Comment.Math.Univ.Carolin. 60,3 (2019) 361–378 361

Infinitely many weak solutions for a non-homogeneous Neumann problem in Orlicz–Sobolev spaces

Ghasem A. Afrouzi, Shaeid Shokooh, Nguyen T. Chung

Abstract. Under a suitable oscillatory behavior either at infinity or at zero of the nonlinear term, the existence of infinitely many weak solutions for a nonhomogeneous Neumann problem, in an appropriate Orlicz–Sobolev setting, is proved. The technical approach is based on variational methods.

Keywords: non-homogeneous Neumann problem; variational methods; Orlicz– Sobolev space

Classification: 35D05, 35J60, 35J20, 46N20, 58E05

1. Introduction

Our main purpose in this paper is to study the non-homogeneous Neumann problem (1.1){

−div ( a(x, |∇u(x)|)∇u(x) ) + a(x, |u(x)|)u(x) = λf(x, u(x)) for x ∈ Ω, a(x, |∇u(x)|)^{∂u}_{∂ν} (x) = μg(γ(u(x))) for x ∈ ∂Ω.

Here, Ω is a bounded domain in R^N , N ≥ 2, with smooth boundary ∂Ω, ν is the outer unit normal to ∂Ω, f : Ω × R → R is a Carathéodory function, g : R → R is a nonnegative continuous function, λ is a positive parameter, μ is a nonnegative parameter and the functions a(x, t): Ω × R → R and γ will be specified later.

Orlicz–Sobolev spaces have been used in the last decades to model various phenomena. These spaces consist of functions that have weak derivatives and satisfy certain integrability conditions. They play a significant role in many fields of mathematics, such as approximation theory, partial differential equations, calculus of variations, nonlinear potential theory, the theory of quasi-conformal mappings, non-Newtonian fluids, image processing, differential geometry, geometric function theory and probability theory. Due to these, several authors have widely studied the existence of solutions for the eigenvalue problems involving non-homogeneous operators in the divergence form by means of variational methods and critical point theory, monotone operator methods, fixed point theory and degree theory, see for instance [2], [3], [4], [8], [6], [7], [9], [12], [16], [18], [19], [22], [25], [26], [28].

DOI 10.14712/1213-7243.2019.016

In this paper, we will study problem (1.1) in the Orlicz–Sobolev space. Our goal is to obtain some sufficient condition to guarantee that problem (1.1) has infinitely many weak solutions. To this end, we require that the primitive F of f satisfies a suitable oscillatory behavior either at infinity or at zero, while G, the primitive of g, has an appropriate growth (see Theorems 3.1 and 3.8). Our approach is fully variational method and the main tool is a general critical point theorem contained in [5] (see Theorem 2.1 in the next section). We also refer the interested reader to the papers [3], [10], [11], [14] and references therein, in which this variational principle and its variants have been successfully used to the existence of infinitely many solutions for boundary value problems.

Our paper is organized as follows. In Section 2, some preliminaries and the abstract Orlicz–Sobolev spaces setting are presented. In Section 3, we discuss the existence of infinitely many weak solutions for problem (1.1). We also point out special cases of the results and we illustrate the results by presenting an example.

2. Preliminaries

In this section, we recall definitions and theorems used in this paper. Let (X, ‖·‖) be a real Banach space and J, I : X → R be two continuously Gâteaux differentiable functionals; put Γ = J − I and fix r_1, r_2 ∈ [−∞, ∞], with r_1 < r_2. We say that the functional Γ satisfies the Palais–Smale condition cut off lower at r_1 and upper at r_2 (^{[r1]}(PS)^{[r2]}-condition) if any sequence {u_n} ⊂ X such that ∘ {Γ(u_n)} is bounded, ∘ lim_{n→∞} ‖Γ^′(u_n)‖_X ∗ = 0, ∘ r_1 < J(u_n) < r_2 ∀ n ∈ N, has a convergent subsequence. If r_1 = −∞ and r_2 = ∞, it coincides with the classical (PS)-condition, while if r_1 = −∞ and r_2 ∈ R it is denoted by (PS)^{[r2]}- condition. We shall prove our results applying the following theorem of G. Bonanno, see [5].

Theorem 2.1 (See [5, Theorem 7.4]). Let X be a real Banach space and let J, I : X → R be two continuously Gâteaux differentiable functionals with J bounded from below. For every r > inf_X J, let

φ(r) := inf

u∈J^{−1} (−∞,r)

(sup_{v∈J} −1_{(−∞,r)} I(v)) − I(u) r − J(u) , γ := lim inf_{r→∞} φ(r), and δ := lim inf_{r→(infX J)+} φ(r).

Then the following properties hold:

(a) If γ < ∞ and for every λ ∈ (0, 1/γ) the functional Γ_λ = J − λI satisfies (PS)^{[r]}-condition for all r ∈ R, then for each λ ∈ (0, 1/γ), the following alternative holds: either (a_1) Γ_λ possesses a global minimum, or

(a_2) there is a sequence {u_n} of critical points (local minima) of Γ_λ such that lim_{n→∞} J(u_n) = ∞.

(b) If δ < ∞, and for every λ ∈ (0, 1/δ), the functional Γ_λ = J − λI satisfies (PS)^{[r]}-condition for all r > inf_X J then, for each λ ∈ (0, 1/δ), the following alternative holds: either (b_1) there is a global minimum of J which is a local minimum of Γ_λ, or (b_2) there is a sequence {u_n} of pairwise distinct critical points (local minima) of Γ_λ such that lim_{n→∞} J(u_n) = inf_X J.

Let us first introduce Orlicz–Sobolev spaces and give just a brief review of some basic concepts and facts of their theory, for more details we refer the readers to R. A. Adams in [1], L. Diening in [15], J. Musielak in [24] and M. M. Rao and Z. D. Ren in [26].

