Comment.Math.Univ.Carolin. 60,3 (2019) 305–312 305

A note on generalizations of semisimple modules Eng . ın Kaynar, Burcu N. Türkmen, Ergül Türkmen

Abstract. A left module M over an arbitrary ring is called an RD-module (or an RS-module) if every submodule N of M with Rad(M) ⊆ N is a direct summand of (a supplement in, respectively) M. In this paper, we investigate the various properties of RD-modules and RS-modules. We prove that M is an RD-module if and only if M = Rad(M) ⊕ X, where X is semisimple. We show that a finitely generated RS-module is semisimple. This gives us the characterization of semisimple rings in terms of RS-modules. We completely determine the structure of these modules over Dedekind domains.

Keywords: radical; supplement

Classification: 16D10, 16D99

1. Introduction

Throughout this study, all rings are associative with identity and all modules are unital left modules unless indicated otherwise. Let R be such a ring and M be an R-module. The notation N ⊆ M means that N is a submodule of M. In [8, 17.1], a nonzero submodule L ⊆ M is called essential in M, denoted as L ⊴ M, if L ∩ N ≠ 0 for every nonzero submodule N ⊆ M. Dually, a proper submodule S ⊆ M is called small in M, denoted by S << M, if S + L ≠ M for every proper submodule L of M [8, 19.1]. For a module M, Rad(M) (or Soc(M)) indicates the radical (the socle, respectively) of M. The module M is said to be radical in case Rad(M) = M. A nonzero module M is said to be hollow if every proper submodule is small in M, and it is said to be local if it is hollow and finitely generated. M is local if and only if it is finitely generated and Rad(M) is maximal. A ring R is called local if_RR (or R_R) is a local module, that is, every proper submodule of_RR is small in_RR (see [8]).

By a supplement of N in M we mean a submodule K which is minimal in the collection of submodules L of M such that M = N + L. It is well known that K is a supplement of N in M if and only if M = N + K and N ∩ K << K. Clearly, every direct summand is a supplement (see [8, Section 41]). A module M is said to be supplemented if every submodule of M has a supplement in M, and it is said to be strongly radical supplemented if every submodule N ⊆ M with Rad(M) ⊆ N has a supplement in M (see [3] and [8, page 349]). Every semisimple module is supplemented, and supplemented modules are strongly radical supplemented.

DOI 10.14712/1213-7243.2019.011

It is shown in [5, Lemma 2.13] that a module M is semisimple if and only if every submodule of M is a supplement in the module M. Motivated by this characterization and the concept of strongly radical supplemented modules, we say that M is an RS-module if every submodule N of M with Rad(M) ⊆ N is a supplement in M. Note that semisimple modules are RS-modules. Also, an RS-module which has zero radical is semisimple.

In [2], a module M is said to be a md-module (or ms-module) if every maximal submodule of M is a direct summand of (supplement in, respectively) M. We also say that a module M is an RD-module if every submodule N of M with Rad(M) ⊆ N is a direct summand of M. It is clear that RS-modules are msmodules. Obviously, the same relationship between RD-modules and md-modules also holds.

In this study, we investigate the various properties of RD-modules and RSmodules. A module M is an RD-module if and only if M = Rad(M) ⊕ X, where X is a semisimple submodule of M. We prove that RS-modules are semilocal. We show that a finitely generated RS-module is semisimple. This gives us the characterization of semisimple rings in terms of RS-modules. We determine the structure of RS-modules over Dedekind domains, and using this we show that RD-modules and RS-modules coincide. We also prove that, over a Dedekind domain, every RS-module is strongly ⊕-radical supplemented.

2. RD-modules and RS-modules

Let M be a module. By P(M) we will denote the sum of all radical submodules of M. Note that P(M) is the largest radical submodule of M and P(M) ⊆ Rad(M).

Lemma 2.1. A sum P(M) is an RD-module for every module M.

