. W. Marcoux studied this class of Banach algebras in [8]. Also they investigated some notions of amenability and homological properties of triangular Banach algebras, see [9]. The l^1-Munn algebras are another matrix algebra. G. H. Esslamzadeh studied amenability and some homological properties of these matrix algebras, for more information see [7].

In this paper, we investigate amenability and its related homological notions for a class of matrix algebras which is a generalization for 2 × 2-upper triangular Banach algebras. We show that for a Banach algebra A with a nonzero character, I × I-upper triangular Banach algebra UP(I, A) is amenable (pseudocontractible) if and only if I is singleton and A is amenable (pseudo-contractible), respectively. Also we characterize whether UP(I, A) is approximate amenable, pseudo-amenable and approximate biprojective. The paper concludes by studying amenability and approximate biprojectivity of some semigroup algebras related to a matrix algebra.

We remark some standard notations and definitions that we shall need in this paper. Let A be a Banach algebra. Throughout this paper the character space of A is denoted by Δ(A), that is, all nonzero multiplicative linear functionals on A. The projective tensor product A ⊗_p A is a Banach A-bimodule via the following actions

a · (b ⊗ c) = ab ⊗ c, (b ⊗ c) · a = b ⊗ ca, a, b, c ∈ A.

Let A be a Banach algebra and I be a nonempty totally ordered set. Let UP(I, A) be denoted for the set of all I × I upper triangular matrices which entries come from A and

‖(a_{i,j} )_{i,j∈I} ‖ = ∑ i,j∈I

‖a_{i,j} ‖ < ∞.

With the usual matrix operations and ‖·‖ as a norm, UP(I, A) becomes a Banach algebra.

2. A class of matrix algebras and generalized notions of amenability

In this section, we study generalized notions of amenability for upper triangular Banach algebras.

We remind that a Banach algebra A with φ ∈ Δ(A) is called left (right) φcontractible, if there exists m ∈ A such that am = φ(a)m (ma = φ(a)m) and φ(m) = 1 for every a ∈ A, respectively. For more information the reader is referred to [16].

A Banach algebra A is called pseudo-amenable (pseudo-contractible) if there exists a not necessarily bounded net (m_α) in A ⊗_p A such that

a · m_α − m_α · a → 0, (a · m_α = m_α · a), π_A(m_α)a → a, a ∈ A.

For more information about these new concepts the reader is referred to [12] and [3].

Theorem 2.1. Let I be a nonempty totally ordered set and A be a unital Banach algebra with Δ(A) ≠ ∅. Then UP(I, A) is pseudo-contractible if and only if I is singleton and A is pseudo-contractible. Proof: We will prove this theorem in two steps:

Step 1: We show that if UP(I, A) is pseudo-contractible, then I must be finite.

Let UP(I, A) be pseudo-contractible. Then UP(I, A) has a central approximate identity, say (e_α). Put F_{i,j} for a matrix belongs to UP(I, A) whose (i, j)th entrying is e_A and others are zero, where e_A is the identity of A. Thus F_{i,j} e_α = e_αF_{i,j} for every i, j ∈ I. This equation implies that the entries on main diagonal of e_α is equal. We go towards a contradiction and suppose that I is infinite. Since the entries on main diagonal of e_α are equal, it implies that ‖e_α‖ = ∞ or the main diagonal of e_α is zero. In the case ‖e_α‖ = ∞, e_α does not belong to UP(I, A) which is impossible. Otherwise if the main diagonal of e_α is zero, then e_αF_{i,i} = 0. Thus 0 = e_αF_{i,i} → F_{i,i} which is impossible, hence I must be finite. Step 2: In this step, we show that if I is a finite subset and UP(I, A) is pseudocontractible, then I is singleton and A is pseudo-contractible.