Suppose that the function a(x, t): Ω × R → R is such that the mapping ϕ(x, t): Ω × R → R, defined by

ϕ(x, t) = { a(x, |t|)t for t ≠ 0, 0 for t = 0

satisfies the condition (ϕ) for all x ∈ Ω, ϕ(x, ·): R → R is an odd, increasing homeomorphism from R onto R, and

Φ(x, t) =

∫_t 0 ϕ(x, s) ds ∀ x ∈ Ω, t ≥ 0

belongs to class Φ (see [24], page 33), that is, the function Φ satisfies the following conditions:

(Φ_1) for all x ∈ Ω, ϕ(x, ·): [0, ∞) → R is a non-decreasing continuous function with Φ(x, 0) = 0 and Φ(x, t) > 0 whenever t > 0, lim_{t→∞} Φ(x, t) = ∞, (Φ_2) for every t ≥ 0, Φ(·, t): Ω → R is a measurable function.

Since ϕ(x, ·) satisfies condition (ϕ), we deduce that Φ(x, ·) is convex and increasing from R^+ to R^+.

For the function Φ, we define the generalized Orlicz class,

K_Φ(Ω) = { u: Ω → R: u measurable, ∫ Ω Φ(x, |u(x)|) dx < ∞ }

and the generalized Orlicz space,

L^Φ(Ω) = { u: Ω → R: u measurable, lim_{λ→0+} ∫ Ω Φ(x, λ|u(x)|) dx = 0 } .

The space L^Φ(Ω) is a Banach space endowed with the Luxemburg norm

|u|_Φ = inf { μ > 0: ∫ Ω Φ ( x, |u(x)| μ ) dx ≤ 1 }

or the equivalent norm (the Orlicz norm)

|u|_{(Φ)} = sup {| | | ∫ Ω uv dx | | | | : v ∈ L^Φ(Ω), ∫ Ω Φ(x, |v(x)|) dx ≤ 1 } , where Φ denotes the conjugate Young function of Φ, that is,

Φ(x, t) = sup_{s>0}{ts − Φ(x, s): s ∈ R} ∀ x ∈ Ω, t ≥ 0.

Furthermore, for Φ and Φ conjugate Young functions, the Hölder type inequality holds true

(2.1) | | | | ∫ Ω uv dx | | | | ≤ B|u|^Φ|v|Φ ∀ u ∈ L^Φ(Ω), v ∈ L^Φ(Ω) ,

where B is a positive constant (see [24], Theorem 13.13).

In this paper, we assume that there exist two positive constants ϕ_0 and ϕ^0 such that

(2.2) 1 < ϕ_0 ≤ tϕ(x, t) Φ(x, t)

≤ ϕ^0 < ∞ ∀ x ∈ Ω, t ≥ 0.

The above relation implies that Φ satisfies the Δ_2-condition, that is,

(2.3) Φ(x, 2t) ≤ K Φ(x, t) ∀ x ∈ Ω, t ≥ 0 ,

where K is a positive constant (see [23, Proposition 2.3]). Relation (2.3) and Theorem 8.13 in [24] imply that L^Φ(Ω) = K_Φ(Ω). Furthermore, we assume that Φ satisfies the following condition

(2.4) for each x ∈ Ω, the function [0, ∞) ∋ t → Φ(x, √ t) is convex.

Relation (2.4) assures that L^Φ(Ω) is a uniformly convex space and thus, a reflexive space (see [23, Proposition 2.2]).

On the other hand, we point out that assuming that Φ and Ψ belong to class Φ and

(2.5) Ψ(x, t) ≤ K_1 Φ(x, K_2 t) + h(x) ∀ x ∈ Ω, t ≥ 0,

where h ∈ L^1(Ω), h(x) ≥ 0 a.e. x ∈ Ω and K_1, K_2 are positive constants, then by Theorem 8.5 in [24] we have that there exists the continuous embedding

L^Φ(Ω) → L^Ψ(Ω). Next, we define the generalized Orlicz–Sobolev space

W^{1,Φ}(Ω) = { u ∈ L^Φ(Ω): ∂u ∂x_i

∈ L^Φ(Ω), i = 1, . . . , N } . On W^{1,Φ}(Ω) we define the equivalent norms

‖u‖_{1,Φ} = | |∇u| |_Φ + |u|_Φ, ‖u‖_{2,Φ} = max{| |∇u| |_Φ, |u|_Φ},

‖u‖ = inf { μ > 0: ∫ Ω [ Φ ( x, |u(x)| μ ) + Φ ( x, |∇u(x)| μ )] dx ≤ 1 } . More precisely, for every u ∈ W^{1,Φ}(Ω), we have

(2.6) ‖u‖ ≤ 2‖u‖_{2,Φ} ≤ 2‖u‖_{1,Φ} ≤ 4‖u‖,

(see [23, Proposition 2.4]).

The generalized Orlicz–Sobolev space W^{1,Φ}(Ω) endowed with one of the above norms is a reflexive Banach space.

In the following, we will use the norm ‖·‖ on E := W^{1,Φ}(Ω) and we suppose that γ : E → L^Φ(Ω) is the trace operator.

Following lemma is useful in the proof of our results.

Lemma 2.2. Let u ∈ E. Then ∫ Ω (Φ(x, |∇u(x)|) + Φ(x, |u(x)|)) dx ≥ ‖u‖^{ϕ0} if ‖u‖ > 1;

(2.7) ∫ Ω (Φ(x, |∇u(x)|) + Φ(x, |u(x)|)) dx ≥ ‖u‖^{ϕ0} if ‖u‖ < 1.

(2.8)

For the proof of the previous result see, for instance, Lemma 2.3 of [21]. We point out that assuming that Φ and Ψ belong to class Φ, satisfying relation (2.5) and inf_{x∈Ω} Φ(x, 1) > 0, inf_{x∈Ω} Ψ(x, 1) > 0 then there exists the continuous embedding W^{1,Φ}(Ω) → W^{1,Ψ}(Ω).

