Comment.Math.Univ.Carolin. 61,1 (2020) 11–20 11

Orthomodular lattices that are horizontal sums of Boolean algebras

Ivan Chajda, Helmut Länger

Abstract. The paper deals with orthomodular lattices which are so-called horizontal sums of Boolean algebras. It is elementary that every such orthomodular lattice is simple and its blocks are just these Boolean algebras. Hence, the commutativity relation plays a key role and enables us to classify these orthomodular lattices. Moreover, this relation is closely related to the binary commutator which is a term function. Using the class H of horizontal sums of Boolean algebras, we establish an identity which is satisfied in the variety generated by H but not in the variety of all orthomodular lattices. The concept of ternary discriminator can be generalized for the class H in a modified version. Finally, we present several results on varieties generated by finite subsets of finite members of H.

Keywords: orthomodular lattice; horizontal sum; commuting elements; Boolean algebra

Classification: 06C15, 06C20, 06E75

Orthomodular lattices form an algebraic semantics of the logic of quantum mechanics and hence it is important to study their properties. The aim of our paper is to get some insight in the structure and properties of those orthomodular lattices which are so-called horizontal sums of Boolean algebras. These orthomodular lattices are simple and hence also subdirectly irreducible. Denote by H the class of horizontal sums of Boolean algebras. Some orthomodular lattices which do not belong to H are pastings of Boolean algebras, i.e. contrary to horizontal sums, some pairs of Boolean subalgebras have some atoms and the corresponding coatoms in common. It is shown that also such orthomodular lattices may belong to the variety Var(H) generated by H. Because of this fact one would expect that Var(H) is really large and the question arises if it coincides with the variety of all orthomodular lattices. We apply the commutativity relation as well as the commutator in order to characterize the class H. Moreover, using the commutator

DOI 10.14712/1213-7243.2020.003 Support of the research by the Austrian Science Fund (FWF), project I 4579-N, and the Czech Science Foundation (GAČR), project 20-09869L, entitled “The many facets of orthomodularity”, as well as by ÖAD, project CZ 02/2019, and, concerning the first author, by IGA, project PřF 2020 014, is gratefully acknowledged.

which is binary term, we obtain an identity which is satisfied in Var(H) but not in every orthomodular lattice showing that the variety of orthomdular lattices is not generated by H. We, finally, show that the variety generated by a finite set of finite members of H is semisimple and directly representable.

Recall that an orthomodular lattice is an algebra L = (L, ∨, ∧,^′, 0, 1) of type (2, 2, 1, 0, 0) such that (L, ∨, ∧, 0, 1) is a bounded lattice and L satisfies the following identities: x ∨ x^′ ≈ 1, x ∧ x^′ ≈ 0, (x ∨ y)^′ ≈ x^′ ∧ y^′, (x ∧ y)^′ ≈ x^′ ∨ y^′, (x^′)^′ ≈ x, x ∨ y ≈ x ∨ ((x ∨ y) ∧ x^′).

The last identity is called the orthomodular law. Let O denote the variety of orthomodular lattices and B the variety of Boolean algebras.

Of course, Boolean algebras are exactly the distributive orthomodular lattices. On the other hand, a kind of distributivity can be observed in every orthomodular lattice. Namely, if we consider the so-called Sasaki operation, see [1], x ⊙ y := (x ∨ y^′) ∧ y then every orthomodular lattice satisfies the identity

(x ∨ y) ⊙ z ≈ (x ⊙ z) ∨ (y ⊙ z)

as can be seen by applying the so-called Foulis–Holland theorem, see e.g. [6].

Moreover, we can show that the original definition of an orthomodular lattice given above is redundant. Namely, we need not assume that the underlying lattice is bounded or that the unary operation “^′ ” is a complementation. Both of these properties in fact follow from the orthomodular law, see the following

Lemma 1. Let L = (L, ∨, ∧,^′) be a nonempty lattice with an antitone involution “^′ ” satisfying the orthomodular law. Then L is an orthomodular lattice.

Proof: Let a, b ∈ L. Then the orthomodular law implies

a ≤ a ∨ b = b ∨ ((a ∨ b) ∧ b^′) ≤ b ∨ b^′.

