Comment.Math.Univ.Carolin. 61,2 (2020) 147–154 147

Roughness in G-graphs

Bibi N. Onagh

Abstract. G-graphs are a type of graphs associated to groups, which were proposed by A. Bretto and A. Faisant (2005). In this paper, we first give some theorems regarding G-graphs. Then we introduce the notion of rough G-graphs and investigate some important properties of these graphs.

Keywords: coset; G-graph; rough set; group; normal subgroup; lower approximation; upper approximation

Classification: 05C25, 03E75, 03E99

1. Introduction

In [12] Z. Pawlak proposed rough set theory as an extension of set theory in 1982. Also, N. Kuroki and P. P. Wang in [11] introduced the notion of rough subgroups with respect to a normal subgroup of a group and investigated some properties of the lower and the upper approximations in a group.

The Cayley graphs are the popular representations of groups by graphs, first studied by A. Cayley in [8] and [9]. Another type of graphs associated to groups are G-graphs. A. Bretto and A. Faisant introduced these graphs to study the graph isomorphism problem [2]. For more information on the properties of Ggraphs, we refer to [1]–[7].

In [13], the notions of rough edge Cayley graphs, pseudo-Cayley graphs, rough vertex pseudo-Cayley graphs and rough pseudo-Cayley graphs have been introduced and their properties have been investigated.

In this paper, we first give some theorems regarding G-graphs. We then introduce the notion of rough G-graphs and investigate their important properties.

2. Preliminaries

In the following, we first briefly review some definitions and terminologies related to groups, rough sets, and graphs. For rough set and graph-theoretic concepts not defined here, we refer to [11] and [14], respectively. In this paper, all groups and graphs are finite.

DOI 10.14712/1213-7243.2020.016

148 B. N. Onagh

2.1 Group definitions. Let G be a group and g ∈ G. Denote by o(G) and o(g) the order of G and g, respectively. Let S be a nonempty subset of a group G such that every g ∈ G can be written as form g = s_{i1} . . . s_{ik} , where s_{i1} , . . . , s_{ik} ∈ S. Then we say that G is generated by S and write G = ⟨S⟩. Throughout this paper, let D_{2n} = ⟨r, s: o(r) = n, o(s) = 2, srs = r^{−1}⟩ be the dihedral group of order 2n, n ≥ 2.

Let H be a subgroup of a group G. Then G can be partitioned in the disjoint union of all the right cosets of H. A right transversal for H in G is a set T^G_H = {t_α}_{α∈I} ⊆ G such that for each right coset Hg, there is precisely one α ∈ I such that Ht_α = Hg. If H = ⟨t⟩ then we use T^G_t instead of T^G_{⟨t⟩}.

2.2 The lower and upper approximations in a group. Let G be a group, N be a normal subgroup of G and A be a nonempty subset of G. Then the sets N_−(A) := {x ∈ G: Nx ⊆ A} and N^∧(A) := {x ∈ G: Nx ∩ A ≠ ∅} are called the lower and upper approximations of A with respect to N, respectively, and � N_−(A), N^∧(A) � is called the rough set of A in G.

Proposition 2.1 ([10], [11]). Let H and N be two normal subgroups of a group G. Let A and B be two nonempty subsets of G. Then:

(i) N_−(A) ⊆ A ⊆ N^∧(A);

(ii) N_−(A ∪ B) ⊇ N_−(A) ∪ N_−(B); (iii) N^∧(A ∪ B) = N^∧(A) ∪ N^∧(B); (iv) N_−(A ∩ B) = N_−(A) ∩ N_−(B); (v) N^∧(A ∩ B) ⊆ N^∧(A) ∩ N^∧(B); (vi) A ⊆ B =⇒ N_−(A) ⊆ N_−(B); (vii) A ⊆ B =⇒ N^∧(A) ⊆ N^∧(B); (viii) N ⊆ H =⇒ N_−(A) ⊇ H_−(A); (ix) N ⊆ H =⇒ N^∧(A) ⊆ H^∧(A).

The following proposition is a modified version of Propositions 2.4 and 2.5 in [11].

Proposition 2.2 ([10]). Let H and N be two normal subgroups of a group G. Let A be a nonempty subset of G. Then:

(i) (H ∩ N)_−(A) ⊇ H_−(A) ∪ N_−(A) ⊇ H_−(A) ∩ N_−(A); (ii) (H ∩ N)^∧(A) ⊆ H^∧(A) ∩ N^∧(A) ⊆ H^∧(A) ∪ N^∧(A).

2.3 Graph definitions. Let Γ = (V_Γ, E_Γ) be a graph. Denote by ‖Γ‖ the number of edges in Γ. A graph Γ is called an empty graph if its edge set is empty. A graph Γ^′ is a subgraph of Γ (written Γ^′ ⊆ Γ) if V_Γ′ ⊆ V_Γ and E_Γ′ ⊆ E_Γ. The union Γ_1 ∪ Γ_2 of two graphs Γ_1 and Γ_2 is a graph with vertex set V_{Γ1} ∪ V_{Γ2} and edge set E_{Γ1} ∪ E_{Γ2} . The intersection Γ_1 ∩ Γ_2 of Γ_1 and Γ_2 is defined analogously.

Roughness in G-graphs 149

Let r ≥ 2 be an integer. A graph Γ is called r-partite if V_Γ can be partitioned into r subsets, or parts, in such a way that no edge has both ends in the same part.

Let S be a nonempty subset of a group G. For any s ∈ S, we have G = � x∈T_s ⟨s⟩x, where Ts := T G s is a right transversal for ⟨s⟩ in G. Consider the cycles

(s)x := (x, sx, s^2x, . . . , s^{o(s)−1}x)

of the permutation g_s : x −→ sx on G. The set ⟨s⟩x is called the support of the cycle (s)x. A G-graph φ(G, S) is a graph with vertex set V := � s∈S V_s, where V_s = {(s)x: x ∈ T_s} are such that for each (s)x, (t)y ∈ V , if |⟨s⟩x ∩ ⟨t⟩y| := l ≥ 1 then the vertices (s)x and (t)y are linked by l edges. We consider φ(G, ∅) as null graph (∅, ∅). One can see that for any s ∈ S and x ∈ T_s, the vertex (s)x has o(s) loops. We denote by ~φ(G, S) the graph constructed by deleting all loops from φ(G, S). The graph ~φ(G, S) is also called G-graph.

Hereafter, we just deal with G-graph ~φ(G, S).

Proposition 2.3 ([2], [3]). Let Γ := ~φ(G, S) be a G-graph. Then:

(i) Graph Γ is connected if and only if G = ⟨S⟩.

(ii) Graph Γ is a simple graph if and only if for all distinct s, t ∈ S, ⟨s⟩ ∩ ⟨t⟩ = 1_G.

3. More facts on G-graphs

In this section, we give some basic facts regarding G-graphs.

Proposition 3.1. Let Γ := ~φ(G, S) be a G-graph. Then Γ is an r-partite graph, where r ≤ |S|.

Proof: If there exist s, t ∈ S such that ⟨s⟩ = ⟨t⟩, then for every x ∈ G, ⟨s⟩x = ⟨t⟩x and so (s)x = (t)x. Moreover, T_s = T_t and then V_s = V_t. Set r := |{V_s : s ∈ S}|. Obviously r ≤ |S|. One can easily see that Γ is r-partite. □

Example 3.2. Let G = Z_6 and S = {1, 2, 3, 4, 5}. Obviously, V_1 = V_5 and V_2 = V_4. So, the G-graph ~φ(G, S) is 3-partite (see Figure 1).

A modified version of Proposition 2 in [2] for G-graph ~φ(G, S) is as follows:

Proposition 3.3. Let Γ := ~φ(G, S) be a G-graph. Then, for every v ∈ V_s, deg(v) = o(s)(r − 1) and ‖Γ‖ = (r(r − 1)/2)o(G), where r = |{V_s : s ∈ S}|.

Theorem 3.4. Let ~φ(G, S_1) and ~φ(G, S_2) be two G-graphs such that S_1 ⊆ S_2. Then ~φ(G, S_1) ⊆ ~φ(G, S_2).

150 B. N. Onagh �

� � �

� �

(0, 1, 2, 3, 4, 5)

(0, 2, 4)

(1, 3, 5)

(0, 3)

(1, 4)

(2, 5)

Figure 1. ~φ(Z_6, {1, 2, 3, 4, 5}).

Proof: Let S_1 ⊆ S_2. Then

V_{~φ(G,S1)} = � s∈S_1

V_s ⊆ � � s∈S_1

V_s � ∪ � � s∈S_2−S_1

V_s � = V_{~φ(G,S2)}.

Thus V_{~φ(G,S1)} ⊆ V_{~φ(G,S2)}.

Now, suppose that there exist p ≥ 1 edges between two distinct vertices (s)x and (t)y in ~φ(G, S_1). Since (s)x ∈ V_s and (t)y ∈ V_t, there are p edges between every vertex in V_s and every vertex in V_t. This implies that |⟨s⟩ ∩ ⟨t⟩| = p. Hence there exist p edges between (s)x and (t)y in ~φ(G, S_2). So ~φ(G, S_1) ⊆ ~φ(G, S_2). □

Remark 3.5. The converse of Theorem 3.4 is not necessarily true. For example, ~φ(Z_6, {1, 2, 3}) ⊆ ~φ(Z_6, {3, 4, 5}) but {1, 2, 3} ⊈ {3, 4, 5}.

Corollary 3.6. Let Γ_1 := ~φ(G, S_1) and Γ_2 := ~φ(G, S_2) be two G-graphs. Then:

(i) Γ_1 ∪ Γ_2 ⊆ ~φ(G, S_1 ∪ S_2); (ii) Γ_1 ∩ Γ_2 ⊇ ~φ(G, S_1 ∩ S_2).

Proof: (i) Since S_1, S_2 ⊆ S_1 ∪ S_2, by Theorem 3.4, we have Γ_1, Γ_2 ⊆ ~φ(G, S_1 ∪ S_2). Therefore Γ_1 ∪ Γ_2 ⊆ ~φ(G, S_1 ∪ S_2).

(ii) Similarly, since S_1 ∩ S_2 ⊆ S_1, S_2, it follows that ~φ(G, S_1 ∩ S_2) ⊆ Γ_1, Γ_2. So ~φ(G, S_1 ∩ S_2) ⊆ Γ_1 ∩ Γ_2. □

Remark 3.7. The converse of Corollary 3.6 is not necessarily true. For example:

(i) Let Γ_1 := ~φ(Z_6, {1}) and Γ_2 := ~φ(Z_6, {4}). Then Γ_1 ∪ Γ_2 ⊉ ~φ(Z_6, {1, 4}). (ii) Let Γ_1 := ~φ(Z_6, {1, 4}) and Γ_2 := ~φ(Z_6, {2, 4, 5}). Then Γ_1 ∩ Γ_2 ⊈ ~φ(Z_6, {4}).

Theorem 3.8. Let ~φ(G_1, S) and ~φ(G_2, S) be two G-graphs. Then ~φ(G_1, S) ⊆ ~φ(G_2, S) if and only if G_1 ⊆ G_2.

Roughness in G-graphs 151

Proof: Let G_1 ⊆ G_2 and (s)x ∈ V_{~φ(G1,S)}. Then s ∈ S and x ∈ G_1. Suppose that (s)x /∈ V_{~φ(G2,S)}. Since x ∈ G_2 = � y∈T^{G2}_s ⟨s⟩y, there exists y ∈ T

G_2

s such that x ∈ ⟨s⟩y. On the other hand, x ∈ ⟨s⟩x. Hence ⟨s⟩x = ⟨s⟩y. So (s)x = (s)y, a contradiction. Therefore (s)x ∈ V_{~φ(G2,S)} and then V_{~φ(G1,S)} ⊆ V_{~φ(G2,S)}. By similar argument as in the proof of Theorem 3.4, one can show that E_{~φ(G1,S)} ⊆ E_{~φ(G2,S)}. Thus ~φ(G_1, S) ⊆ ~φ(G_2, S).

Conversely, let ~φ(G_1, S) ⊆ ~φ(G_2, S) and g ∈ G_1. Let s be an arbitrary fixed element of S. Since g ∈ G_1 = � x∈T^{G1}_s ⟨s⟩x, there exists x ∈ T

G_1

s such that g ∈ ⟨s⟩x. Note that (s)x ∈ V_{~φ(G1,S)}. Hence (s)x ∈ V_{~φ(G2,S)}. Therefore ⟨s⟩x ⊆ G_2 and then g ∈ G_2. Thus G_1 ⊆ G_2. □

Theorem 3.9. Let Γ_1 := ~φ(H_1, S_1) and Γ_2 := ~φ(H_2, S_2) be two G-graphs, where H_1 and H_2 are two subgroups of a group G. Then Γ_1 ∩ Γ_2 ⊇ ~φ(H_1 ∩ H_2, S_1 ∩ S_2).

Proof: Since H_1 ∩ H_2 ⊆ H_1, H_2, by Theorem 3.8, it follows that

~φ(H_1 ∩ H_2, S_1 ∩ S_2) ⊆ ~φ(H_1, S_1 ∩ S_2), ~φ(H_2, S_1 ∩ S_2).

Now, since S_1 ∩ S_2 ⊆ S_1, S_2, by Theorem 3.4, we have ~φ(H_1, S_1 ∩ S_2) ⊆ Γ_1 and ~φ(H_2, S_1 ∩ S_2) ⊆ Γ_2, respectively. Therefore ~φ(H_1 ∩ H_2, S_1 ∩ S_2) ⊆ Γ_1, Γ_2 and then ~φ(H_1 ∩ H_2, S_1 ∩ S_2) ⊆ Γ_1 ∩ Γ_2. □

Remark 3.10. The converse of Theorem 3.9 is not necessarily true. For example, if Γ_1 := ~φ(Z_6, {1, 4}) and Γ_2 := ~φ(Z_6, {2, 4, 5}) then Γ_1 ∩ Γ_2 ⊈ ~φ(Z_6, {4}).

4. Rough G-graphs

In this section, the notions of the lower and upper approximations of a Ggraph with respect to a normal subgroup are introduced and their properties are investigated.

Definition 4.1. Let G be a group, N be a normal subgroup of G and Γ := ~φ(G, S) be a G-graph. Then the graphs Γ := ~φ � G, N_−(S) � and Γ := ~φ � G, N^∧(S) � are called the lower and upper approximations of Γ with respect to N, respectively and (Γ, Γ) is called the rough G-graph of Γ with respect to N.

Example 4.2. Let G = Z_8, S = {1, 2, 3, 5, 7}, N = {0, 2, 4, 6} and Γ := ~φ(G, S). Note that N_−(S) = {1, 3, 5, 7} and N^∧(S) = {0, 1, 2, 3, 4, 5, 6, 7}. Then Γ = ~φ(Z_8, {1, 3, 5, 7}) and Γ = ~φ(Z_8, {0, 1, 2, 3, 4, 5, 6, 7}) (see Figure 2).

Theorem 4.3. Let N be a normal subgroup of a group G and Γ := ~φ(G, S) be a G-graph. Then Γ ⊆ Γ ⊆ Γ.

152 B. N. Onagh

� � �

� (0, 1, 2, 3, 4, 5, 6, 7)

(0, 1, 2, 3, 4, 5, 6, 7) (0, 2, 4, 6) (1, 3, 5, 7) Γ Γ

� � � � � � � �

� � � �

� � �

(0, 1, 2, 3, 4, 5, 6, 7)

(0, 2, 4, 6) (1, 3, 5, 7)

(0, 4) (1,5) (2,6) (3, 7)

(0) (1) (2) (3) (4) (5) (6) (7) Γ Figure 2. Rough G-graph ~φ(Z_8, {1, 2, 3, 5, 7}) with respect to

N = {0, 2, 4, 6}.

Proof: By Proposition 2.1 (i), we have N_−(S) ⊆ S ⊆ N^∧(S). Now, Theorem 3.4

implies that Γ ⊆ Γ ⊆ Γ. □

Theorem 4.4. Let N be a normal subgroup of a group G. Let ~φ(G, S_1) and

~φ(G, S_2) be two G-graphs. Then:

(i) ~φ(G, N_− � S_1 ∪ S_2) � ⊇ ~φ � G, N_−(S_1) � ∪ ~φ � G, N_−(S_2) � ; (ii) ~φ � G, N^∧(S_1 ∪ S_2) � ⊇ ~φ � G, N^∧(S_1) � ∪ ~φ � G, N^∧(S_2) � ; (iii) ~φ � G, N_−(S_1 ∩ S_2) � ⊆ ~φ � G, N_−(S_1) � ∩ ~φ � G, N_−(S_2) � ; (iv) ~φ � G, N^∧(S_1 ∩ S_2) � ⊆ ~φ � G, N^∧(S_1) � ∩ ~φ � G, N^∧(S_2) � . Proof: (i) By Proposition 2.1 (ii), N_−(S_1∪S_2) ⊇ N_−(S_1)∪N_−(S_2). On the other

hand, N_−(S_1) ∪ N_−(S_2) ⊇ N_−(S_1), N_−(S_2). So N_−(S_1 ∪ S_2) ⊇ N_−(S_1), N_−(S_2).

Now, by Theorem 3.4, it follows that ~φ � G, N_−(S_1 ∪ S_2) � ⊇ ~φ � G, N_−(S_1) � , ~φ � G, N_−(S_2) � . Therefore ~φ � G, N_−(S_1 ∪ S_2) � ⊇ ~φ � G, N_−(S_1) � ∪ ~φ � G, N_−(S_2) � . (ii) By Proposition 2.1 (iii) , N^∧(S_1 ∪ S_2) = N^∧(S_1) ∪ N^∧(S_2). Now, Corol-

lary 3.6 (i) implies that ~φ � G, N^∧(S_1 ∪ S_2) � ⊇ ~φ � G, N^∧(S_1) � ∪ ~φ � G, N^∧(S_2) � . (iii) By Proposition 2.1 (iv), N_−(S_1 ∩ S_2) = N_−(S_1) ∩ N_−(S_2). Now, Corol-

lary 3.6 (ii) yields ~φ � G, N_−(S_1 ∩ S_2) � ⊆ ~φ � G, N_−(S_1) � ∩ ~φ � G, N_−(S_2) � . (iv) By Proposition 2.1 (v), N^∧(S_1 ∩ S_2) ⊆ N^∧(S_1) ∩ N^∧(S_2). On the other

hand, N^∧(S_1) ∩ N^∧(S_2) ⊆ N^∧(S_1), N^∧(S_2). Then N^∧(S_1 ∩ S_2) ⊆ N^∧(S_1),

Roughness in G-graphs 153

N^∧(S_2). Now, by using Theorem 3.4, we have ~φ � G, N^∧(S_1∩S_2) � ⊆ ~φ � G, N^∧(S_1) � , ~φ � G, N^∧(S_2) � . Therefore ~φ � G, N^∧(S_1 ∩ S_2) � ⊆ ~φ � G, N^∧(S_1) � ∩ ~φ � G, N^∧(S_2) � . □ Remark 4.5. The converse of Theorem 4.4 is not necessarily true. For example:

(i) Let G = D_6, S_1 = {s, r^2s}, S_2 = {s, rs}, N = {1, r, r^2}, Γ_1 := ~φ(G, S_1)

and Γ_2 := ~φ(G, S_2). Note that N_−(S_1) = N_−(S_2) = ∅ and N_−(S_1 ∪S_2) =

{s, rs, r^2s}. Then ~φ � G, N_−(S_1 ∪ S_2) � ⊈ ~φ � G, N_−(S_1) � ∪ ~φ � G, N_−(S_2) � . (ii) Let G = D_8, S_1 = {r, s}, S_2 = {r^2, s}, N = {1, r^2}, Γ_1 := ~φ(G, S_1)

and Γ_2 := ~φ(G, S_2). Note that N^∧(S_1) = {r, r^3, s, r^2s}, N^∧(S_2) =

{1, r^2, s, r^2s} and N^∧(S_1 ∪ S_2) = {1, r, r^2, r^3, s, r^2s}. Then ~φ � G, N^∧(S_1 ∪

S_2) � ⊈ ~φ � G, N^∧(S_1) � ∪ ~φ � G, N^∧(S_2) � . (iii) Let G = Z_6, S_1 = {1, 4}, S_2 = {2, 4, 5}, N = {0}, Γ_1 := ~φ(G, S_1)

and Γ_2 := ~φ(G, S_2). Note that N_−(S_1) = {1, 4}, N_−(S_2) = {2, 4, 5}

and N_−(S_1 ∩ S_2) = {4}. Then ~φ � G, N_−(S_1 ∩ S_2) � ⊉ ~φ � G, N_−(S_1) � ∩ ~φ � G, N_−(S_2) � . (iv) Let G = D_6, S_1 = {r, s}, S_2 = {r, rs}, N = {1, r, r^2}, Γ_1 := ~φ(G, S_1) and

Γ_2 := ~φ(G, S_2). Note that N^∧(S_1) = N^∧(S_2) = D_6 and N^∧(S_1 ∩ S_2) =

{1, r, r^2}. Then ~φ � G, N^∧(S_1 ∩ S_2) � ⊉ ~φ � G, N^∧(S_1) � ∩ ~φ � G, N^∧(S_2) � . Theorem 4.6. Let N and H be two normal subgroups of a group G such that

N ⊆ H. Let Γ := ~φ(G, S) be a G-graph. Then:

(i) ~φ � G, N_−(S) � ⊇ ~φ � G, H_−(S) � ; (ii) ~φ � G, N^∧(S) � ⊆ ~φ � G, H^∧(S) � . Proof: (i) By Proposition 2.1 (viii), N_−(S) ⊇ H_−(S). So, Theorem 3.4 yields ~φ � G, N_−(S) � ⊇ ~φ � G, H_−(S) � . (ii) By Proposition 2.1 (ix) and Theorem 3.4, the proof is similar to (i). □

Theorem 4.7. Let N and H be two normal subgroups of a group G. Let Γ :=

~φ(G, S) be a G-graph. Then:

(i) ~φ � G, (H ∩ N)_−(S) � ⊇ ~φ � G, H_−(S) � ