Comment.Math.Univ.Carolin. 61,2 (2020) 213–236 213

Weingarten hypersurfaces of the spherical type in Euclidean spaces

Cid D. F. Machado, Carlos M. C. Riveros

Abstract. We generalize a parametrization obtained by A. V. Corro in (2006) in the three-dimensional Euclidean space. Using this parametrization we study a class of oriented hypersurfaces M^n, n ≥ 2, in Euclidean space satisfying a relation

∑_n r=1(−1)^{r+1}rf^{r−1}

(_n r ) H_r = 0, where H_r is the rth mean curvature and f ∈ C^∞(M^n; R), these hypersurfaces are called Weingarten hypersurfaces of the spherical type. This class of hypersurfaces includes the surfaces of the spherical type (Laguerré minimal surfaces). We characterize these hypersurfaces in terms of harmonic applications. Also, we classify the Weingarten hypersurfaces of the spherical type of rotation and we give explicit examples.

Keywords: Weingarten hypersurface; Laguerre minimal surface; rth mean curvature; Laplace–Beltrami operator

Classification: 53C42, 53A35

1. Introduction

The surfaces M^2 satisfying a functional relation of the form W (H, K) = 0, where H and K are the mean and Gaussian curvatures of the surface M^2, respectively, are called Weingarten surfaces. Examples of Weingarten surfaces are the surfaces of revolution and the surfaces of constant mean or Gaussian curvature. In [9], the authors study an important class of surfaces satisfying a linear relation of the form aH + bK + c = 0,

where a, b, c ∈ R and a^2 + b^2 ≠ 0. These surfaces are called linear Weingarten surfaces.

W. K. Schief in [13] studied surfaces M^2 ⊂ R^3 satisfying a Weingarten relation of the form (μ^2 ±ϱ^2)K +2μH +1 = 0, where μ, ϱ: M^2 → R are harmonic functions defined on the surface.

In [5], A. V. Corro presented a way of parameterizing surfaces as envelopes of a congruence of spheres in which an envelope is contained in a plane and with

DOI 10.14712/1213-7243.2020.024

214 C. D. F. Machado, C. M. C. Riveros

radius function h associated with a hydrodynamic type system. As an application, it studies the surfaces in hyperbolic space H^3 satisfying the equality

2ach^{2(c−1)/c}(H − 1) + (a + b − ach^{2(c−1)/c})K = 0,

where a, b, c ∈ R, a+b ≠ 0, c ≠ 0, H is the mean curvature and K is the Gaussian curvature. This class of surfaces includes the Bryant surfaces and the flat surfaces of the hyperbolic space, and are called generalized Weingarten surfaces of Bryant type.

In [6] the authors study the surfaces M^2 in the hyperbolic space H^3 satisfying the relation 2(H − 1)e^{2μ} + K(1 − e^{2μ}) = 0, where μ is a harmonic function with respect to the quadratic form σ = −KI + 2(H − 1)II, I and II are the first and second fundamental form of M^2. These surfaces are called generalized Weingarten surfaces of harmonic type.

D. G. Dias in [7] studied a class of oriented surfaces M^2 ⊂ R^3 satisfying a relation of the form 2Ψ_vH + Δ_v K = 0, where Ψ_v, Δ_v : M^2 → R^3 are given by Ψ_v(p) = ⟨p − v, N(p)⟩, Δ_v (p) = ⟨p − v, p − v⟩ and v ∈ R^3 is a fixed vector.

An oriented surface ψ : M^2 → R^3 with nonzero Gaussian curvature K and mean curvature H is called a Laguerre minimal surface if

Δ_{III} � H K � = 0,

where Δ_{III} is the Laplacian with respect to the third fundamental form III of ψ. The study of these surfaces was done by W. Blaschke in [1], [2], [3], [4], where such surfaces appear as critical points of the functional

L(Ψ) = � H^2 − K K dM, where dM is the area element.

In [12], the authors study Laguerre’s minimal surfaces as graphs of biharmonic functions in the isotropic model of Laguerre geometry. In particular, they study the surfaces of the spherical type (Laguerre minimal surfaces), namely the surfaces M^2 of R^3 such that the set of spheres with center p + (H(p)/K(p))N(p), p ∈ M^2, are tangent to a fixed oriented plane.

In [8], the authors study a class of oriented hypersurfaces M^n in (n + 1)- dimensional hyperbolic space that satisfy a Weingarten relation in the form n� r=0 (c − n + 2r) � n r � H_r = 0,

Weingarten hypersurfaces of the spherical type in Euclidean spaces 215

where c is a real constant and H_r is the rth mean curvature of the hypersurface M^n. They show that this class of hypersurfaces is characterized by a harmonic application derived from the two hyperbolic Gauss map. Looking these hypersurfaces as orthogonal to a congruence of geodesics, they also show the relation of such hypersurfaces with solutions of the equation Δu + ku^{(n+2)/(n−2)} = 0, where k ∈ {−1, 0, 1}.

In this paper, motivated by the work of [5], we will present a way to parametrize hypersurfaces as congruence of spheres in which an envelope is contained in a hyperplane. Using this parametrization, we present a generalization of the surfaces of the spherical type (Laguerre minimal surfaces) studied in [12], namely the Weingarten hypersurfaces of the spherical type, i.e. the oriented hypersurfaces of the Euclidean space M^n ⊂ R^{n+1} satisfying a Weingarten relation of the form n� r=1 (−1)^{r+1}rf^{r−1} � n r � H_r = 0,

where f ∈ C^∞(M^n; R) and H_r is the rth mean curvature of M^n. We characterize these hypersurfaces in terms of harmonic applications. Also, we classify the Weingarten hypersurfaces of the spherical type of rotation and we give explicit examples.

2. Preliminaries

Let Ω be an open subset of R^n, u = (u_1, u_2, . . . , u_n) ∈ Ω. Consider M^n ⊂ R^{n+1} an oriented hypersurface with n distinct principal curvatures k_i, i = 1, . . . , n.

If X : Ω ⊂ R^n → R^{n+1}, n ≥ 2, is a local parametrization of M^n and N : Ω ⊂ R^n → R^{n+1} is the Gauss map of M^n, then in local coordinates we get

N_{,i} = n� j=1 W_{ij} X_{,j} , 1 ≤ i ≤ n,

where W = (W_{ij} ) is called Weingarten matrix of M^n.