Proof: Since P(M) is a radical module, it suffices to prove that any radical module is an RD-module. Let Y be radical, that is, Y = Rad(Y ). Since Y has the trivial decomposition, it follows that Y is an RD-module. □

In general it is not true that every RD-module (consequently, every RSmodule) is semisimple. Consider the Z-module M =_Z Q. Since M is injective, it is radical. By Lemma 2.1, M is an RD-module. On the other hand, M is not semisimple.

The following Theorem gives the characterization of the radical of an RSmodule.

Theorem 2.2. Let M be an RS-module and Rad(M) ⊆ N ⊆ M. Then, Rad(N) = P(M).

Proof: By the hypothesis, N is a supplement in M. In particular, Rad(M) is a supplement of some submodule K of M, that is, M = K + Rad(M) and K ∩ Rad(M) << Rad(M). Therefore, Rad(Rad(M)) = Rad(M) ∩ Rad(M) =

Rad(M) according to [5, Theorem 2.3]. So Rad(M) is radical. Since P(M) is the largest radical submodule of M, we get Rad(M) = P(M).

Now again applying [5, Theorem 2.3], we obtain that Rad(N) = N ∩Rad(M) = Rad(M) = P(M). □

Recall that a module M is reduced provided P(M) = 0, that is, every nonzero submodule of M has a maximal submodule. Note that for any module M since P(M/P(M)) = 0, the factor module M/P(M) is reduced.

Proposition 2.3. Let M be a reduced module. Then, the following are equivalent:

(1) A module M is an RD-module. (2) A module M is an RS-module. (3) A module M is semisimple.

Proof: (1) =⇒ (2) and (3) =⇒ (1) are clear.

(2) =⇒ (3) Let M be an RS-module. It follows from Theorem 2.2 that Rad(M) = P(M). Then, since M is reduced, we get Rad(M) = 0. So, by the hypothesis, every submodule of M is a supplement in M. Thus, M is semisimple by [5, Lemma 2.13]. □

Let R be a ring. A ring R is said to be a left max ring if every nonzero left R-module has maximal submodules. Left perfect rings (over which every module has a projective cover, see [8, 43.9]) and left V -rings (whose simple modules are injective, see [8, Section 23]) are left max rings.

Corollary 2.4. Let R be a left max ring and M be a nonzero left R-module. If M is an RS-module, then it is semisimple.

Proof: Let M be an RS-module. Since R is a left max ring, every left R-module has a maximal submodule. So M is reduced. Applying Proposition 2.3, we have M is semisimple. □

Lemma 2.5. Every factor module of an RS-module is an RS-module.

Proof: Let M be an RS-module. For Rad(M/L) ⊆ N/L ⊆ M/L modules and the canonical projection Φ: M −→ M/L, we have Φ(Rad(M)) = (Rad(M) + L)/ L ⊆ Rad(M/L) ⊆ N/L and so Rad(M) ⊆ N. Since M is an RS-module, we can write M = U + N and U ∩ N << N for some submodule U ⊆ M. Therefore, M/L = (U + L)/L + N/L. Note that, by [8, 19.3 (4)],

Φ(U ∩ N) =

U ∩ N + L L = (U + L) ∩ N L = U + L L ∩ N L << N L . This means that N/L is a supplement in M/L. Hence, M/L is an RS-module. □

Now we obtain the following result, which is crucial for our work.

Proposition 2.6. For every RS-module M, M/P(M) is semisimple.

Proof: By Lemma 2.5, we deduce that M/P(M) is an RS-module as a factor module of the RS-module M. Since M/P(M) is reduced, it follows from Proposition 2.3 that M/P(M) is semisimple. □

Let M be a module and U, V be submodules of M. If M = U + V and U ∩ V << M, then V is said to be a weak supplement in M. The module M is said to be weakly supplemented (shortly, say, ws-module) if every submodule N of M is a weak supplement in M, it is said to be weakly radical supplemented (or briefly, wrs-module) provided every submodule N of M with Rad(M) ⊆ N is a weak supplement in M. For the properties and characterizations of wrsmodules, see the paper [7]. Clearly, every RS-module is a wrs-module because supplements are weak supplements.

In [4], over an arbitrary ring a module M is said to be semilocal if M/Rad(M) is semisimple. It is shown in [4, Proposition 2.1] that a module M is semilocal if and only if every submodule K of M is a weak Rad-supplement in M, that is, M = N + K and N ∩ K ⊆ Rad(M) for some submodule N of M. Equivalently, N is a weak Rad-supplement in M whenever Rad(M) ⊆ N ⊆ M. By [7, Corollary 2.10], semilocal modules are proper generalizations of wrs-modules, and so RS-modules are clearly semilocal.

Now using Theorem 2.2 and Proposition 2.6 we prove the following fact, that is, RS-modules are contained in the class of semilocal modules.

Corollary 2.7. Every RS-module is semilocal.

Proof: Let M be an RS-module. It follows from Theorem 2.2 that Rad(M) = P(M). Then, by Proposition 2.6, we obtain that M/Rad(M) = M/P(M) is semisimple. This means that M is semilocal. □

Now, we have the following implications between the classes of modules:

semisimple � � � � � � � �

supplemented � RD-module � � � � � �

ws -module � � � � RS-module � � � � � � � � � md-module � wrs � ms-module

semilocal

The class of RD-modules over an arbitrary ring will be characterized in the following theorem which is frequently used in this study.

Theorem 2.8. For a module M over an arbitrary ring, the following three statements are equivalent:

(1) A module M is an RD-module.

(2) M = Rad(M) ⊕ X, where X is a semisimple submodule of M. (3) M = P(M) ⊕ X, where X is a semisimple submodule of M.

Proof: (1) =⇒ (2) (1) implies that Rad(M) is a direct summand of M. So we can write the decomposition M = Rad(M) ⊕ X for some submodule X of M. Since all RD-modules are a RS-module, it follows from Theorem 2.2 and Proposition 2.6 that X is semisimple.

(2) =⇒ (3) Let M = Rad(M) ⊕ X, where X is semisimple. By [8, 21.6 (5)], we can write Rad(M) = Rad(Rad(M)) ⊕ Rad(X) = Rad(Rad(M)) ⊕ 0 = Rad(Rad(M)), and so Rad(M) is radical. Therefore, P(M) = Rad(M) because P(M) is the largest radical submodule of M.

(3) =⇒ (1) Let Rad(M) ⊆ N ⊆ M. Since X is semisimple, the intersection X∩N is a direct summand of X. Therefore, we can write X = (X∩N)⊕Y for some submodule Y ⊆ X. Now M = P(M) ⊕ X = N + X = N + (X ∩ N + Y ) = N + Y . Note that N ∩ Y = N ∩ (X ∩ Y ) = (X ∩ N) ∩ Y = 0, thus the sum N + Y is direct. Hence, M is an RD-module. □

Proposition 2.9. Every finitely generated RS-module is semisimple.

Proof: Let M be a finitely generated RS-module. By Theorem 2.2, the radical module P(M) is a supplement in M. Since M is finitely generated, it follows from [8, 41.1 (2)] that P(M) is finitely generated. It means that P(M) = 0. By Proposition 2.3, we get M is semisimple. □

Now we give the closure properties of RD-modules in the following proposition.

Proposition 2.10. (1) If a module M is an RD-module, then so is every factor module.

(2) Let M = ∑ i∈I M_i, where each M_i is an RD-module for any index set I.

Then, M is an RD-module.

(3) Every submodule U of an RD-module M with Soc(M) ⊆ U is an RDmodule.

(4) A nonzero projective RD-module M is semisimple. (5) A finitely generated RD-module is semisimple.

Proof: (1) Let M be an RD-module and U ⊆ M. If the factor module M/U of M is radical, then it follows from Lemma 2.1 that it is an RD-module. Let Rad(M/U) ≠ M/U and Rad(M/U) ⊆ N/U ⊆ M/U. By the first part in proof of Lemma 2.5, we have Rad(M) ⊆ N. Since M is an RD-module, M has the decomposition M = N ⊕ K for some submodule K ⊆ M. Therefore, M/U = N/U + U + K/U. Now, N/U ∩ (U + K)/U = N ∩ (U + K)/U =

(U + N ∩ K)/U = 0. So M/U = N/U ⊕ (U + K)/U. It means that M/U is an RD-module.

(2) Let M = ∑ i∈I M_i, where each M_i is an RD-module for any index set I.

Now, we consider the external direct sum M^′ = ⨁ i∈I M_i. So there exists an epimorphism Ψ: M^′ −→ M via Ψ((m_i)_{i∈I} ) = ∑ i∈I_0 mi, where I0 is a finite

subset of the index set I. By (1), it suffices to show that M^′ is an RD-module. Applying Theorem 2.8, we obtain that M_i = Rad(M_i) ⊕ X_i where each X_i is a semisimple submodule of M_i for every i ∈ I. Put X = ⨁ i∈I X_i. Therefore, X is semisimple as the direct sum of semisimple modules X_i. It follows from [8, 21.6 (5)] that M^′ = ⨁ i∈I M_i = ⨁ i∈I (Rad(M_i) ⊕ X_i) = Rad(M^′) + X. It can be seen that the sum Rad(M^′) + X is direct. Hence, applying Theorem 2.8 twice, M^′ is an RD-module.

(3) Let M be an RD-module. Then, it follows from Theorem 2.8 that we have M = P(M) ⊕ X, where X is a semisimple submodule of M. Since U contains Soc(M), by the modular law, we can write N = N ∩ M = N ∩ (P(M) ⊕ X) = N ∩ P(M) ⊕ X = P(N) ⊕ X. Hence, again applying Theorem 2.8, N is an RD-module.

(4) By [8, 22.3 (2)] and Theorem 2.8, we get P(M) = 0. Hence, M is semisimple.

(5) It follows from Proposition 2.9. □

Proposition 2.11. Every finite sum of RS-submodules of a module M is an RS-module.

Proof: The proof is standard. □

It is known that a ring R is semisimple if and only if every left R-module is semisimple. Now we generalize this fact in the next theorem, characterizing the rings over which modules are RS-modules.

Theorem 2.12. Let R be a ring. Then, R is semisimple if and only if every left R-module is an RS-module.

Proof: (=⇒) It is clear.

(⇐=) By the assumption, we obtain that_RR is an RS-module. It follows from Proposition 2.10 that_RR is semisimple. Hence, R is semisimple. □

We get the following Corollary.

Corollary 2.13. The following statements are equivalent for a ring R.

(1) A ring R is semisimple.

(2) Every left R-module is an RD-module. (3) Every left R-module is an RS-module.

Proof: (1) =⇒ (2) and (2) =⇒ (3) are clear, and (3) =⇒ (1) follows from Theorem 2.12. □

3. RS-modules over commutative domains

In this section, we shall consider commutative domains, and determine the structure of RS-modules over these domains. In particular, we show that RDmodules and RS-modules coincide.

Let R be a commutative domain and M be an R-module. We denote by Tor(M) the set of all elements m of M for which there exists a nonzero element r of R such that rm = 0, i.e. Ann(m) ≠ 0. Then Tor(M), which is a submodule of M, is called the torsion submodule of M. If M = Tor(M), then M is called the torsion module and M is called torsion-free provided Tor(M) = 0. Note that Tor(M/Tor(M)) = 0 for every module M over a commutative domain R. Proposition 3.1. Let R be a commutative domain which is not a field and M be a torsion-free R-module. Then, M is an RD-module if and only if it is radical. Proof: (=⇒) Let M be an RD-module. It follows from Theorem 2.8 that M = Rad(M) ⊕ X for some semisimple submodule X of M. Note that X ⊆ Tor(M), and by the assumption, we obtain X = 0. Hence, M is radical.

(⇐=) It follows from Lemma 2.1. □

Let R be a Dedekind domain and M be a left R-module. Since R is a Dedekind domain, by [1, Lemma 4.4], P(M) is (divisible) injective and so there exists a submodule A of M such that M = P(M) ⊕ A. By Lemma 2.1, we obtain that P(M) is an RD-module. Using these facts, we have the following result, showing that over Dedekind domains RD-modules and RS-modules coincide. Theorem 3.2. Let R be a Dedekind domain and M be a left R-module. Then, the following statements are equivalent:

(1) A module M is an RD-module. (2) A module M is an RS-module.

(3) A module M is a direct sum of a divisible R-module and a semisimple R-module.

Proof: (1) =⇒ (2) is clear.

(2) =⇒ (3) Let M = P(M) ⊕ A for some submodule A of M. Since M is an RS-module, by Proposition 2.6, A is semisimple. This completes the proof of (2) =⇒ (3).

(3) =⇒ (1) Let M = D ⊕ A, where D is a divisible submodule and A is a semisimple submodule of M. By [1, Lemma 4.4] and Lemma 2.1, the divisible module D is an RD-module. Hence, M is an RD-module as the direct sum of RD-modules by (2) of Proposition 2.10. □

Note that, by Theorem 3.2 and [2, Proposition 6.4 and Theorem 6.11], we have the following strict containments of classes of modules:

{semisimple modules} ⊂ {RD-modules} ⊂ {md-modules}

A module M is said to be strongly ⊕-radical supplemented if every submodule N of M containing the radical has a supplement that is a direct summand of M

312 E. Kaynar, B. N. Türkmen, E. Türkmen

(see [6]). It is clear that every RD-module is strongly ⊕-radical supplemented. Using this fact and Theorem 3.2, we get this result:

Corollary 3.3. Every RS-module over a Dedekind domain is strongly ⊕-radical supplemented.

References

[1] Alizade R., Bilhan G., Smith P. F., Modules whose maximal submodules have supplements, Comm. Algebra 29 (2001), no. 6, 2389–2405.

[2] Büyükaşık E., Pusat-Yılmaz D., Modules whose maximal submodules are supplements, Hacet. J. Math. Stat. 39 (2010), no. 4, 477–487.

[3] Büyükaşık E., Türkmen E., Strongly radical supplemented modules, Ukrainian Math. J. 63 (2012), no. 8, 1306–1313.

[4] Lomp C., On semilocal modules and rings, Comm. Algebra 27 (1999), no. 4, 1921–1935. [5] Nebiyev C., Pancar A., On supplement submodules, Ukrainian Math. J. 65 (2013), no. 7, 1071–1078.

[6] Türkmen B. N., Pancar A., Generalizations of ⊕-supplemented modules, Ukrainian Math. J.

65 (2013), no. 4, 612–622.

[7] Türkmen B. N., Türkmen E., On a generalization of weakly supplemented modules, An.

Ştiin. Univ. Al. I. Cuza Din Iaşi. Mat. (N.S.) 63 (2017), no. 2, 441–448. [8] Wisbauer R., Foundations of Module and Ring Theory, A handbook for study and research, Algebra, Logic and Applications, 3, Gordon and Breach Science Publishers, Philadelphia, 1991.

B. N. Türkmen, E. Türkmen:

Amasya University, Faculty of Art and Science, Department of Mathematics, via Tokat Path, İpekköy, 05100 Amasya, Turkey E-mail: burcunisancie@hotmail.com E-mail: ergulturkmen@hotmail.com

E. Kaynar:

Amasya University, School of Technical Science, Şeyhcui Neighborhood, Kemal Nehrezoğlu street, No:92/B, Merkez, 05100 Amasya, Turkey E-mail: engin.kaynar@amasya.edu.tr

(Received July 2, 2018, revised April 13, 2019)