This shows that b ∨ b^′ is the greatest element of L. Since “^′ ” is an antitone involution, the dual form of the orthomodular law is valid in L, too and using this law we obtain similarly that b ∧ b^′ is the least element of L. Hence L is bounded and b^′ a complement of b. It is elementary to check the De Morgan laws. □

For orthomodular lattices, the concept of commuting elements is introduced as follows: Let L = (L, ∨, ∧,^′, 0, 1) be an orthomodular lattice and a, b ∈ L. Then a and b are said to commute with each other, in signs a C b, if a = (a ∧ b) ∨ (a ∧ b^′).

This concept enables us to consider the so-called blocks of an orthomodular lattice L. A block is a maximal subset of mutually commuting elements. It turns out that the blocks are exactly the maximal Boolean subalgebras, cf. e.g. [6]. We have the following lemma:

Lemma 2 (cf. e.g. [6]). If L = (L, ∨, ∧,^′, 0, 1) is an orthomodular lattice and a, b ∈ L then

(i) a C b if and only if there exists a Boolean subalgebra B = (B, ∨, ∧,^′, 0, 1) of L with a, b ∈ B;

(ii) if a ≤ b then a C b;

(iii) the lattice L is a Boolean algebra if and only if x C y for all x, y ∈ L.

Hence for all x, y ∈ L we have 0 C x and 1 C x and, moreover, that x C y implies y C x and x C y^′.

The center C(L) of an orthomodular lattice L = (L, ∨, ∧,^′, 0, 1) is defined by

C(L) := {x ∈ L: x C y for all y ∈ L}.

We have the following

Lemma 3 (cf. e.g. [6]). If L = (L, ∨, ∧,^′, 0, 1) is an orthomodular lattice then:

∘ L is the set-theoretic union of the blocks of L. ∘ Every Boolean subalgebra of L is included in a block of L.

The central concept of the present paper is the following one:

Definition 4. Let (L_i; i ∈ I) = ((L_i, ∨_i, ∧_i,^′_i, 0, 1); i ∈ I) be a nonempty family of orthomodular lattices such that L_i ∩ L_j = {0, 1} for all i, j ∈ I with i ≠ j and put L := ⋃ i∈I L_i. Define binary operations ∨, ∧ and a unary operation “^′ ” on L as

follows:

x ∨ y := { x ∨_i y if there exists some i ∈ I with x, y ∈ L_i, 1 otherwise;

x ∧ y := { x ∧_i y if there exists some i ∈ I with x, y ∈ L_i, 0 otherwise;

x^′ := x^′_i if x ∈ L_i.

Then “∨”, “∧” and “^′ ” are well-defined and L = (L, ∨, ∧,^′, 0, 1) is an orthomodular lattice, called the horizontal sum of the L_i, i ∈ I. Moreover, every L_i is a subalgebra of L. Let H denote the class of all horizontal sums of Boolean algebras and for every class K of algebras of the same type Var(K) the variety generated by K.

It is easy to check that if an orthomodular lattice L = (L, ∨, ∧,^′, 0, 1) belongs to H, a ∈ L\{1} and b ∈ L\{0} then ([0, a], ∨, ∧) and ([b, 1], ∨, ∧) are distributive.

The following theorem provides a characterization of members of H.

Theorem 5. Let L = (L, ∨, ∧,^′, 0, 1) be an orthomodular lattice. Then L is a horizontal sum of Boolean algebras if and only if (i) and (ii) hold for all x, y, z ∈ L:

(i) if x C y, y C z and not x C z then y ∈ {0, 1}; (ii) if not x C y then x ∨ y = 1 and x ∧ y = 0.

Proof: Let a, b, c ∈ L.

First assume L to be the horizontal sum of the Boolean algebras B_i = (B_i, ∨, ∧,^′, 0, 1), i ∈ I.