We note that, the subscript “ , i ” denotes the derivative with respect to u_i. Moreover, when X is parametrized by lines of curvature we have

⟨X_{,i}, X_{,j} ⟩ = δ_{ij} g_{ii}, 1 ≤ i, j ≤ n,

(2.1) N_{,i} = −k_iX_{,i},

(2.2)

Γ^k_{ij} = 0, Γ^i_i = g_{ii,i} 2g_{ii}

, Γ^j_{ii} = − g_{ii,j} 2g_{jj}

, Γ^i_j = g_{ii,j} 2g_{ii} , (2.3)

where i, j, k are distinct.

216 C. D. F. Machado, C. M. C. Riveros Definition 1. The mean curvature and the Gauss–Kronecker curvature of M^n are given by H = 1 n n� i=1 k_i, K = n� i=1 k_i.

Definition 2. The rth-mean curvature H_r of M^n is defined by H_r =

S_r(W ) �_n r � , where, for intergers 0 ≤ r ≤ n, S_r(W ) is given by S_0(W ) = 1, S_r(W ) = � 1≤i_1 <···<i_r ≤n

k_{i1} . . . k_{ir} .

We observe that H = H_1 and K = H_n.

Definition 3. The restriction of the usual inner product of R^{n+1} to the tangent space T_pM^n of M^n induces a metric on M^n, called first fundamental form I of M^n and given by I_p(w_1, w_2) = ⟨w_1, w_2⟩, p ∈ M^n, w_1, w_2 ∈ T_pM^n.

The second fundamental form II and the third fundamental form III of M^n are given by II_p(w_1, w_2) = ⟨−dN_p(w_1), w_2⟩, III_p(w_1, w_2) = ⟨−dN_p(w_1), −dN_p(w_2)⟩, where p ∈ M^n, w_1, w_2 ∈ T_pM^n and dN_p is the differential of the Gauss map in p.

We observe that the third fundamental form III of M^n, according to M. Obata in [11], satisfies

III_p(w_1, w_2) = nH⟨dN_p(w_1), w_2⟩ − Ric_p(w_1, w_2), w_1, w_2 ∈ T_pM^n. where Ric stands for the Ricci tensor. In the case, i.e. in the two dimensional case of surfaces, the third fundamental form III is expressible entirely in terms of the first fundamental form I and second fundamental form II: III = 2HII − KI, where H and K are the mean curvature and the Gaussian curvature of the surface, respectively.

Weingarten hypersurfaces of the spherical type in Euclidean spaces 217

Definition 4. The Laplace–Beltrami operator is defined by

Δf = div gradf, f ∈ C^∞(M^n, R).

Let M^n be a Riemannian manifold with Riemannian metric g = (g_{ij} ). Then in local coordinates the Laplace–Beltrami operator is given by

Δ_g f = 1 � | det g| n� i,j=1 ∂ ∂x_i � g^{ij} � | det g| ∂f ∂x_j � ,

where g^{−1} = (g^{ij} ) and f ∈ C^∞(M^n, R). The proof can be seen in [10].

In particular, for g = III the Laplace–Beltrami operator of a smooth function f ∈ C^∞(M^n, R) with respect to the third fundamental form III is given by

Δ_{III} f = 1 � | det III| n� i,j=1 ∂ ∂x_i � III^{−1} � | det III| ∂f ∂x_j � .

Definition 5. A surface M^2 ⊂ R^3 is a Laguerre minimal surface if

Δ_{III} � H K � = 0,

where H and K are the mean and Gaussian curvature of M^2, respectively, and △_{III} is the Laplacian operator with respect to the third fundamental form III of M^2.

3. Sphere congruence in R^{n+1}

Definition 6. A sphere congruence in R^{n+1} is a n-parameter family of spheres, with a differentiable radius function, whose centers lie on a hypersurface M^n ⊂ R^{n+1}. An envelope of a sphere congruence is a hypersurface M^n such that each point of the hypersurface M^n is tangent to a sphere of the sphere congruence.

If there exist a diffeomorphism φ: M^n → ~M^n, a differentiable function h : M^n → R, unit normal vector fields N, ~N of M^n and ~M^n, respectively, such that:

a) q + h(q)N(q) = φ(q) + h(q) ~N (φ(q)), ∀ q ∈ M^n;

b) the subset q + h(q)N(q), q ∈ M^n, is a n-dimensional hypersurface; we say that M^n and ~M^n are locally associated by a sphere congruence.

Definition 7. A surface M^2 ⊂ R^3 is called surface of the spherical type if the spheres with center in p + (H(p)/K(p))N(p) and radius H(p)/K(p) are tangent to a fixed oriented plane, where N is the Gauss map of M^2.

218 C. D. F. Machado, C. M. C. Riveros

In this paper the inner product ⟨ , ⟩: C × C → R is defined by

⟨f, g⟩ = f_1g_1 + f_2g_2, where f = f_1 + if_2, g = g_1 + ig_2,

are holomorphic functions.

In the computation we use the following properties: If f, g : C → C are holomorphic functions of z = u_1 + iu_2, then

(3.1) ⟨f, g⟩_{,1} = ⟨f^′, g⟩ + ⟨f, g^′⟩, ⟨f, g⟩_{,2} = ⟨if^′, g⟩ + ⟨f, ig^′⟩, ⟨fg, h⟩ = ⟨g, f̄h⟩.

Lemma 1. Let M^n ⊂ R^{n+1} be an oriented hypersurface, N the Gauss map of M^n and Π a hyperplane with unit normal vector ϑ satisfying N ≠ ϑ, ∀ p ∈ M^n. Then there exists a sphere congruence given by a function h: M^n → R such that M^n and Π are envelopes of this sphere congruence and such an h is called radius function, in relation to the hyperplane Π.

Proof: Given p ∈ M^n and the Gauss map N(p) there exist the radius function h: M^n −→ R given by h(p) =

⟨Y (p), ϑ⟩ − ⟨p, ϑ⟩ ⟨N(p), ϑ⟩ − 1 , where Y (p) is a local parametrization of the hyperplane Π.