In this paper, we study problem (1.1) in the particular case when Φ satisfies

(2.9) M|t|^{p(x)} ≤ Φ(x, t) ∀ x ∈ Ω, t ≥ 0,

where p(x) ∈ C(Ω) with p^− := inf_{x∈Ω} p(x) > N for all x ∈ Ω and M > 0 is a constant.

Throughout the sequel, f : Ω × R → R is an L^1-Carathéodory function and g : R → R is a nonnegative continuous function. We recall that f : Ω × R → R is an L^1-Carathéodory function if:

(1) the mapping x −→ f(x, ξ) is measurable for every ξ ∈ R; (2) the mapping ξ −→ f(x, ξ) is continuous for almost every x ∈ Ω;

(3) for every ϱ > 0 there exists a function l_ϱ ∈ L^1(Ω) such that

sup_{|ξ|≤ϱ} |f(x, ξ)| ≤ l_ϱ(x)

for almost every x ∈ Ω. Put F (x, t) :=

∫_t 0 f(x, ξ) dξ for all (x, t) ∈ Ω × R, and

G(t) :=

∫_t 0 g(ξ) dξ ∀ t ∈ R.

By relation (2.9), we deduce that E is continuously embedded in W^{1,p(x)}(Ω) (see relation (2.5) with Ψ(x, t) = |t|^{p(x)}). On the other hand, as pointed out in [17] and [20], W^{1,p(x)}(Ω) is continuously embedded in W^{1,p−} (Ω) and since p^− > N, we deduce that W^{1,p−} (Ω) is compactly embedded in C^0(Ω). Thus, E is compactly embedded in C^0(Ω) and there exists a constant c > 0 such that

(2.10) ‖u‖_∞ ≤ c‖u‖ ∀ u ∈ E,

where ‖u‖_∞ := sup_{x∈Ω} |u(x)|.

Finally, we say that u ∈ E is a weak solution for problem (1.1) if ∫ Ω a(x, |∇u(x)|)∇u(x)∇v(x) dx + ∫ Ω a(x, |u(x)|)u(x)v(x) dx = λ ∫ Ω f(x, u(x))v(x) dx + μ ∫ ∂Ω g(γ(u(x)))γ(v(x)) dσ

for every v ∈ E.

3. Main results

In this section, we present our main results. Let

A := lim inf_{ξ→∞} ∫ Ω max_{|t|≤ξ} F (x, t) dx ξ^{ϕ0} , B := lim sup ξ→∞ ∫ Ω F (x, ξ) dx ξ^{ϕ0} , λ_1 := ∫ Ω Φ(x, 1) dx B , λ_2 := 1 c^{ϕ0} A , and (3.1) δ_1 := 1 c^{ϕ0} b(∂Ω) lim sup_{ξ→∞} (G(ξ)/ξ^{ϕ0} ) ( 1 − λc^{ϕ0} A ) , where b(∂Ω) := ∫ ∂Ω dσ and we read “^1_0 ” = ∞ whenever this case occurs.

With the above notations, we formulate our main result as follows.

Theorem 3.1. Let f : Ω×R → R be an L^1-Carathéodory function. Assume that (A1) A <^1

c^ϕ0 ∫ Ω Φ(x,1) dx B.

Then, for every λ ∈ ]λ_1, λ_2[ and for every nonnegative continuous function g : R → R such that

(3.2) lim sup_{ξ→∞}

G(ξ) ξ^{ϕ0}

< ∞,

there exists δ_1 > 0 given by (3.1) such that for each μ ∈ [0, δ_1[ , problem (1.1) has a sequence {u_n} of weak solutions in E such that ∫ Ω ( Φ(x, |∇u_n(x)|) + Φ(x, |u_n(x)|) ) dx → ∞.

Proof: Our aim is to apply Theorem 2.1 (a) to problem (1.1). To this end, fix λ and g satisfying our assumptions. Since λ < λ_2, we have

δ_1 = 1 c^{ϕ0} b(∂Ω) lim sup_{ξ→∞} (G(ξ)/ξ^{ϕ0} ) ( 1 − λc^{ϕ0} A ) > 0.

Fix μ ∈ [0, δ_1[ . For each u ∈ E, we let the functionals J, I : E → R be defined by

J(u) := ∫ Ω ( Φ(x, |∇u(x)|) + Φ(x, |u(x)|) ) dx and I(u) := ∫ Ω F (x, u(x)) dx + μ λ ∫ ∂Ω G(γ(u(x))) dσ, and put Γ_{λ,μ}(u) := J(u) − λI(u), u ∈ E.

Since Φ is convex, it follows that J is a convex functional, hence J is sequentially weakly lower semi-continuous. Similar arguments as those used in [23, Lemma 4.2] imply that J ∈ C^1(E, R) with the derivative given by

⟨J^′(u), v⟩ = ∫ Ω a(x, |∇u(x)|)∇u(x)∇v(x) dx + ∫ Ω a(x, |u(x)|)u(x)v(x) dx

for every v ∈ E. Also J is bounded from below. By the same argument as given in [21, Lemma 3.2] we observe that J^′ has a continuous inverse on E^∗. Moreover, I ∈ C^1(E, R) and

⟨I^′(u), v⟩ = ∫ Ω f(x, u(x))v(x) dx + μ λ ∫ ∂Ω g(γ(u(x)))γ(v(x)) dσ

for every v ∈ E.

So, with standard arguments, we deduce that the critical points of the functional Γ_{λ,μ} are the weak solutions of problem (1.1).

Moreover, owing to [5, Theorem 2.1], the functional Γ_{λ,μ} satisfies the (PS)^{[r]}- condition for all r ∈ R. Now, we show that λ < 1/γ. For this, let {ξ_n} be a sequence of positive numbers such that lim_{n→∞} ξ_n = ∞ and

lim_{n→∞} ∫ Ω max_{|t|≤ξn} F (x, t) dx ξ^{ϕ0}_n

= A. Put r_n :=

( ξ_n c )_{ϕ0}

for all n ∈ N. By Lemma 2.2 and this fact that max{r^{1/ϕ0}n , r^{1/ϕ0}n } = r^{1/ϕ0}n , we deduce

{v ∈ E : J(v) < r_n} ⊆ {v ∈ E : ‖v‖ < r^{1/ϕ0}_n } = { v ∈ E : ‖v‖ < ξ_n c } . Moreover, due to (2.10), we have |v(x)| ≤ ‖v‖_∞ ≤ c‖v‖ ≤ ξ_n ∀ x ∈ Ω.

Hence, { v ∈ E : ‖v‖ < ξ_n c } ⊆ { v ∈ E : ‖v‖_∞ ≤ ξ_n } . Note that J(0) = I(0) = 0. Then, for all n ∈ N,

φ(r_n) = inf

u∈J^{−1}(−∞,r_n) ( sup_{v∈J} −1_{(−∞,rn)} I(v) ) − I(u) r_n − J(u) ≤ sup_{v∈J} −1_{(−∞,rn)} I(v)

r_n = ∫ Ω max_{|t|≤ξn} F (x, t) dx +^μ_λ max_{|t|≤ξn} G(t) dσ (_{ξn} c )_{ϕ0}

≤ c^{ϕ0} [ ∫ Ω max_{|t|≤ξn} F (x, t) dx ξ^{ϕ0}n + μ λ b(∂Ω)G(ξ_n) ξ^{ϕ0}n ] . Therefore,

(3.3) γ ≤ lim inf_{n→∞} φ(r_n) ≤ c^{ϕ0} ( A + μ λ b(∂Ω) lim sup ξ→∞ G(ξ) ξ^{ϕ0} ) < ∞.

The assumption μ ∈ (0, δ_1) immediately yields

γ ≤ c^{ϕ0} ( A + μ λ b(∂Ω) lim sup ξ→∞ G(ξ) ξ^{ϕ0} ) < c^{ϕ0} A +

1 − λc^{ϕ0} A λ . Hence, λ = 1 c^{ϕ0} A + (1 − λc^{ϕ0} A)/λ < 1 γ .

Let λ be fixed. We claim that the functional Γ_{λ,μ} is unbounded from below. Since 1 λ < B ∫ Ω Φ(x, 1) dx , there exist a sequence {η_n} of positive numbers and τ > 0 such that lim_{n→∞} η_n = ∞ and (3.4) 1 λ < τ < ∫ Ω F (x, η_n) dx η^{ϕ0}_n ∫ Ω Φ(x, 1) dx for each n ∈ N large enough. For all n ∈ N define w_n ∈ E by w_n(x) = η_n, x ∈ Ω.

For any fixed n ∈ N large enough, due to the inequality Φ(x, σ t) ≤ σ^{ϕ0} Φ(x, t) ∀ x ∈ Ω, t > 0, σ > 1 (see [23]), one has (3.5) J(w_n) = ∫ Ω Φ(x, η_n) dx ≤ η^{ϕ0}_n ∫ Ω Φ(x, 1) dx.

On the other hand, since G is nonnegative, from the definition of I, we infer

(3.6)

I(w_n) = ∫ Ω F (x, w_n(x)) dx + μ λ ∫ ∂Ω G(γ(w_n(x))) dσ = ∫ Ω F (x, η_n) dx + μ λ b(∂Ω)G(η_n).

By (3.4), (3.5) and (3.6), we see that

Γ_{λ,μ}(w_n) ≤ η^{ϕ0}_n ∫ Ω Φ(x, 1) dx − λ ∫ Ω F (x, η_n) dx − μb(∂Ω)G(η_n) < η^{ϕ0}_n (1 − λτ) ∫ Ω Φ(x, 1) dx − μb(∂Ω)G(η_n) for every n ∈ N large enough. Since λτ > 1 and lim_{n→∞} η_n = ∞, we have lim_{n→∞} Γ_{λ,μ}(w_n) = −∞.

Then, the functional Γ_{λ,μ} is unbounded from below, and it follows that Γ_{λ,μ} has no global minimum. Therefore, by Theorem 2.1 (a), there exists a sequence {u_n} of critical points of Γ_{λ,μ} such that ∫ Ω (Φ(x, |∇u_n(x)|) + Φ(x, |u_n(x)|)) dx → ∞,

and the conclusion is achieved. □ Remark 3.2. Under the conditions A = 0 and B = ∞, from Theorem 3.1 we see that for every λ > 0 and for each μ ∈ [ 0, 1 c^{ϕ0} b(∂Ω) lim sup_{ξ→∞}^{G(ξ)}_{ξϕ0} [ ,

problem (1.1) admits a sequence of weak solutions in E. Moreover, if

lim sup ξ→∞ G(ξ) ξ^{ϕ0}

= 0,

the result holds for every λ > 0 and μ ≥ 0.

Remark 3.3. If in Theorem 3.1, we assume f(x, 0) = 0 a.e. x ∈ Ω, then the weak solutions obtained are nonnegative. Indeed, define

f_+(x, t) = { f(x, t) if t ≥ 0, 0 if t < 0,

and consider the following problem (3.7){

−div ( a(x, |∇u(x)|)∇u(x) ) + a(x, |u(x)|)u(x) = λf_+(x, u(x)) for x ∈ Ω, a(x, |∇u(x)|)^{∂u}_{∂ν} (x) = μg(γ(u(x))) for x ∈ ∂Ω.