To see this, suppose that I = {i_1, i_2, . . . , i_n} and φ ∈ Δ(A). Define ψ ∈ Δ(UP(I, A)) by ψ((a_{i,j} )_{i,j∈I} ) = φ(a_{in,in} ) for every (a_{i,j} ) ∈ UP(I, A). Since UP(I, A) is pseudo-contractible, by [2, Theorem 1.1] UP(I, A) is left and right ψ-contractible. Set

J = {(a_{i,j} ) ∈ UP(I, A): a_{i,j} = 0 for all j ≠ i_n}.

It is clear that J is a closed ideal of UP(I, A) and ψ|_J ≠ 0, hence by [16, Proposition 3.8] J is left and right ψ-contractible. So there exist m_1, m_2 ∈ J such that jm_1 = ψ(j)m_1 and m_2j = ψ(j)m_2 and also ψ(m_1) = ψ(m_2) = 1 for each j ∈ J. Set m = m_1m_2 ∈ J. Clearly we have

(2.1) jm = mj = ψ(j)m, ψ(m) = ψ(m_1m_2) = ψ(m_1)ψ(m_2) = 1, j ∈ J.

Proceeding by contradiction, suppose that |I| > 1. Since m ∈ J, there exist

x_1, x_2, . . . , x_n ∈ A such that m =

0 · · · x_1 . . . . . . . 0 · · · x_{n−1} 0 · · · x_n

. Let a =

0 · · · 0 . . .. . . . 0 · · · 0 0 · · · a_n where a_n is an arbitrary element of A. Applying (2.1) we have

x_1a_n = x_2a_n = · · · = x_{n−1}a_n = 0, φ(a_n)x_1 = φ(a_n)x_2 = · · · = φ(a_n)x_{n−1} = 0, and also a_nx_n = x_na_n = φ(a_n)x_n, φ(x_n) = 1.

Pick an element a_n ∈ A such that φ(a_n) = 1. Applying (2.1) it follows that x_1 =

x_2 = · · · = x_{n−1} = 0. Then m =

0 · · · 0 . . .. . . . 0 · · · 0 0 · · · x_n

. Put b =

0 · · · b_1 . . .. . . . 0 · · · b_{n−1} 0 · · · b_n ,

where b_2 = · · · = b_n = 0 and φ(b_1) = 1. By (2.1) we have b_1x_n = 0. Applying φ on this equation, we have 0 = φ(b_1x_n) = φ(b_1)φ(x_n) = 1 which is a contradiction. Therefore I must be singleton. So A is pseudo-contractible.

Converse is clear. □

A Banach algebra A is said to be approximately amenable, if for every continuous derivation D : A → X^∗, there exists a net (x_α) in X^∗ such that

D(a) = lim_α (a · x_α − x_α · a), a ∈ A, see [10] and [11].

Suppose that A is a Banach algebra and φ ∈ Δ(A). Then A is called (approximately) left φ-amenable if there exists (a not necessarily) bounded net (m_α) in A such that am_α − φ(a)m_α → 0, φ(m_α) → 1, a ∈ A,

respectively. Right case is defined similarly. For more information about these concepts of amenability and its related homological notions see [1], [15], [13] and [20].

Theorem 2.2. Let I be a nonempty totally ordered set with a smallest element. Also let A be a Banach algebra with a left unit such that Δ(A) ≠ ∅. Then UP(I, A) is pseudo-amenable (approximately amenable) if and only if I is singleton and A is pseudo-amenable (approximately amenable), respectively.

Proof: Here we proof the pseudo-amenable case, the approximate amenability is similar. Suppose that UP(I, A) is pseudo-amenable. Then there exists a net (m_α) in UP(I, A) ⊗_p UP(I, A) such that

a · m_α − m_α · a → 0, π_{UP(I,A)}(m_α)a → a, a ∈ UP(I, A).

Let i_0 be a smallest element of I. It is easy to see that the map ψ, given by ψ(a) = φ(a_{i0 ,i0} ) is a character on UP(I, A) for each a = (a_{i,j} ) ∈ UP(I, A). Define

T : UP(I, A) ⊗_p UP(I, A) → UP(I, A)

by T (a ⊗ b) = ψ(a)b for each a, b ∈ UP(I, A). It is easy to see that T is a bounded linear map which satisfies the following:

T (a · x) = ψ(a)T (x), T (x · a) = T (x)a, ψ ∘ T (x) = ψ ∘ π_{UP(I,A)}(x) for each a, b ∈ UP(I, A) and x ∈ UP(I, A) ⊗_p UP(I, A). Thus we have

ψ(a)T (m_α) − T (m_α)a = T (a · m_α − m_α · a) → 0

and ψ ∘ T (m_α) = ψ ∘ π_{UP(I,A)}(m_α) → 1. Hence UP(I, A) is approximately right ψ-amenable. Define

J = {(a_{i,j} )_{i,j∈I} ∈ UP(I, A): a_{i,j} = 0, i ≠ i_0}.

It is easy to see that J is a closed ideal of UP(I, A) and ψ|_J ≠ 0. Then by [19, Proposition 5.1], J is approximately right ψ−amenable. Now, if we proceed similar to the arguments as in the proof of [19, Theorem 5.1], we can see that |I| = 1. Therefore A is pseudo-amenable (approximately amenable), respectively.

Converse is clear. □

Let A be a Banach algebra and a ∈ A. By aε_{i,j} we mean a matrix belonging to UP(I, A) with (i, j)th entry a and zero elsewhere.

Theorem 2.3. Let I be a nonempty totally ordered set and let A be a Banach algebra such that Δ(A) ≠ ∅. Then UP(I, A) is amenable if and only if I is singleton and A is amenable.

Proof: Let UP(I, A) be amenable. Then UP(I, A) has a bounded approximate identity, say (E^α). Let M > 0 be a bound for (E^α). We claim that A has a bounded left approximate identity. To see this, fix k, l ∈ I. Then for each a ∈ A, we have

0 = lim_α ‖E^αaε_{k,l} − aε_{k,l}‖ = lim_α ‖ ‖ ‖ (∑ i,j E^α_{i,j} ε_{i,j} ) aε_{k,l} − aε_{k,l} ‖ ‖ ‖ = lim_α ‖ ‖ ‖ ∑ i E^α_{i,l}aε_{i,l} − aε_{k,l} ‖ ‖ ‖ = lim_α (‖ ‖ ‖ ∑ i≠k

E^α_{i,l}a ‖ ‖ ‖ + ‖E^αk,la − a‖ ) . (2.2)

Thus e_α = E^α_{k,l} is a left approximate identity of A. It is easy to see that ‖e_α‖ ≤ ‖E^α‖ ≤ M. So (e_α) is a bounded left approximate identity for A. We claim that I is finite. Suppose conversely that I is infinite. Pick a ∈ A such that ‖a‖ = 1. Since (e_α) is a bounded left approximate identity for A, then lim_α e_αa = a for each a ∈ A. Thus there exists an α_{l,k} such that α ≥ α_{k,l} with 1/2 < ‖e_αa‖. Hence for α ≥ α_{k,l} we have

(2.3) 1 2 < ‖e_αa‖ ≤ ‖e_α‖ = ‖E^α_{k,l}‖.

Since I is infinite we can choose N ∈ N such that N > 2M. Then choose distinct k_1, l_1, k_2, l_2, . . . , k_N , l_N in I and α ≥ α_{ki ,li} , i = 1, 2, . . . , N. Using (2.3) one can see that

M < 1 2 N = N∑ i=1 ‖E^α_{ki,li} ‖ ≤ ∑ i,j∈I

‖E^α_{i,j} ‖ ≤ M,

which is a contradiction. So I is finite.

Applying the same method as in the proof of previous theorem, it is easy to see that I must be singleton, then A is amenable. □

3. A class of matrix algebra and approximate biprojectivity

Recently approximate versions of homological notions of Banach algebras have been under more observations, see [21]. In fact a Banach algebra A is said to be approximately biprojective, if there exists a net of A-bimodule morphisms ϱ_α : A → A ⊗_p A such that

π_A ∘ ϱ_α(a) → a, a ∈ A.

Note that A is a pseudo-contractible Banach algebra if and only if A is approximately biprojective and has a central approximate identity.

In this section we study the approximate biprojectivity of some matrix algebras. We also investigate the relation of approximate biprojectivity and discreteness of maximal ideal space of a Banach algebra.

Theorem 3.1. Let I be a totally ordered set with a smallest element. Also let A be a Banach algebra with a right identity such that Δ(A) ≠ ∅. Then UP(I, A) is approximately biprojective if and only if I is singleton and A is approximately biprojective.

Proof: Let i_0 be smallest element of I. Define ψ ∈ Δ(UP(I, A)) by ψ(a) = φ(a_{i0 ,i0} ), where a = (a_{i,j} ) ∈ UP(I, A). Suppose that UP(I, A) is approximately biprojective. Since A has a right identity, by [19, Lemma 5.1], UP(I, A) has a right approximate identity. Applying [18, Theorem 3.9], UP(I, A) is right ψcontractible. Using the same arguments as in the proof of the Theorem 2.2, I is singleton and A is approximately biprojective.

Converse is clear. □

Remark 3.2. Let A be a Banach algebra with a left approximate identity and I be a finite set which has at least two elements. Then UP(I, A) is never approximately biprojective. To see this, since I = {i_1, i_2, . . . , i_n} is finite then left approximate identity of A gives a left approximate identity for UP(I, A). Define ψ ∈ Δ(UP(I, A)) by ψ(a) = φ(a_{in ,in} ) for every a = (a_{i,j} ) ∈ UP(I, A). By [18, Theorem 3.9] approximate biprojectivity of UP(I, A) implies that UP(I, A) is left ψ-contractible, then the rest is similar to the proof of Theorem 2.2.

Proposition 3.3. Let A be a Banach algebra with a left approximate identity and Δ(A) be a nonempty set. If A is approximately biprojective, then Δ(A) is discrete with respect to the w^∗-topology.

Proof: Since A is an approximately biprojective Banach algebra with a left approximate identity, by [18, Theorem 3.9] A is left φ-contractible for every φ ∈ Δ(A). Applying [4, Corollary 2.2] one can see that Δ(A) is discrete. □

Corollary 3.4. Let A be a Banach algebra with a left identity, φ ∈ Δ(A) and let I be a totally ordered set. If UP(I, A) is approximate biprojective, then Δ(UP(I, A)) is discrete with respect to the w^∗-topology.

Proof: Note that, since φ ∈ Δ(A), Δ(UP(I, A)) is a nonempty set. The existence of left identity for A implies that UP(I, A) has a left approximate identity. Applying previous proposition one can see that Δ(UP(I, A)) is discrete with respect to the w^∗-topology. □

Let A be a Banach algebra and φ ∈ Δ(A), A is φ-inner amenable if there exists a bounded net (a_α) in A such that

aa_α − a_αa → 0, φ(a_α) → 1, a ∈ A.

For more information about φ-inner amenability, see [14].

Lemma 3.5. Let A be a Banach algebra and φ ∈ Δ(A). Suppose that A has an approximate identity. Then approximate biprojectivity of A implies that A is φ-inner amenable.

Proof: Suppose that A is approximately biprojective. Using [18, Theorem 3.9], the existence of approximate identity implies that A is left and right φ-con-tractible. Then there exist m_1 and m_2 in A such that

am_1 = φ(a)m_1(m_2a = φ(a)m_2), φ(m_1) = φ(m_2) = 1, a ∈ A,

respectively. Since

m_1 = φ(m_2)m_1 = m_2m_1 = φ(m_1)m_2 = m_2,

one can see that

am_1 = m_1a = φ(a)m_1, φ(m_1) = 1, a ∈ A.

It follows that A is φ-inner amenable. □

Remark 3.6. We can not drop the assumption of the existence of an approximate identity in Lemma 3.5. In fact, there exists a matrix algebra which is approximately biprojective but it is not φ-inner amenable.

To see this, let A = ( 0 C 0 C ) and also let a_0 = ( 0 1 0 1 ) . Define ϱ: A →

A ⊗_p A by ϱ(a) = a ⊗ a_0 for every a ∈ A. It is easy to see that ϱ is a bounded A-bimodule morphism and

π_A ∘ ϱ(a) = a, a ∈ A.

Then A is biprojective and it follows that A is approximately biprojective. Set φ (( 0 a 0 b )) = b for every a, b ∈ C. It is easy to see that φ ∈ Δ(A). We claim

that A is not φ-inner amenable. Suppose, for contradiction, that A is φ-inner amenable. Then there exists a bounded net (a_α) in A such that

aa_α − a_αa → 0, φ(a_α) → 1, a ∈ A.

It is easy to see that ab = φ(b)a for every a ∈ A. Hence we have

0 = lim_α a_0a_α − a_αa_0 = lim φ(a_α)a_0 − φ(a_0)a_α = lim a_0 − a_α.

It follows that a_0 = lim a_α. Hence for each a ∈ A, we have

aa_0 = a_0a, φ(a_0) = 1.

It implies that a = φ(a)a_0. Thus dim A = 1 which is a contradiction.

4. Examples of semigroup algebras related to the matrix algebras

Example 4.1. Suppose that A is a Banach algebra and I is a nonempty totally ordered set. Put B = UP(I, A). It is obvious that B with matrix multiplication can be observed as a semigroup. Equip this semigroup with the discrete topology and denote it with S_B . Suppose that A has a nonzero idempotent. We claim that l^1(S_B ) is not amenable, whenever I is an infinite set. Suppose, for contradiction, that l^1(S_B ) is amenable. Let e be an idempotent for A and let E_{i,i} denotes for a matrix belonging to B whose (i, i)th entry is e, otherwise is 0. It is easy to see that E_{i,i} is an idempotent for the semigroup S_B for every i ∈ I. So the set of idempotents of S_B is infinite, whenever I is infinite. Thus by [6, Theorem 2] l^1(S_B ) is not amenable which is a contradiction.

Suppose that A is a nonzero Banach algebra with a left identity, also suppose that I is an infinite totally ordered set with smallest element. We also claim that l^1(S_B ) is not approximately biprojective. To see this, proceeding by contradiction, suppose that l^1(S_B ) is approximately biprojective. We denote the augmentation character on l^1(S_B ) by φ_{SB} . It is easy to see that δ_{^0} ∈ S_B and φ_{SB} (δ_{^0}) = 1, where ^0 is denoted for the zero matrix belonging to S_B . One can see that the center of S_B , Z(S_B ), is nonempty, because ^0 belongs to Z(S_B ). So we can show that l^1(S_B ) is left φ_{SB} -contractible. Let i_0 be smallest element of I. Define

J = {(a_{i,j} ) ∈ S_B : a_{i,j} = 0 for all i ≠ i_0}.

It is easy to see that J is an infinite ideal of S_B , then by [5, page 50] l^1(J) is a closed ideal of l^1(S_B ). Since φ_{SB} |_l1_{(J)} is nonzero, l^1(J) is left φ_{SB} -contractible. Thus there exists m ∈ l^1(J) such that am = φ_{SB} (a)m and φ_{SB} (m) = 1 for every a ∈ l^1(J). On the other hand since A has a left identity, then J has a left identity. So we have

m(j) = m(e_lj) = δ_j m(e_l) = φ_{SB} (δ_j )m(e_l) = m(e_l), j ∈ J,

where e_l is a left unit for J. It follows that m is a constant function belonging to l^1(J). Since φ_{SB} (m) = 1, we have m ≠ 0. Then J is finite which is impossible.

Acknowledgement. The author is grateful to the referee for his/her useful comments which improved the manuscript and for pointing out a number of misprints.

References

[1] Aghababa H. P., Shi L. Y., Wu Y. J., Generalized notions of character amenability, Acta Math. Sin. (Engl. Ser.) 29 (2013), no. 7, 1329–1350.

[2] Alaghmandan M., Nasr-Isfahani R., Nemati M., On ϕ-contractibility of the Lebesgue- Fourier algebra of a locally compact group, Arch. Math. (Basel) 95 (2010), no. 4, 373–379.

[3] Choi Y., Ghahramani F., Zhang Y., Approximate and pseudo-amenability of various classes of Banach algebras, J. Funct. Anal. 256 (2009), no. 10, 3158–3191.

[4] Dashti M., Nasr-Isfahani R., Soltani Renani S., Character amenability of Lipschitz algebras, Canad. Math. Bull. 57 (2014), no. 1, 37–41.

[5] Dales H. G., Lau A. T.-M., Strauss D., Banach algebras on semigroups and on their compactifications, Mem. Amer. Math. Soc. 205 (2010), no. 966, 165 pages.

[6] Duncan J., Paterson A. L. T., Amenability for discrete convolution semigroup algebras, Math. Scand. 66 (1990), no. 1, 141–146.

[7] Esslamzadeh G. H., Double centralizer algebras of certain Banach algebras, Monatsh. Math.

142 (2004), no. 3, 193–203.

[8] Forrest B. E., Marcoux L. W., Derivations of triangular Banach algebras, Indiana. Univ.

Math. J. 45 (1996), no. 2, 441–462.

[9] Forrest B. E., Marcoux L. W., Weak amenability of triangular Banach algebras, Trans.

Amer. Math. Soc. 354 (2002), no. 4, 1435–1452.

[10] Ghahramani F., Loy R. J., Generalized notions of amenability, J. Funct. Anal. 208 (2004), no. 1, 229–260.

[11] Ghahramani F., Loy R. J., Zhang Y., Generalized notions of amenability. II , J. Funct.

Anal. 254 (2008), no. 7, 1776–1810.

[12] Ghahramani F., Zhang Y., Pseudo-amenable and pseudo-contractible Banach algebras, Math. Proc. Cambridge Philos. Soc. 142 (2007), no. 1, 111–123.

[13] Hu Z., Monfared M. S., Traynor T., On character amenable Banach algebras, Studia Math.

193 (2009), no. 1, 53–78.

[14] Jabbari A., Abad T. M., Abadi M. Z., On ϕ-inner amenable Banach algebras, Colloq. Math.

122 (2011), no. 1, 1–10.

[15] Kaniuth E., Lau A. T., Pym J., On ϕ-amenability of Banach algebras, Math. Proc. Cambridge Philos. Soc. 144 (2008), no. 1, 85–96.

[16] Nasr-Isfahani R., Soltani Renani S., Character contractibility of Banach algebras and homological properties of Banach modules, Studia Math. 202 (2011), no. 3, 205–225.

208 A. Sahami

[17] Runde V., Lectures on Amenability, Lecture Notes in Mathematics, 1774, Springer, Berlin, 2002.

[18] Sahami A., Pourabbas A., Approximate biprojectivity of certain semigroup algebras, Semigroup Forum 92 (2016), no. 2, 474–485.

[19] Sahami A., On biflatness and ϕ-biflatness of some Banach algebras, Politehn. Univ.

Bucharest Sci. Bull. Ser. A Appl. Math. Phys. 80 (2018), no. 1, 111–122. [20] Sahami A., Pourabbas A., On ϕ-biflat and ϕ-biprojective Banach algebras, Bull. Belg. Math.

Soc. Simon Stevin 20 (2013), no. 5, 789–801.

[21] Zhang Y., Nilpotent ideals in a class of Banach algebras, Proc. Amer. Math. Soc. 127 (1999), no. 11, 3237–3242.

A. Sahami:

Faculty of Basic Sciences, Ilam University, P. O. Box 69315-516 Ilam, Iran E-mail: a.sahami@ilam.ac.ir E-mail: amir.sahami@aut.ac.ir

(Received October 18, 2017, revised June 27, 2018)