Note that ⟨Y (p), ϑ⟩ measures the distance from the origin to the hyperplane Π and this distance does not depend on the point p. To see this, consider p_1, p_2 ∈ M^n, ⟨Y (p_1), ϑ⟩ − ⟨Y (p_2), ϑ⟩ = ⟨Y (p_1) − Y (p_2), ϑ⟩ = 0.

Thus, the set of points {p + h(p)N(p): p ∈ M^n} is a hypersurface of R^{n+1} and the map Y : U → Π, given by

Y (p) = p + h(p)(N(p) − ϑ), p ∈ U,

is a diffeomorphism on Y (U) satisfying p + hN = Y + hϑ. Therefore, M^n and Π are locally associated by a sphere congruence. □

Remark 1. The radius function h in relation to the hyperplane Π defined in Lemma 1, is a geometric invariant analogous to the rth mean curvature, in the sense that it does not depend on the parametrization of the hypersurface M^n.

The next theorem generalizes the result obtained in [5].

Theorem 1. An oriented hypersuface M^n in R^{n+1}, n ≥ 2, is an envelope of sphere congruence, whose other envelope is contained in the hyperplane Π = {(x_1, x_2, . . . , x_{n+1}) ∈ R^{n+1} : x_{n+1} = 0} if and only if there exist an orthogonal local parametrization of Π, Y : U ⊂ R^n → Π and a differentiable function h :

Weingarten hypersurfaces of the spherical type in Euclidean spaces 219

U ⊂ R^n → R, such that X : U ⊂ R^n → M^n, given by

(3.2) X(u) = Y (u) −

2h(u) S �_n� j=1 h_{,j} L_{jj}

Y_{,j} − e_{n+1} �

is a parametrization of M^n with e_{n+1} = (0, 0, . . . , 0, 1), L_{ij} = ⟨Y_{,i}, Y_{,j} ⟩ 1 ≤ i, j ≤ n and

(3.3) S = n� j=1 (h_{,j} )^2 L_{jj}

+ 1.

Moreover, the Gauss map is given by

(3.4) N(u) = e_{n+1} + 2 S �_n� j=1 h_{,j} L_{jj}

Y_{,j} − e_{n+1} � ,

and the Weingarten matrix is given by

(3.5) W = 2V (SI − 2hV )^{−1},

where the matrix V = (V_{ij} ) is given by

(3.6) V_{ij} = 1 L_{jj} � h_{,ij} − n� l=1 ~Γ^l_{ij} h_{,l} � , 1 ≤ i, j ≤ n,

and ~Γ^l_{ki} are the Christoffel symbols of the metric L_{ij} .

The regularity condition of X is given by

(3.7) P = det (SI − 2hV ) ≠ 0.

Proof: A hypersurface M^n in R^{n+1} is an envelope of a sphere congruence, where the other envelope is contained in a hyperplane R^n ∼= Π if and only if there exist a local orthogonal parametrization of Π, Y : U ⊂ R^n → Π and a differentiable function h: U ⊂ R^n → R, such that X : U ⊂ R^n → M^n is a parametrization of M^n satisfying

(3.8) X(u) = Y (u) + h(u)(e_{n+1} − N(u)),

where N is the Gauss map of X, such that

(3.9) N = n� j=1 B_j Y_{,j} + B_{n+1}e_{n+1}

220 C. D. F. Machado, C. M. C. Riveros and (3.10) n� j=1 (B_j )^2L_{jj} + (B_{n+1})^2 = 1.

Differentiating (3.8), we get

(3.11) X_{,i} = Y_{,i} + h_{,i}(e_{n+1} − N) − hN_{,i}, 1 ≤ i ≤ n.

Using (3.9) and (3.11), we have that 0 = ⟨N, X_{,i}⟩ = B_iL_{ii} + h_{,i}(B_{n+1} − 1).

Hence,

(3.12) B_i = h_{,i} L_{ii}

(1 − B_{n+1}), 1 ≤ i ≤ n.

From (3.12) and (3.10) we get n� j=1 (h_{,j} )^2 L^2_{jj}

(1 − B_{n+1})^2L_{jj} + (B_{n+1})^2 = 1,

which is equivalent to

B^2_{n+1}S − 2B_{n+1}(S − 1) + (S − 1) = 1.

Hence, it follows that B_{n+1} = 1 − 2 S or 1.

If B_{n+1} = 1, then N = e_{n+1}, which is a contradiction. Therefore

(3.13) B_{n+1} = 1 − 2 S . Thus, from (3.9), (3.12) and (3.13) we get (3.4). Also, using (3.4) in (3.8) we obtain (3.2).

Now we calculate the Weingarten matrix. To do this, consider the following vector valued functions

(3.14) C = Y + he_{n+1}, D = n� i=1 h_{,i} L_{ii}

Y_{,i} + �S 2 − 1 � e_{n+1}.

Weingarten hypersurfaces of the spherical type in Euclidean spaces 221

Differentiating (3.14) and (3.3), we have

S_{,i} = 2 n� k=1 V_{ik}h_{,k},

(3.15)

C_{,i} = Y_{,i} + h_{,i}e_{n+1},

(3.16)

D_{,i} = n� k=1 V_{ik} C_{,k}.

(3.17)

Observe that X = C − 2h S D and N = 2 S D. Taking the derivatives of these expressions and using (3.15)–(3.17), it follows that

X_{,i} = C_{,i} − h_{,i}N + 2h S n� k=1 V_{ik}

� 2Dh_{,k} S − C_{,k} � , (3.18)

N_{,i} = 2 S n� k=1 V_{ik} � C_{,k} −

2Dh_{,k} S � . (3.19)

Now, using (3.18) and (3.19)

2h S n� k=1 V_{ik} N_{,k} + 2 S n� j=1 V_{ij} X_{,j} = 2h S n� k=1 V_{ik} � 2 S n� l=1 V_{kl} � C_{,l} −

2Dh_{,l} S �

+ 2 S n� j=1 V_{ij} X_{,j}

= 2 S n� j=1 V_{ij} (C_{,j} − h_{,j} N)

= 2 S n� j=1 V_{ij} C_{,j} − 2 S n� j=1 V_{ij} h_{,j} N

= 2 S D_{,i} − N S S_{,i} = 2 S D_{,i} − 2D S^2

S_{,i}.