Let v_0 ∈ E be one (nontrivial) weak solution of problem (3.7). Arguing by contradiction, if we assume that v_0 is negative at a point of Ω the set

Ω^− := {x ∈ Ω: v_0(x) < 0},

is nonempty and open. Moreover, let us consider v^⋆_0 := min{v_0, 0}, one has v^⋆_0 ∈ E. So, taking into account that v_0 is a weak solution and by choosing v = v^⋆_0 , from our sign assumptions on the data, we have ∫ Ω^−

a(x, |∇v_0(x)|)|∇v_0(x)|^2 dx + ∫ Ω^−

a(x, |v_0(x)|)|v_0(x)|^2 dx = λ ∫ Ω^−

f(x, v_0(x))v_0(x) dx + μ ∫ ∂Ω g(γ(v_0(x)))γ(v_0(x))dσ ≤ 0.

Therefore, ∫ Ω^−

a(x, |∇v_0(x)|)|∇v_0(x)|^2 dx + ∫ Ω^−

a(x, |v_0(x)|)|v_0(x)|^2 dx = 0, which means ∫ Ω^−

ϕ(x, |∇v_0(x)|)|∇v_0(x)| dx + ∫ Ω^−

ϕ(x, |v_0(x)|)|v_0(x)| dx = 0.

Now, from the previous relation and bearing in mind that tϕ(x, t) ≥ Φ(x, t) for every x ∈ Ω and t ≥ 0, we find that ∫ Ω^−

Φ(x, |∇v_0(x)|) dx + ∫ Ω^−

Φ(x, |v_0(x)|) dx = 0.

Hence, by Lemma 2.2 we observe that ‖v_0‖_W 1,Φ_{(Ω}−_) = 0 which is absurd. Hence, our claim is proved.

The following result is a special case of Theorem 3.1 with μ = 0. Theorem 3.4. Assume that all the assumptions of Theorem 3.1 hold. Then, for each λ ∈ ] ∫ Ω Φ(x, 1) dx B , 1 c^{ϕ0} A [ , the problem (3.8){

−div ( a(x, |∇u(x)|)∇u(x) ) + a(x, |u(x)|)u(x) = λf(x, u(x)) for x ∈ Ω, ∂u ∂ν (x) = 0 for x ∈ ∂Ω

has a sequence of weak solutions in E.

Now, we present a consequence of Theorem 3.1.

Corollary 3.5. Let f : Ω × R → R be an L^1-Carathéodory function. Suppose that A < 1 c^{ϕ0}

, B > ∫ Ω Φ(x, 1) dx.

Then, for every nonnegative continuous function g : R → R such that

lim sup ξ→∞ G(ξ) ξ^{ϕ0}

< ∞, there exists δ_2 = 1 c^{ϕ0} b(∂Ω) lim sup_{ξ→∞} (G(ξ)/ξ^{ϕ0} )

(1 − c^{ϕ0} A) > 0

such that for each μ ∈ [0, δ_2[ , the problem (3.9){

−div ( a(x, |∇u(x)|)∇u(x) ) + a(x, |u(x)|)u(x) = f(x, u(x)) for x ∈ Ω, a(x, |∇u(x)|)^{∂u}_{∂ν} (x) = μg(γ(u(x))) for x ∈ ∂Ω

has a sequence of weak solutions in E.

Here, as an example of our main result, we state a special case of Corollary 3.5.

Corollary 3.6. Let f : R → R be a nonnegative continuous function. Put F (ξ) := ∫_ξ 0 f(t) dt for all ξ ∈ R and assume that

lim inf ξ→∞ F (ξ) ξ^{ϕ0}

= 0, lim sup_{ξ→∞}

F (ξ) ξ^{ϕ0}

= ∞.

Then, the problem { −div ( a(x, |∇u(x)|)∇u(x) ) + a(x, |u(x)|)u(x) = f(x, u(x)) for x ∈ Ω, ∂u ∂ν (x) = 0 for x ∈ ∂Ω

has a sequence of weak solutions in E.

We next present a consequence of Theorem 3.1.

Corollary 3.7. Let h_1 : R → R be a nonnegative continuous function. Put H_1(t) :=

∫_t 0 h_1(ξ) dξ for all t ∈ R and assume that

(A2) lim inf_{ξ→∞}^{H1 (ξ)}_{ξϕ0} < ∞;

(A3) lim sup ξ→∞ H_1 (ξ) ξ^{ϕ0} = ∞.

Then, for every α_i ∈ L^1(Ω) for 1 ≤ i ≤ n, with min_{x∈Ω}{α_i(x): 1 ≤ i ≤ n} ≥ 0 and with α_1 ≠ 0, and for every nonnegative continuous h_i : R → R for 2 ≤ i ≤ n, satisfying max { sup_{ξ∈R} H_i(ξ): 2 ≤ i ≤ n } ≤ 0 and min { lim inf ξ→∞ H_i(ξ) ξ^{ϕ0}

: 2 ≤ i ≤ n } > −∞,

where H_i(t) :=

∫_t 0 h_i(ξ) dξ for all t ∈ R and 2 ≤ i ≤ n, for each λ ∈ ] 0, 1 c^{ϕ0} lim inf_{ξ→∞}(H_1(ξ)/ξ^{ϕ0} ) ∫ Ω α_1(x) dx [ , and for every nonnegative continuous function g : R → R such that

lim sup ξ→∞ G(ξ) ξ^{ϕ0}

< ∞,

there exists

δ_3 = 1 c^{ϕ0} b(∂Ω) lim sup_{ξ→∞} (G(ξ)/ξ^{ϕ0} ) ( 1 − λ ( c^{ϕ0} ∫ Ω α_1(x) dx ) lim inf ξ→∞ H_1(ξ) ξ^{ϕ0} ) > 0

such that for each μ ∈ [0, δ_3[ , the problem

−div ( a(x, |∇u(x)|)∇u(x) ) + a(x, |u(x)|)u(x) = λ

∑_n i=1 α_i(x)h_i(u) for x ∈ Ω, a(x, |∇u(x)|)^{∂u}_{∂ν} (x) = μg(γ(u(x))) for x ∈ ∂Ω,

admits infinitely many distinct pairwise weak solutions in E. Proof: Set f(x, t) =

∑_n

i=1 α_i(x)h_i(t) for all (x, t) ∈ ∂Ω × R. From the assumption (A3) and the condition min { lim inf ξ→∞ H_i(ξ) ξ^{ϕ0}

: 2 ≤ i ≤ n } > −∞,

we have

lim sup ξ→∞ ∫ Ω F (x, ξ) dx ξ^{ϕ0}

= lim sup ξ→∞ ∑_n i=1 ( H_i(ξ) ∫ Ω α_i(x) dx ) ξ^{ϕ0}

= ∞.

Moreover, from the assumption (A2) and the condition max { sup_{ξ∈R} H_i(ξ): 2 ≤ i ≤ n } ≤ 0 we have

lim inf ξ→∞ ∫ Ω max_{|t|≤ξ} F (x, t) dx ξ^{ϕ0} ≤ ( ∫ Ω α_1(x) dx ) lim inf ξ→∞ H_1(ξ) ξ^{ϕ0}

< ∞.

Hence, applying Theorem 3.1 the desired conclusion follows. □ Now, put A^′ := lim inf_{ξ→0+} ∫ Ω max_{|t|≤ξ} F (x, t) dx ξ^{ϕ0} , B^′ := lim sup

ξ→0^+ ∫ Ω F (x, ξ) dx ξ^{ϕ0} , and λ_3 := ∫ Ω Φ(x, 1) dx B^′

, λ_4 := 1 c^{ϕ0} A^′ . Using Theorem 2.1 (b) and arguing as in the proof of Theorem 3.1, we can obtain the following result.

Theorem 3.8. Let f : Ω × R → R be an L^1-Carathéodory function. Suppose that

(A4) A^′ <^1

c^{ϕ0} ∫ Ω Φ(x,1) dx B ′, (A5) there exists ϱ > 0 such that

Φ(x, t) ≤ ϱt^{ϕ0} ∀ (x, t) ∈ Ω × (0, 1).

Then, for every λ ∈ ]λ_3, λ_4[ and for every nonnegative continuous function g : R → R such that lim sup

ξ→0^+

G(ξ) ξ^{ϕ0}

< ∞,

there exists δ_4 = 1 c^{ϕ0} b(∂Ω) lim sup_{ξ→0+} (G(ξ)/ξ^{ϕ0} ) t(1 − λc^{ϕ0} A^′) > 0

such that for each μ ∈ [0, δ_4[ , problem (1.1) has a sequence of weak solutions, which strongly converges to zero in E.

Proof: Fix λ ∈ ]λ_3, λ_4[ and μ ∈ ]0, δ_4[ . We take J, I and Γ_{λ,μ} as in the proof of Theorem 3.1. Now, as has been pointed out before, the functionals J and I satisfy the regularity assumptions required in Theorem 2.1. As first step, we will prove that λ < 1/δ. Then, let {ξ_n} be a sequence of positive numbers such that lim_{n→∞} ξ_n = 0 and lim_{n→∞} ∫ Ω max_{|t|≤ξn} F (x, t) dx ξ^{ϕ0}_n

= A^′.

By the fact that inf_E J = 0 and the definition of δ, we have δ = lim inf_{r→0}+ φ(r). Then, as in showing (3.2) in the proof of Theorem 3.1, we can prove that δ < ∞. From μ ∈ ]0, δ_4[ , the following inequalities hold

δ ≤ c^{ϕ0} ( A^′ + μ λ b(∂Ω) lim sup

ξ→0^+

G(ξ) ξ^{ϕ0} ) < c^{ϕ0} A^′ +

1 − λc^{ϕ0} A^′ λ . Therefore, λ = 1 c^{ϕ0} A^′ + (1 − λc^{ϕ0} A^′)/λ < 1 δ . At this point, we will show that 0, that is the unique global minimum of J, is not a local minimum of Γ_{λ,μ}. For this goal, let {η_n} be a real sequence of positive numbers such that lim_{n→∞} η_n = 0 and

(3.10) lim_{n→∞} ∫ Ω F (x, η_n) dx η^{ϕ0}_n

= B^′.

For all n ∈ N, let w_n ∈ E be defined by w_n(x) = η_n, x ∈ Ω.

So, we have J(w_n) = ∫ Ω Φ(x, η_n) dx

for every n ∈ N. Moreover, from hypothesis (A5), taking into account that lim_{n→∞} w_n = 0, one has that there exists τ > 0 and ν_0 ∈ N such that w_n ∈ ]0, τ[ and Φ(x, w_n) ≤ ϱ w^{ϕ0}_n for every n ≥ ν_0.

If B^′ < ∞, let ε ∈ ]ϱ meas(Ω)/λB^′, 1[ . By (3.10) there exists ν_ε such that ∫ Ω F (x, η_n) dx > εB^′η^{ϕ0}_n ∀ n > ν_ε.

Hence, Γ_{λ,μ}(w_n) = J(w_n) − λI(w_n) ≤ ϱw^{ϕ0}_n meas(Ω) − λεB^′w^{ϕ0}_n − μb(∂Ω)G(w_n) = w^{ϕ0}_n (ϱ meas(Ω) − λεB^′) − μb(∂Ω)G(w_n) < 0

for every n ≥ max{ν_0, ν_ε}. On the other hand, if B = ∞, let us consider M > ϱ meas(Ω)/λ. By (3.10) there exists ν_M such that ∫ Ω F (x, η_n) dx > Mη^{ϕ0}_n ∀ n > ν_M .

Moreover, Γ_{λ,μ}(w_n) = J(w_n) − λI(w_n) ≤ ϱw^{ϕ0}_n meas(Ω) − λMw^{ϕ0}_n − μb(∂Ω)G(w_n) = w^{ϕ0}_n (ϱ meas(Ω) − λM) − μb(∂Ω)G(w_n) < 0

for every n ≥ max{ν_0, ν_M }. Hence Γ_{λ,μ}(w_n) < 0 for every n sufficiently large, Γ_{λ,μ}(0) = J(0) − λI(0) = 0, this means that 0 is not a local minimum of Γ_{λ,μ}. Then, owing to J has 0 as unique global minimum, Theorem 2.1 (b) ensures the existence of a sequence {u_n} of critical points of the functional Γ_{λ,μ} such that lim_{n→∞} J(u_n) = 0. By Lemma 2.2, we have lim_{n→∞} ‖u_n‖ = 0. In view of the fact the embedding E → C^0(Ω) is compact, we know that the critical points converge strongly to zero, and the proof is complete. □

Remark 3.9. Under the conditions A^′ = 0 and B^′ = ∞, Theorem 3.8 ensures that for every λ > 0 and for each μ ∈ [ 0, 1 c^{ϕ0} b(∂Ω) lim sup_{ξ→0+} (G(ξ)/ξ^{ϕ0} ) [ ,

problem (1.1) admits a sequence of weak solutions, which strongly converges to 0 in E. Moreover, if lim sup_{ξ→0}+ (G(ξ)/ξ^{ϕ0} ) = 0, the result holds for every λ > 0 and μ ≥ 0.

Remark 3.10. We observe that the role of functions f and g can be reversed. For instance, we can study the following problem (3.11){

−div ( a(x, |∇u(x)|)∇u(x) ) + a(x, |u(x)|)u(x) = μg(u(x)) for x ∈ Ω, a(x, |∇u(x)|)^{∂u}_{∂ν} (x) = λf(x, u(x)) for x ∈ ∂Ω,

and obtain a sequence of weak solutions providing an oscillating behavior of f for a suitable interval of parameters λ. It is enough to substitute in the proof of

Theorem 3.1 the functional I with the following

Ĩ(u) := ∫ ∂Ω F (x, γ(u(x))) dσ + μ λ ∫ Ω G(γ(u(x))) dx.

We now exhibit an example in which the hypotheses of Theorem 3.1 are satisfied.

Example 3.11. Let Ω = {(x, y) ∈ R^2 : x^2 + y^2 < 3}. Define

ϕ(x, y, t) = p(x, y)

|t|^{p(x,y)−2}t log(1 + |t|) for t ≠ 0, and ϕ(x, y, 0) = 0,

where p(x, y) = x^2 + y^2 + 3 for all (x, y) ∈ Ω. Some simple computations imply

Φ(x, y, t) =

|t|^{p(x,y)} log(1 + |t|) + ∫_{|t|} 0 s^{p(x,y)} (1 + s)(log(1 + s))^2 ds, and relations (ϕ), (Φ_1) and (Φ_2) are verified. For each x ∈ Ω fixed, by Example 3 on page 243 in [13], we have

p(x, y) − 1 ≤ tϕ(x, y, t) Φ(x, y, t)

≤ p(x, y) ∀ t ≥ 0.

Thus, relation (2.2) holds true with ϕ_0 = 2 and ϕ^0 = 6. Next, Φ satisfies condition (2.9) since

Φ(x, y, t) ≥ t^{p(x,y)−1} ∀ (x, y) ∈ Ω, t ≥ 0.

Finally, we point out that trivial computations imply that^{d2(Φ(x,y,} √ t)) dt^2 ≥ 0 for all

(x, y) ∈ Ω and t ≥ 0. Thus, relation (2.4) is satisfied. Let {a_n}_{n∈N} and {b_n}_{n∈N} be the sequences defined as follows b_1 = 2, b_{n+1} = (b_n)^{14} and a_n = (b_n)^{12} for all n ∈ N. Moreover, let f : R → R be a positive continuous function defined by

f(t) =

2^7 √ 1 − (1 − t)^2 + 1 if t ∈ [0, 2], (a_n − (b_n)^7) √ 1 − (a_n − 1 − t)^2 + 1 if t ∈

⋃_∞ n=1[a_n − 2, a_n], ((b_{n+1})^7 − a_n) √ 1 − (b_{n+1} − 1 − t)^2 + 1 if t ∈

⋃_∞ n=1[b_{n+1} − 2, b_{n+1}], 1, otherwise.

Put F (ξ) =

∫_ξ 0 f(t) dt for all ξ ∈ R. In particular, one has F (a_n) = a_n(π/2 + 1) for all n ∈ N. Hence, lim inf ξ→∞ F (ξ) ξ^2

= lim_{n→∞}

F (a_n)

a^2_n

= 0, and lim sup ξ→∞ F (ξ) ξ^6

= lim_{n→∞}

F (b_n)

b^6_n

= ∞.

Then, owing Theorem 3.1, the problem div ( p(x, y)^{|∇u|p(x,y)−2 ∇u}

log(1+|∇u|) ) + p(x, y)^{|u|p(x,y)−2 u}

log(1+|u|) = f(u) for (x, y) ∈ Ω,

p(x, y)^{|∇u|p(x,y)−2}

log(1+|∇u|) ∂u ∂ν =^1_{1+(γ(u))2} for (x, y) ∈ ∂Ω

has a sequence of weak solutions in E.

References

[1] Adams R. A., Sobolev Spaces, Pure and Applied Mathematics, 65, Academic Press, New York, 1975.

[2] Afrouzi G. A., Graef J. R., Shokooh S., Multiple solutions for Neumann systems in an Orlicz–Sobolev space setting, Miskolc Math. Notes 18 (2017), no. 1, 31–45.

[3] Afrouzi G. A., Heidarkhani S., Shokooh S., Infinitely many solutions for Steklov problems associated to non-homogeneous differential operators through Orlicz–Sobolev spaces, Complex Var. Elliptic Equ. 60 (2015), no. 11, 1505–1521.

[4] Afrouzi G. A., Rădulescu V., Shokooh S., Multiple solutions of Neumann problems: an Orlicz–Sobolev space setting, Bull. Malays. Math. Sci. Soc. 40 (2017), no. 4, 1591–1611.

[5] Bonanno G., A critical point theorem via the Ekeland variational principle, Nonlinear Anal.

75 (2012), no. 5, 2992–3007.

[6] Bonanno G., Bisci G. M., Rădulescu V., Existence of three solutions for a non-homogeneous Neumann problem through Orlicz–Sobolev spaces, Nonlinear Anal. 74 (2011), no. 14, 4785–4795.

[7] Bonanno G., Bisci G. M., Rădulescu V., Infinitely many solutions for a class of nonlinear eigenvalue problem in Orlicz–Sobolev spaces, C. R. Math. Acad. Sci. Paris 349 (2011), no. 5–6, 263–268.

[8] Bonanno G., Bisci G. M., Rădulescu V., Arbitrarily small weak solutions for a nonlinear eigenvalue problem in Orlicz–Sobolev spaces, Monatsh. Math. 165 (2012), no. 3–4, 305–318.

[9] Bonanno G., Bisci G. M., Rădulescu V., Quasilinear elliptic non-homogeneous Dirichlet problems through Orlicz–Sobolev spaces, Nonlinear Anal. 75 (2012), no. 12, 4441–4456.

[10] Bonanno G., Candito P., Infinitely many solutions for a class of discrete non-linear boundary value problems, Appl. Anal. 88 (2009), no. 4, 605–616.

[11] Bonanno G., Di Bella B., Infinitely many solutions for a fourth-order elastic beam equation, NoDEA Nonlinear Differential Equations Appl. 18 (2011), no. 3, 357–368.

[12] Chabrowski J., Fu Y., Existence of solutions for p(x)-Laplacian problems on a bounded domain, J. Math. Anal. Appl. 306 (2005), no. 2, 604–618.

[13] Clément Ph., de Pagter B., Sweers G., de Thélin F., Existence of solutions to a semilinear elliptic system through Orlicz–Sobolev spaces, Mediterr. J. Math. 1 (2004), no. 3, 241–267.

[14] D’Aguì G., Sciammetta A., Infinitely many solutions to elliptic problems with variable exponent and nonhomogeneous Neumann conditions, Nonlinear Anal. 75 (2012), no. 14, 5612–5619.

[15] Diening L., Maximal function on Musielak–Orlicz spaces and generalized Lebesgue spaces, Bull. Sci. Math. 129 (2005), no. 8, 657–700.

[16] Fan X., Solutions for p(x)-Laplacian Dirichlet problems with singular coefficients, J. Math.

Anal. Appl. 312 (2005), no. 2, 464–477.

[17] Fan X., Zhao D., On the spaces L^{p(x)}(Ω) and W^{m,p(x)}(Ω), J. Math. Anal. Appl. 263 (2001), no. 2, 424–446.

[18] Fan X., Zhang Q., Zhao D., Eigenvalues of p(x)-Laplacian Dirichlet problem, J. Math.

Anal. Appl. 302 (2005), no. 2, 306–317.

[19] Halsey T. C., Electrorheological fluids, Science 258 (1992), 761–766.

378 G. A. Afrouzi, S. Shokooh, N. T. Chung

[20] Kováčik O., Rákosník J., On spaces L^{p(x)}(Ω) and W^{m,p(x)}(Ω), Czechoslovak Math. J. 41 (1991), no. 4, 592–618.

[21] Kristály A., Mihăilescu M., Rădulescu V., Two non-trivial solutions for a non-homogeneous Neumann problem: an Orlicz–Sobolev space setting, Proc. Roy. Soc. Edinburgh Sect. A 139 (2009), no. 2, 367–379.

[22] Mihăilescu M., Rădulescu V., Eigenvalue problems associated with nonhomogeneous differential operators in Orlicz–Sobolev spaces, Anal. Appl. (Singap.) 6 (2008), no. 1, 83–98.

[23] Mihăilescu M., Rădulescu V., Neumann problems associated to nonhomogeneous differential operators in Orlicz–Sobolev space, Ann. Inst. Fourier (Grenoble) 58 (2008), no. 6, 2087–2111.

[24] Musielak J., Orlicz Spaces and Modular Spaces, Lecture Notes in Mathematics, 1034, Springer, Berlin, 1983.

[25] Pfeiffer C., Mavroidis C., Cohen Y. B., Dolgin B., Electrorheological fluid based force feedback device, Conference on Telemanipulator and Telepresence Technologies VI, Part of SPIE’s Photonics East, Boston, Proc. 3840 (1999), 88–99.

[26] Rao M. M., Ren Z. D., Theory of Orlicz Spaces, Monographs and Textbooks in Pure and Applied Mathematics, 146, Marcel Dekker, New York. 1991.

[27] Ricceri B., A general variational principle and some of its applications, J. Comput. Appl.

Math. 113 (2000), no. 1–2, 401–410.

[28] Růžička M., Electrorheological Fluids: Modeling and Mathematical Theory, Lecture Notes in Mathematics, 1748, Springer, Berlin, 2000.

G. A. Afrouzi:

Department of Mathematics, Faculty of Mathematical Sciences, University of Mazandaran, Pasdaran Street, Babolsar, Írán E-mail: afrouzi@umz.ac.ir

S. Shokooh:

Department of Mathematics, Faculty of Sciences, Gonbad Kavous University, Asbdavani Rd., Gonbad Kavous, Írán E-mail: shokooh@gonbad.ac.ir

N. T. Chung:

Department of Mathematics, Quang Binh University, 312 Ly Thuong Kiet, Dong Hoi, Quang Binh, Viet Nam E-mail: ntchung82@yahoo.com

(Received July 6, 2018, revised April 4, 2019)