(i) Assume a C b C c and not a C c. Suppose there exists no i ∈ I with a, b ∈ B_i. Then there exists no i ∈ I with a, b^′ ∈ B_i and hence a ∧ b = a ∧ b^′ = 0 from which we conclude a ≠ 0 = 0 ∨ 0 = (a ∧ b) ∨ (a ∧ b^′), i.e. not a C b, a contradiction. This shows that there exists some j ∈ I with a, b ∈ B_j . Analogously, there exists some k ∈ I with b, c ∈ B_k. Since not a C c we have j ≠ k which yields b ∈ B_j ∩ B_k = {0, 1}.

(ii) If not a C b then there exists no i ∈ I with a, b ∈ B_i and hence a ∨ b = 1 and a ∧ b = 0.

Conversely, assume (i) and (ii) to hold. Let B and D be two different blocks of L, d ∈ B \ D and e ∈ B ∩ D. Then there exists some f ∈ D such that not d C f. Now we have d C e C f and not d C f and hence e ∈ {0, 1}. This shows B ∩D = {0, 1}. If there exists some block E of L with a, b ∈ E then a∨_L b = a∨_E b and a ∧_L b = a ∧_E b. If there exists no block F of L with a, b ∈ F then a C b does not hold and hence a ∨ b = 1 and a ∧ b = 0. □

We want to mention another formulation of condition (ii) of Theorem 5. For this purpose we first prove

Lemma 6. Let L = (L, ∨, ∧,^′, 0, 1) be an orthomodular lattice and a, b ∈ L. Then a C b is equivalent to any single distributivity condition of the form (c ∨ d) ∧ e = (c ∧ e) ∨ (d ∧ e) or (c ∧ d) ∨ e = (c ∨ e) ∧ (d ∨ e) where c, d, e are three of the four elements a, a^′, b, b^′.

Proof: According to the definition of C, a C b is equivalent to (b ∨ b^′) ∧ a = (b∧a)∨(b^′ ∧a). If (a∨b)∧a^′ = (a∧a^′)∨(b∧a^′) then, according to orthomodularity, a^′ = (a^′ ∧ b^′) ∨ (a^′ ∧ (a ∨ b)) = (a^′ ∧ b) ∨ (a^′ ∧ b^′), i.e. a^′ C b which implies a C b. Hence also (a ∨ b) ∧ a^′ = (a ∧ a^′) ∨ (b ∧ a^′) is equivalent to a C b. Using the fact that a C b implies b C a and a C b^′, we obtain that a C b is equivalent to any single distributivity condition of the form (c ∨ d) ∧ e = (c ∧ e) ∨ (d ∧ e) where c, d, e are three of the four elements a, a^′, b, b^′. Applying De Morgan laws completes the proof of the lemma. □

Remark 7. Condition (ii) of Theorem 5 can now be reformulated in the following way:

(ii’) If either x∨y ≠ 1 or x∧y ≠ 0 then x^′∨(x∧y) = x^′∨y (or x^′∧(x∨y) = x^′∧y). From Lemma 6 we conclude that an orthomodular lattice is a Boolean algebra if and only if it satisfies the following identities:

x^′ ∨ (x ∧ y) ≈ x^′ ∨ y, (1) x^′ ∧ (x ∨ y) ≈ x^′ ∧ y. (2) In [4] the following more general result was proved: A nonempty lattice (L, ∨, ∧,^′) with a unary operation “^′ ” is a Boolean algebra if and only if it satisfies (1) and (2). For similar characterizations of Boolean algebras cf. [3].

Now we are going to study properties of the class H. The following lemma turns out to be very useful.

Lemma 8. Let the orthomodular lattice L = (L, ∨, ∧,^′, 0, 1) be the horizontal sum of orthomodular lattices L_i = (L_i, ∨, ∧,^′, 0, 1), i ∈ I, j, k ∈ I with j ≠ k, a ∈ L_j \ {0, 1} and b ∈ L_k \ {0, 1}. Then there exists no i ∈ I with a, b ∈ L_i.

Proof: If there would exist some i ∈ I with a, b ∈ L_i then either i ≠ j or i ≠ k. In the first case we would obtain a ∈ L_i ∩ L_j = {0, 1} contradicting a ∈ L_j \ {0, 1} whereas the second case would yield b ∈ L_i ∩ L_k = {0, 1} contradicting b ∈ L_k \ {0, 1}. This completes the proof. □

Note that H is not closed under direct products (see Theorem 12) and hence H is a proper subclass of Var(H).

It is well-known that lattices are congruence distributive and orthomodular lattices are congruence permutable and congruence regular.

It is clear that H is closed with respect to forming subalgebras. That it is also closed with respect to forming homomorphic images follows from the following proposition.

Proposition 9. Let L = (L, ∨, ∧,^′, 0, 1) be the horizontal sum of the orthomodular lattices L_i = (L_i, ∨, ∧,^′, 0, 1), i ∈ I, and assume that at least two L_i have more than two elements. Then L is simple.

Proof: Let Θ ∈ Con L with Θ ≠ {(x, x): x ∈ L}. Then there exists some (a, b) ∈ Θ with a ≠ b. If there exists no i ∈ I with a, b ∈ L_i then a ∨ b = 1 and a ∧ b = 0 and hence 0 = a ∧ b Θ a ∧ a = a = a ∨ a Θ a ∨ b = 1 which implies x = x ∨ 0 Θ x ∨ 1 = 1 for all x ∈ L, i.e. Θ = L^2. Now assume there exists some j ∈ I with a, b ∈ L_j . Since L_j is congruence regular there exists some c ∈ L_j \ {1} with (c, 1) ∈ Θ. If c = 0 then Θ = L^2 as before. Now assume c ≠ 0. Because of (c, 1) ∈ Θ we have (c^′, 0) ∈ Θ. According to our assumption there exists some k ∈ I \ {j} with |L_k| > 2. Let d ∈ L_k \ {0, 1}. According to Lemma 8 there exists no i ∈ I with c, d ∈ L_i which shows c ∧ d = 0 and c^′ ∨ d = 1. Now we have

0 = c ∧ d Θ 1 ∧ d = d = 0 ∨ d Θ c^′ ∨ d = 1

which implies Θ = L^2 as before, i.e. in any case L is simple. □

Remark 10. Proposition 9 implies that every member of H \ B is simple and hence also subdirectly irreducible.

The class H is not closed with respect to forming direct products as can be seen from the following Proposition.

Proposition 11. A direct product L = (L, ∨, ∧,^′, 0, 1) of a nonempty family (L_i; i ∈ I) = ((L_i, ∨, ∧,^′, 0, 1); i ∈ I) of members of H belongs to H if and only if either there exists some j ∈ I with |L_i| = 1 for all i ∈ I \ {j} or if L_i ∈ B for all i ∈ I.

Proof: If there exists some j ∈ I with |L_i| = 1 for all i ∈ I \{j} then L ∼= L_j ∈ H and hence L ∈ H. If L_i ∈ B for all i ∈ I then L ∈ B ⊆ H. Now assume there exist k, s ∈ I with k ≠ s, |L_k| > 1 and L_s /∈ B. Then L_s has two elements not commuting with each other. Let a = (a_i; i ∈ I), b = (b_i; i ∈ I) ∈ L such that a_k = b_k = 0 and not a_s C b_s. Then a ∨ b ≠ 1 since a_k ∨ b_k = 0 ∨ 0 = 0 ≠ 1. Now a C b would imply a_s C b_s, a contradiction. Hence we do not have a C b, i.e. L /∈ H according to Theorem 5. □

We can summarize the above results as follows:

Theorem 12. The class H is closed with respect to forming subalgebras and homomorphic images, but not with respect to forming direct products.

Let us recall the concept of a commutator which is a binary term function closely related to the commutativity relation C.

Definition 13. Let L = (L, ∨, ∧,^′, 0, 1) be an orthomodular lattice. Then the term function

c(x, y) := (x ∧ y) ∨ (x ∧ y^′) ∨ (x^′ ∧ y) ∨ (x^′ ∧ y^′)

is called the commutator.

Lemma 14 (cf. e.g. [6]). Let L = (L, ∨, ∧,^′, 0, 1) be an orthomodular lattice and a, b ∈ L. Then a C b if and only if c(a, b) = 1.

It is clear that if L = (L, ∨, ∧,^′, 0, 1) ∈ H, |L| > 1 and a, b ∈ L then a C b does not hold if and only if c(a, b) = 0.

The commutator enables us to distinguish the variety Var(H) from O. Namely, we present a simple identity which is valid in H and hence in Var(H), but not in O. This shows that Var(H) is a proper subvariety of O. Let us recall that the members of H \ B are subdirectly irreducible members of Var(H).

Theorem 15. The variety Var(H) satisfies the identity c(c(x, y), z) ≈ 1.

Proof: Let L = (L, ∨, ∧,^′, 0, 1) ∈ H and x, y, z ∈ L. If x C y then c(c(x, y), z) = c(1, z) = 1. If not x C y then c(c(x, y), z) = c(0, z) = 1. Hence L and therefore H and the variety Var(H) satisfies the identity c(c(x, y), z) ≈ 1. □

Corollary 16. The class H does not generate the variety O and hence Var(H) ≠ O.

Proof: The orthomodular lattice L with the Hasse diagram

0 a b c d e f f^′ a^′ b^′ c^′ d^′ e^′

1

is not a member of H since it does not satisfy the identity c(c(x, y), z) ≈ 1 because of c(c(a, e), f) = c(c, f) = 0 ≠ 1. Hence, L ∈ O, but L /∈ Var(H). □

We can generalize the example from the previous proof in the following way:

Lemma 17. Assume that the orthomodular lattice L = (L, ∨, ∧,^′, 0, 1) is the horizontal sum of the orthomodular lattices L_1 = (L_1, ∨, ∧,^′, 0, 1) and L_2 = (L_2, ∨, ∧,^′, 0, 1), that L_1 does not satisfy condition (ii) of Theorem 5 and that |L_2| > 2. Then L does not satisfy the identity c(c(x, y), z) ≈ 1.

Proof: Since L_1 does not satisfy condition (ii) of Theorem 5 there exist a, b ∈ L_1 not satisfying a C b such that either a ∨ b ≠ 1 or a ∧ b ≠ 0. If a ∨ b ≠ 1 then c(a, b) ≥ a^′ ∧ b^′ > 0 and if a ∧ b ≠ 0 then c(a, b) ≥ a ∧ b > 0. Since a C b does not hold we have c(a, b) ≠ 1. Together we obtain c(a, b) ∈ L_1 \ {0, 1}. Because of |L_2| > 2 there exists some d ∈ L_2 \ {0, 1}. According to Lemma 8 there exists no i ∈ {1, 2} with c(a, b), d ∈ L_i. This shows c(c(a, b), d) = 0 ≠ 1, i.e. L does not satisfy the identity c(c(x, y), z) ≈ 1. □

Using the term c(x, y) we can establish a connection between H and the socalled ternary discriminator. However, we must modify the concept of a ternary discriminator in such a way that the equality relation is replaced by the commutativity relation C.

Recall that a ternary function t satisfying

t(x, y, z) = { z if x = y, x otherwise,

is called a ternary discriminator.

From the above considerations we obtain

Proposition 18. If in a member of H one defines

t(x, y, z) := ((c(x, y))^′ ∧ x) ∨ (c(x, y) ∧ z) then t satisfies t(x, y, z) = { z if x C y, x otherwise.

In particular, t satisfies the identity t(x, x, z) ≈ z.

It is well-known that a nontrivial Boolean algebra has a ternary discriminator as a term function if and only if it has two elements, i.e. it is subdirectly irreducible. Such a discriminator is given by

t(x, y, z) = ((x ⊕ y) ∧ x) ∨ ((x ⊕ y ⊕ 1) ∧ z)

where ⊕ denotes the symmetric difference (i.e. x ⊕ y := (x ∧ y^′) ∨ (x^′ ∧ y)). Hence, the variety of Boolean algebras is a so-called discriminator variety.

As mentioned above, all algebras belonging to H\B are subdirectly irreducible members of the variety Var(H). It is well-known that the variety of orthomodular lattices is not a discriminator variety, i.e. there does not exist a ternary discriminator as a term function on its subdirectly irreducible members. Hence, it is a natural question if a certain modification of the notion of a ternary discriminator on algebras L belonging to H can be introduced. Using the ternary function t(x, y, z) from Proposition 18 we obtain such a function. Although this term function assumes the constant value z if x and y belong to the same block (which is a Boolean algebra) of L, it assumes the value x if x and y are taken from different blocks of L. Hence, this generalized discriminator discerns different blocks in a similar way as the ternary discriminator discerns different elements.

In the sequel we use the following corollary of the famous Jónsson’s lemma:

Proposition 19 (cf. [5]). If K is a finite set of finite algebras of the same type and Var(K) is congruence distributive then every subdirectly irreducible member of Var(K) belongs to H S(K).

Let H_{fin} denote the class of all finite members of H. Recall that a variety is called semisimple if every of its members is isomorphic to a subdirect product of simple algebras, it is called finitely generated if it is generated by finitely many finite members and it is called directly representable if it is finitely generated and has (up to isomorphism) only finitely many finite directly indecomposable members.

Theorem 20. Let K be a finite subset of H_{fin} and L a nontrivial subdirectly irreducible member of Var(K). Then (i)–(iii) hold:

(i) The member L is a two-element Boolean algebra or L ∈ H \ B. (ii) The variety Var(K) is semisimple. (iii) The variety Var(K) is directly representable.

Proof: (i) Let L = (L, ∨, ∧,^′, 0, 1). According to Proposition 19, L ∈ H S(K) and hence L ∈ H S(H). Because of the remark before Proposition 9, H S(H) ⊆ H. Hence L ∈ H. But then either L ∈ B and in this case |L| = 2, or L ∈ H \ B.

(ii) This follows from Proposition 9, from (i) and from the fact that a variety is semisimple if and only if every of its subdirectly irreducible members is simple, cf. [2].

(iii) This follows from (ii) and from the fact that a finitely generated congruence distributive variety is directly representable if and only if it is congruence permutable and semisimple, cf. [2]. □

Recall that a class of finite algebras of the same type closed under forming of subalgebras, homomorphic images and finite direct products is a pseudovariety. For every class K of finite algebras of the same type let PVar(K) denote the pseudovariety generated by K.

Theorem 21. Let L be a nontrivial subdirectly irreducible member of the pseudovariety PVar(H_{fin}). Then L is a two-element Boolean algebra or L ∈ H_{fin} \ B.

Proof: Since L ∈ PVar(H_{fin}) there exist L_1, . . . , L_n ∈ H_{fin} such that L ∈ PVar({L_1, . . . , L_n}). Now PVar({L_1, . . . , L_n}) ⊆ Var({L_1, . . . , L_n}) and we can apply Theorem 20. □

20 I. Chajda, H. Länger

References

[1] Beran L., Orthomodular Lattices, Algebraic Approach, Mathematics and Its Applications (East European Series), D. Reidel Publishing, Dordrecht, 1985.

[2] Burris S., Sankappanavar H. P., A Course in Universal Algebra, Graduate Texts in Mathematics, 78, Springer, New York, 1981.

[3] Chajda I., Länger H., Padmanabhan R., Single identities forcing lattices to be Boolean, Math. Slovaca 68 (2018), no. 4, 713–716.

[4] Chajda I., Padmanabhan R., Lattices with unique complementation, Acta Sci. Math.

(Szeged) 83 (2017), no. 1–2, 31–34.

[5] Jónsson B., Algebras whose congruence lattices are distributive, Math. Scand. 21 (1967), 110–121.

[6] Kalmbach G., Orthomodular Lattices, London Mathematical Society Monographs, 18, Academic Press, London, 1983.

I. Chajda:

Palacký University Olomouc, Faculty of Science, Department of Algebra and Geometry, 17. listopadu 12, 771 46 Olomouc, Czech Republic

E-mail: ivan.chajda@upol.cz

H. Länger:

TU Wien, Faculty of Mathematics and Geoinformation, Institute of Discrete Mathematics and Geometry, Wiedner Hauptstraße 8–10, 1040 Vienna, Austria and Palacký University Olomouc, Faculty of Science, Department of Algebra and Geometry, 17. listopadu 12, 771 46 Olomouc, Czech Republic

E-mail: helmut.laenger@tuwien.ac.at

(Received August 13, 2018, revised December 13, 2018)