Thus, we have

(3.20) 2h S n� k=1 V_{ik} N_{,k} + 2 S n� j=1 V_{ij} X_{,j} = N_{,i}.

222 C. D. F. Machado, C. M. C. Riveros

Multiplying (3.20) by S and using the fact that N_{,i} =

�_n

j=1 W_{ij} X_{,j} , we have

S �_n� j=1 W_{ij} X_{,j} � − 2h n� k=1 V_{ik}

�_n� j=1 W_{kj} X_{,j} � = 2 n� j=1 V_{ij} X_{,j} ,

SW_{ij} − 2h n� k=1 V_{ik} W_{kj} = 2V_{ij} .

Therefore, we have (SI − 2hV )W = 2V, hence, we get (3.5), and we observe that X is regular if and only if P = det(SI − 2hV ) ≠ 0. This completes the proof. □

Corollary 1. With the conditions of the Theorem 1, we have that the first, second and third fundamental forms are given by

I = L − 2h S ((V L)^T + V L) +

� 2h S �_2

V LV^T ,

(3.21)

II = − 2 S (V L)^T + 4h S^2

V LV^T ,

(3.22)

III = 4 S^2

V LV^T ,

(3.23)

where L is the matrix of the metric (L_{ij} ) and T denotes the transpose.

Proof: To calculate the first fundamental form of X, observe that by (3.18), we have

⟨X_{,i}, X_{,j} ⟩ = ⟨C_{,i}, C_{,j} ⟩ − h_{,j} ⟨C_{,i}, N⟩ − h_{,i}⟨N, C_{,j} ⟩ + h_{,i}h_{,j} + 2h S � C_{,i}, n� l=1 V_{jl}

� 2D S h_{,l} − C_{,l} �

+ � C_{,j} , n� k=1 V_{ik}

� 2D S h_{,k} − C_{,k} �

− 2h S � h_{,i} � N, n� l=1 V_{jl} �2D S h_{,l} − C_{,l} �

+ h_{,j} � N, n� k=1 V_{ik} �2D S h_{,k} − C_{,k} �

+ 4h^2 S^2

�_n� k=1 V_{ik}

� 2D S h_{,k} − C_{,k} � , n� l=1 V_{jl}

� 2D S h_{,l} − C_{,l} � .

Weingarten hypersurfaces of the spherical type in Euclidean spaces 223

From (3.14) and (3.16), we get

⟨C_{,i}, C_{,j} ⟩ = L_{ij} + h_{,i}h_{,j} , ⟨D, C_{,i}⟩ = S 2 h_{,i}, ⟨C_{,i}, N⟩ = h_{,i},

⟨D, N⟩ = S 2 , ⟨D, D⟩ =

S^2 4 . Therefore, using the above expressions we obtain

⟨X_{,i}, X_{,j} ⟩ = L_{ij} + 2h S n� k=1 V_{ik}

2h_{,k} S � S 2 h_{,i} − (L_{ik} + h_{,i}h_{,k}) S 2h_{,k} �

+ 2h S n� k=1 V_{jk}

2h_{,k} S � S 2 h_{,j} − (L_{jk} + h_{,j} h_{,k}) S 2h_{,k} �

+ 4h^2 S^2 n� k,l=1

V_{ik} V_{jl}L_{kl}

= L_{ij} − 2h S n� k=1 V_{ik}L_{ik} − 2h S n� k=1 V_{jk} L_{jk} +

4h^2 S^2 n� k,l=1

V_{ik} V_{jl}L_{kl}

= L_{ij} − 2h S (V_{ji}L_{ii} + V_{ij} L_{jj} ) + �2h S �_2^n� k=1 V_{ik} V_{jk} L_{kk},

and this equation is equivalent to (3.21).

Also, the second fundamental form are given by

−⟨X_{,i}, N_{,j} ⟩ = − � C_{,i}, 2 S n� l=1 V_{jl}C_{,l} � + � C_{,i}, 2 S n� l=1 V_{jl} 2D S h_{,l} �

+ � h_{,i}N, 2 S n� l=1 V_{jl}C_{,l} � − � h_{,i}N, 2 S n� l=1 V_{jl} 2D S h_{,l} �

− � 2h S n� k=1 V_{ik} �2D S h_{,k} − C_{,k} � , 2 S n� l=1 V_{jl} � C_{,l} − 2D S h_{,l} �

= − 2 S n� l=1 V_{jl}(L_{il} + h_{,i}h_{,l}) + 4 S^2 n� l=1 V_{jl}h_{,l} S 2 h_{,i}

+ 2h_{,i} S n� l=1 V_{jl}h_{,l} −

4h_{,i}h_{,l}

S^2 n� l=1 V_{jl} S 2 + 4h S^2 n� k,l=1

V_{ik} V_{jl}L_{kl}

= − 2 S V_{ji}L_{ii} + 4h S^2 n� k=1 V_{jk} V_{ik} L_{kk},

which is equivalent to (3.22).

224 C. D. F. Machado, C. M. C. Riveros

Finally, the third fundamental form are given by

⟨N_{,i}, N_{,j} ⟩ = � 2 S n� k=1 V_{ik} � C_{,k} −

2Dh_{,k} S � , 2 S n� l=1 V_{jl} � C_{,l} −

2Dh_{,l} S �

= 4 S^2 n� k,l=1

V_{ik} V_{jl}L_{kl} = 4 S^2 n� k=1 V_{ik} V_{jk} L_{kk},

and this equation is equivalent to (3.23). Thus, the proof is complete. □

Corollary 2. Let X : U ⊂ R^n → M^n ⊂ R^{n+1} be a parametrization of the hypersurface M^n given by (3.2). Then the following conditions are equivalent ∘ parametrization X is parametrized by lines of curvature; ∘ V_{ij} = 0 for i ≠ j; ∘ N_{,i} = −k_iX_{,i};

where k_i, 1 ≤ i ≤ n, are the principal curvatures of X.

Proof: By equation (3.5), if V is diagonal, then the Weingarten matrix W also is diagonal. Therefore, V is diagonal if and only if X is parametrized by lines of curvature. By equation (3.20) we have

N_{,i} = 2h S V_{ii}N_{,i} + 2 S V_{ii}X_{,i}, 1 ≤ i ≤ n,

N_{,i} =

2V_{ii} S − 2hV_{ii}

X_{,i}.

Since V is diagonal, V_{ii} are the eigenvalues of the matrix V . From (3.5), the principal curvatures are given by

(3.24) k_i =

2V_{ii} 2hV_{ii} − S

, 1 ≤ i ≤ n,

which proves the last two equivalences. □

4. Weingarten hypersurfaces of the spherical type

In this section we will define and characterize the Weingarten hypersurfaces of the spherical type. We will give a characterization of these hypersurfaces using the trace of a matrix and also through harmonic functions.

Lemma 2. Define P_i for 1 ≤ i ≤ n and n ≥ 2, by

(4.1) P_i = (1 − hk_1)(1 − hk_2) . . . ^(1 − hk_i) . . . (1 − hk_n),

Weingarten hypersurfaces of the spherical type in Euclidean spaces 225

where h, k_i : U → R are functions defined in an open U ⊂ R^n and “^( )” means that the factor is absent in the expression. Then

P_i = 1 − h(S_1(W ) − k_i) + h^2 � S_2(W ) − � 1≤j≤n

k_j k_i �

− h^3 � S_3(W ) − � 1≤l<j≤n

k_lk_j k_i �

+ · · · + (−1)^{n−1}h^{n−1} � S_{n−1}(W ) − � 1≤j_1 <j_2 <···<j_{n−2}≤n

k_{j1} k_{j2} . . . k_{jn−2} k_i � , where S_r(W ) = � 1≤i_1 <···<i_r ≤n

k_{i1} . . . k_{ir} , 1 ≤ r ≤ n.

Proof: Clearly the statement is true for n = 2. By induction, suppose that the equality is true for n − 1 and we will prove it for n.

Denote by S_r(W ) = � 1≤i_1 <···<i_r ≤n−1

k_{i1} . . . k_{ir} ,

with 1 ≤ r ≤ n − 1. Then, using the induction hypothesis we obtain

P_i = (1 − hk_1)(1 − hk_2) . . . ^(1 − hk_i) . . . (1 − hk_{n−1})(1 − hk_n)

= (1 − hk_n) � 1 − h(S_1(W ) − k_i) + h^2 � S_2(W ) − � 1≤j≤n−1

k_j k_i �

− h^3 � S_3(W ) − � 1≤l<j≤n−1

k_lk_j k_i � + · · · + (−1)^{n−2}h^{n−2}

× � S_{n−2}(W ) − � 1≤j_1 <j_2 <···<j_{n−3}≤n−1

k_{j1} k_{j2} . . . k_{jn−3} k_i �

= 1 − h(S_1(W ) − k_i) + h^2 � S_2(W ) − � 1≤j≤n−1

k_j k_i �

− h^3 � S_3(W ) − � 1≤l<j≤n−1

k_lk_j k_i � + · · · + (−1)^{n−2}h^{n−2}

× � S_{n−2}(W ) − � 1≤j_1 <j_2 <···<j_{n−3}≤n−1

k_{j1} k_{j2} . . . k_{jn−3} k_i �

− hk_n + h^2k_n(S_1(W ) − k_i) − h^3k_n � S_2(W ) − � 1≤j≤n−1

k_j k_i �

226 C. D. F. Machado, C. M. C. Riveros

+ h^4k_n � S_3(W ) − � 1≤l<j≤n−1

k_lk_j k_i � + · · · + (−1)^{n−1}h^{n−1}k_n

× � S_{n−2}(W ) − � 1≤j_1 <j_2 <···<j_{n−3}≤n−1

k_{j1} k_{j2} . . . k_{jn−3} k_i � .

Grouping terms with the same powers of h, follows the result. □

Definition 8. An oriented hypersurface M^n ⊂ R^{n+1}, n ≥ 2, is called Weingarten hypersurface of the spherical type, if the rth mean curvature of M^n satisfy the relation

(4.2) n� r=1 (−1)^{r+1}rf^{r−1} � n r � H_r = 0,

for some function f ∈ C^∞(M^n; R).

The following result characterizes the Weingarten hypersurfaces of the spherical type.

Theorem 2. Let M^n ⊂ R^{n+1}, n ≥ 2, be a hypersurface as in Theorem 1. The surface M^n is a Weingarten hypersurface of the spherical type if and only if tr(V ) = 0.

Proof: Let V_{ii} be the eigenvalues of the matrix V and k_i the principal curvatures of M^n, 1 ≤ i ≤ n. By equation (3.24), we get

V_{ii} =

Sk_i 2hk_i − 2 . Thus, say that tr(V ) = 0 is equivalent to

k_1 1 − hk_1 + k_2 1 − hk_2

+ · · · + k_n 1 − hk_n

= 0 ⇐⇒ k_1P_1 + k_2P_2 + · · · + k_nP_n = 0,

where P_i are defined by (4.1). By Lemma 2, the equality is true if and only if we have

k_1 � 1 − h(S_1(W ) − k_1) + h^2 � S_2(W ) − � 1≤j≤n

k_j k_1 �

+ · · · + (−1)^{n−1}h^{n−1} � S_{n−1}(W ) − � 1≤j_1 <j_2 <···<j_{n−2}≤n

k_{j1} k_{j2} . . . k_{jn−2} k_1 �

Weingarten hypersurfaces of the spherical type in Euclidean spaces 227

+ · · · + k_n � 1 − h(S_1(W ) − k_n) + h^2 � S_2(W ) − � 1≤j≤n

k_j k_n �

+ · · · + (−1)^{n−1}h^{n−1} � S_{n−1}(W ) − � 1≤j_1 <j_2 <···<j_{n−2}≤n

k_{j1} k_{j2} . . . k_{jn−2} k_n � = 0,

that is,

(k_1 + · · · + k_n) − h(k_1S_1(W ) − k^2_1 + k_2S_1(W ) − k^2 + · · · + k_nS_1(W ) − k^2_n)

+ h^2 � k_1S_2(W ) − k_1 � 1≤j≤n

k_j k_1 + · · · + k_nS_2(W ) − k_n � 1≤j≤n

k_j k_n �

+ · · · + (−1)^{n−1}h^{n−1} � k_1S_{n−1}(W ) − k_1 � 1≤j_1<j_2 <···<j_{n−2} ≤n

k_{j1} . . . k_{jn−2} k_1

+ · · · + k_nS_{n−1}(W ) − k_n � 1≤j_1<j_2 <···<j_{n−2}≤n

k_{j1} . . . k_{jn−2} k_n � = 0,

which is equivalent to

S_1(W ) − 2hS_2(W ) + 3h^2S_3(W ) + · · · + (−1)^{n−1}nh^{n−1}S_n(W ) = 0.

From Definition 2, we get the result. □

Remark 2. For n = 2 and K ≠ 0 the surface M^2 given by Theorem 2 is a surface of the spherical type. In fact, the equation (4.2) is reduced to 2H − 2hK = 0, hence, the radius function of the sphere congruence is given by h = H/K. It is known that these surfaces are Laguerre minimal surfaces, i.e. the mean and Gauss curvature, satisfy Δ_{III} (H/K) = 0. We observe that, since h gives the radius of the sphere congruence then we have that H ≠ 0.

Theorem 3. Let Y : U ⊂ R^n → Π ⊂ R^{n+1}, n ≥ 2 be a parametrization of the hyperplane Π given by Y (u) = (u, 0), u ∈ U and h: U → R a differentiable function. Then X : U → R^{n+1} given by (3.2) satisfies

Δh = tr(V ).

In particular, X(U) is a Weingarten hypersurface of the spherical type if and only if h is harmonic.

Proof: The metric L_{ij} of Y is given by L_{ij} = δ_{ij} , hence, it follows that, ~Γ^k_{ij} = 0. Therefore, using (3.6) one has

(4.3) V_{ij} = h_{,ij} , 1 ≤ i, j ≤ n,

228 C. D. F. Machado, C. M. C. Riveros

thus, tr(V ) = Δh. From Theorem 2, X(U) is a Weingarten hypersurface of the spherical type if and only if Δh = 0, i.e. h is harmonic. □

Example 1. Consider the function h: R^n → R, given by

h(u_1, . . . , u_n) = c + n� i=1 b_iu_i + n� i,j=1,i≠j

a_{ij} u_iu_j ,

where c, b_i and a_{ij} , 1 ≤ i, j ≤ n, are real constans. Since h is a harmonic function in R^n and considering Y (u) = (u, 0), we obtain from Theorem 3 and (3.2) that

X(u) = (u, 0) − 2 � c + �_n

i=1 b_iu_i +

�_n

i,j=1,i≠j aij uiuj � � b_1 +

�_n

j=2 a_{1j} u_j

�_2

+ · · · + � b_n +

�_{n−1}

j=1 a_{nj} u_j

�_2 + 1 × � b_1 + n� j=2 a_{1j} u_j , . . . , b_n + n−1� j=1 a_{nj} u_j , −1 �

is a Weingarten hypersurface of the spherical type.

For n = 2, we have the following generalization of Theorem 3.

Theorem 4. Let Y : U ⊂ R^2 → Π be a parametrization of the plane Π = {(u_1, u_2, u_3): u_3 = 0} given by Y (u) = (g(u), 0) with g : U ⊂ C → C being a holomorphic function, u = (u_1, u_2) ∈ U and h: U → R a differentiable function. Then the immersion X : U → R^3 given by (3.2) satisfies

(4.4) Δh = tr(V )‖g^′‖^2.

In particular, X(U) is a Weingarten surface of the spherical type if and only if h is harmonic.

Proof: From equations (2.3), (3.1) and (3.6) we get

V_{11} + V_{22} = 1 ‖g^′‖^2 � h_{,11} −

⟨g^{′′}, g^′⟩ ‖g^′‖^2 h_{,1} +

⟨ig^′, g^′⟩ ‖g^′‖^2 h_{,2} �

+ 1 ‖g^′‖^2 � h_{,22} +

⟨g^{′′}, g^′⟩ ‖g^′‖^2 h_{,1} −

⟨ig^{′′}, g^′⟩ ‖g^′‖^2 h_{,2} �

= 1 ‖g^′‖^2

(h_{,11} + h_{,22}) = Δh ‖g^′‖^2 . This shows the equation (4.4). From this equation and Theorem 2, it follows that tr(V ) = 0 if and only if h is harmonic. □

Weingarten hypersurfaces of the spherical type in Euclidean spaces 229

Remark 3. From Theorem 4 and (3.2), we obtain that the Weingarten surface of the spherical type is locally parametrized by

X(u) = (g, 0) − 2h S � g′ · ∇h

|g^′|^2

, −1 � . Moreover, from Remark 2, this representation provides examples of Laguerre minimal surfaces.

5. Weingarten hypersurfaces of the spherical type of rotation

The following theorem characterizes the hypersurfaces of rotation in R^{n+1} obtained by the parametrization (3.2).

Theorem 5. Let Y : U → Π be a parametrization of the hyperplane Π given by Y (u) = (u, 0), u ∈ U, h: U → R a differentiable function and X : U → R^{n+1} the immersion given by (3.2) with Gauss map N given by (3.4). Under these conditions, X(U) is a hypersurface of rotation if and only if h is a radial function.

Proof: Suppose that X(U) is a hypersurface of rotation. Without loss of generality, we can suppose that the axis of rotation is the axis x_{n+1}. In this way, the sections orthogonal to the axis x_{n+1} determine in X(U) (n − 1)-dimensional spheres centered in axis x_{n+1}. Note also that on these spheres the angle between X and N is constant, that is, ⟨X, N⟩ = k, where k is a constant.

On the other hand,

⟨X, N⟩ = ⟨Y, N⟩ + h⟨e_{n+1}, N⟩ − h = � u, 2 |∇h|^2 + 1 n� j=1 h_{,j} e_j � + h � 1 − 2 |∇h|^2 + 1 � − h = 2 |∇h|^2 + 1

(⟨u, ∇h⟩ − h),

and therefore k = 2 S � ⟨u, ∇h⟩ − h � . Analogously, as ⟨X, X⟩ is constant on these spheres we get

c = ⟨X, X⟩

= |u|^2 − 4h S ⟨u, ∇h⟩ +

4h^2 S^2

⟨∇h − e_{n+1}, ∇h − e_{n+1}⟩,

230 C. D. F. Machado, C. M. C. Riveros

= |u|^2 − 4h S � ⟨u, ∇h⟩ − h � = |u|^2 − 2kh,

where c is a constant.

From the above expression we obtain that h(u) = J(|u|^2), where J(|u|^2) = (|u|^2 − c)/2k, consequently, h is a radial function.

Conversely, suppose that h: U → R is a radial function, that is, h(u) = J(|u|^2), u = (u_1, . . . , u_n) ∈ U for some differentiable function J. From (3.2) we have that X = � u − 2J 4(J^′)^2|u|^2 n� j=1 2u_j J^′e_j , 2J 4(J^′)^2|u|^2 �

= � u − 2J 4(J^′)^2|u|^2

2J^′u, 2J 4(J^′)^2|u|^2 � . Thus, if (2J)/(4(J^′)^2|u|^2) = q is constant on |u|^2, we have � � � � 1 − 2J 4(J^′)^2|u|^2

2J^′ � u � � �^2 = |(1 − 2qJ^′)u|^2 = (1 − 2qJ^′)^2t.

Therefore, the orthogonal sections to axis x_{n+1} determine in X(U) (n − 1)- dimensional spheres centered in axis x_{n+1}. □

The following result classifies the Weingarten hypersurfaces of the spherical type of rotation.

Proposition 1. Let Y : U ⊂ R^n → Π be a parametrization of the hyperplane Π given by Y (u) = (u, 0), u ∈ U, h: U → R a differentiable function and X : U → R^{n+1} an immersion given by (3.2) with Gauss map N given by (3.4). Under these conditions, X(U) is a Weingarten hypersurface of the spherical type of rotation if and only if h(u) is given by

h(u) = � � � C ln(u^2_1 + u^2) + D, if n = 2, 2C 2 − n

(u^2_1 + · · · + u^2_n)^{(2−n)/2} + D, if n ≠ 2,

where C and D are constants, C > 0.

Proof: If X(U) is a hypersurface of rotation, then from Theorem 5 h(u) is a radial function, i.e. h(u) = J(t), where u = (u_1, . . . , u_n) and t = |u|^2. Therefore,

h_{,i} = 2J^′(t)u_i, h_{,ii} = 4J^{′′}(t)u^2_i + 2J^′(t).

From Theorem 3, h is a harmonic function, thus, we obtain

4J^{′′}(t)t + 2J^′(t)n = 0,

Weingarten hypersurfaces of the spherical type in Euclidean spaces 231

which can be rewritten as J^{′′}(t) J^′(t) = − 2n 4t , t > 0.

Integrating the above equation in the interval (t_o, t), t_0 > 0, we get

ln J^′(t) = − n 2 �_t

t_0 1 t dt + A = − n 2 ln t + A,

where A is a constant.

Hence, (5.1) J^′(t) = Ct^{−n/2}, C = e^A, where C > 0 is a constant.

Now, if n = 2 integrating (5.1) J(t) = C ln t + D.

If n ≠ 2, integrating (5.1) gives J(t) = C t^{1−n/2} 1 −^n_2

+ D.

This completes the proof. □ Proposition 2. Let Y : U ⊂ R^2 → Π be a parametrization of the plane Π given by Y (u) = (u, 0), u ∈ U, h: U → R a differentiable function and X : U → R^3 an immersion given by (3.2) with Gauss map N given by (3.4). Under these conditions, if X(U) is a Weingarten surface of the spherical type of rotation, then X(U) can be locally parametrized by (5.2) X(u) = (R(u_1) cos u_2, R(u_1) sin u_2, T (u_1)), where

R(u_1) =

(1 − 2u_1)4C^2 e^{u1} − 4CD e^{u1} + e^{3u1} 4C^2 + e^{2u1}

, T (u_1) =

(4Cu_1 + 2D) e^{2u1} 4C^2 + e^{2u1} , C and D are constants and C > 0. Moreover, X(U) has always a circle of singularities and at most two isolated singularities.

Proof: If we choose Y (w) = (w, 0) and h(w) = C ln(|w|^2)+D, w = (w_1, w_2) ∈ C from Proposition 1, then (3.2) is a parametrization of a Weingarten surface of the spherical type of rotation. Making the change of parameters w = e^u, u = u_1 + iu_2 ∈ C,

232 C. D. F. Machado, C. M. C. Riveros we have that Y = ( e^{u1} cos u_2, e^{u1} sin u_2, 0) and h(u) = 2Cu_1 + D, because | e^u| = e^{u1} . Consequently, Y = Y_{,1}, L_{11} = e^{2u1} , h_{,2} = 0. Substituting these expressions into (3.2), we get

X(u) =

�4(1 − 2u_1)C2 − 4CD + e2u_1 4C^2 + e^{2u1} e^u,

4Cu_1 + 2D 4C^2 + e^{2u1} e^{2u1} � , which is equivalent to (5.2).

On the other hand, from (3.6)

V_{11} = − 2C e^{2u1}

, V_{22} = 2C e^{2u1}

, V_{12} = V_{21} = 0.

Using these expressions in (3.7) we obtain P = 1 e^{4u1}

(4(1 + 2u_1)C^2 + 4CD + e^{2u1} )(4(1 − 2u_1)C^2 − 4CD + e^{2u1} ).

Note that X(U) is regular only at points where P ≠ 0. Thus, P = 0 if and only if (5.3) 4(1 + 2u_1)C^2 + 4CD + e^{2u1} = 0, or (5.4) 4(1 − 2u_1)C^2 − 4CD + e^{2u1} = 0.

From expression (5.3) it follows that e^{2u1} = −8C^2u_1 − 4C^2 − 4CD and as the straight line −8C^2u_1 − 4C^2 − 4CD has negative angular coefficient we have that it always intersects the exponential curve e^{2u1} at a point, say u_1 = u^0_1. We affirm that the point u^0_1 always generates a circle of singularities on the surface X(U). In fact, from (5.2), the profile curve is given by

α(u_1) =

�(1 − 2u_1)4C2 eu_1 − 4CD eu_1 + e3u_1 4C^2 + e^{2u1}

, 0,

(4Cu_1 + 2D) e^{2u1} 4C^2 + e^{2u1} �

and its tangent vector is given by

α^′(u_1) =

�( e2u_1 − 4C2)(4(1 + 2u_1)C2 + 4CD + e2u_1 ) (4C^2 + e^{2u1} )^2

, 0, 4C e^{2u1} (4(1 + 2u_1)C^2 + 4CD + e^{2u1} ) (4C^2 + e^{2u1} )^2 � . Therefore, in the point u^0_1 the tangent vector vanishes, this proves that the point u^0_1 generates a circle of singularities.

Similarly, from equation (5.4) one has e^{2u1} = 8C^2u_1 − 4C^2 + 4CD and as the straight line 8C^2u_1 −4C^2 +4CD has positive angular coefficient, we conclude that

Weingarten hypersurfaces of the spherical type in Euclidean spaces 233

this straight line and the exponential curve e^{2u1} can have at most two intersections. These points of intersection are the points where the function R(u_1) = 0, and therefore these points generate isolated singularities on the surface. □ Remark 4. In order to obtain Weingarten surfaces of the spherical type of rotation with one isolated singularity and a circle of singularities, it follows from (5.4) that the constants C and D must satisfy (5.5) D = 2C + 2C ln(2C). Example 2. Considering C = 1 and D = 1 in (5.2) we obtain X(u_1, u_2) = (R(u_1) cos u_2, R(u_1) sin u_2, T (u_1)), and the profile curve is given by α(u_1) = (R(u_1), 0, T (u_1)), where R(u_1) = e^{u1} ( e^{2u1} − 8u_1) 4 + e^{2u1}

, T (u_1) = e^{2u1} (2 + 4u_1) 4 + e^{2u1} . Here R(u_1) = 0 only in two points and the profile curve is not regular only in one point, therefore, the Weingarten surface of spherical type of rotation has two isolated singularities and a circle of singularities (see Figures 1 and 2).

Figure 1 Figure 2

Example 3. Considering C = 1 and D = 0 in (5.2) we obtain X(u_1, u_2) = (R(u_1) cos u_2, R(u_1) sin u_2, T (u_1)),

234 C. D. F. Machado, C. M. C. Riveros

and the profile curve is given by α(u_1) = (R(u_1), 0, T (u_1)), where R(u_1) = e^{u1} (4 + e^{2u1} − 8u_1) 4 + e^{2u1}

, T (u_1) =

4 e^{2u1} u_1 4 + e^{2u1} . Here R(u_1) ≠ 0, ∀ u_1 ∈ R and the profile curve is not regular only in one point, therefore, the Weingarten surface of spherical type of rotation has a circle of singularities (see Figures 3 and 4).

Figure 3 Figure 4

Example 4. From (5.5), considering C = 1 and D = 2 − ln 2 in (5.2) we obtain

X(u_1, u_2) = (R(u_1) cos u_2, R(u_1) sin u_2, T (u_1))

and the profile curve is given by α(u_1) = (R(u_1), 0, T (u_1)), where

R(u_1) = e^{u1} (−4 + e^{2u1} − 8u_1 + 8 log 2) 4 + e^{2u1}

, T (u_1) =

4 e^{2u1} (1 + u_1 − log 2) 4 + e^{2u1} . Here R(u_1) = 0 only in one point and the profile curve is not regular only in one point, therefore, the Weingarten surface of spherical type of rotation has one isolated singularity and a circle of singularities (see Figures 5 and 6).

Weingarten hypersurfaces of the spherical type in Euclidean spaces 235

Figure 5 Figure 6

Acknowledgement. The authors thank the reviewers for their suggestions improving this paper.

References

[1] Blaschke W., I. Grundformeln der Flächentheorie, Abh. Math. Sem. Univ. Hamburg 3 (1924), no. 1, 176–194 (German).

[2] Blaschke W., II. Flächentheorie in Ebenenkoordinaten, Abh. Math. Sem. Univ. Hamburg 3 (1924), no. 1, 195–212 (German).

[3] Blaschke W., III. Beiträge zur Flächentheorie, Abh. Math. Sem. Univ. Hamburg 4 (1925), no. 1, 1–12 (German).

[4] Blaschke W., Vorlesungen über Differentialgeometrie und Geometrische Grundlagen von Einsteins Relativitätstheorie III, Springer, Berlin, 1929 (German).

[5] Corro A. V., Generalized Weingarten surfaces of Bryant type in hyperbolic 3-space, Mat.

Comtemp. 30 (2006), 71–89.

[6] Corro A. M. V., Fernandes K. V., Riveros C. M. C., Generalized Weingarten surfaces of harmonic type in hyperbolic 3-space, Differential Geom. Appl. 58 (2018), 202–226.

[7] Dias D. G., Classes de hipersuperfícies Weingarten generalizada no espaço euclidiano, Ph.D. Thesis, Universidade Federal de Goiás, Goiânia, 2014 (Portuguese).

[8] Ferreira W., Roitman P., Hypersurfaces in hyperbolic space associated with the conformal scalar curvature equation δu + ku^{n+2n−2} = 0, Diffferential Geom. Appl. 27 (2009), no. 2, 279–295.

[9] Gálvez J. A., Martínez A., Milán F., Complete linear Weingarten surfaces of Bryant type.

A Plateau problem at infinity, Trans. Amer. Math. Soc. 356 (2004), no. 9, 3405–3428. [10] Miyagaki O. H., Equações elípticas modeladas em variedades Riemannianas: Uma introdução, Apresentado em Milênio Workshop em equações elípticas, João Pessoa, 2004 (Portuguese).

236 C. D. F. Machado, C. M. C. Riveros

[11] Obata M., The Gauss map of immersions of Riemannian manifolds in spaces of constant curvature, J. Differential Geometry 2 (1968), 217–223.

[12] Pottmann H., Grohs P., Mitra N. J., Laguerre minimal surfaces, isotropic geometry and linear elasticity, Adv. Comput. Math. 31 (2009), no. 4, 391–419.

[13] Schief W. K., On Laplace–Darboux-type sequences of generalized Weingarten surfaces, J. Math. Phys. 41 (2000), no. 9, 6566–6599.

C. D. F. Machado:

FacUnicamps, Rua 210, 386 - 386 - St. Coimbra, CEP 74535-280, Goiânia-GO, Brasil E-mail: cidgeomat@gmail.com

C. M. C. Riveros:

Departamento de Matemática, Universidade de Brasília, CEP 70910-900, Brasília, DF, Brasil E-mail: carlos@mat.unb.br

(Received August 22, 2018, revised October 24, 2019)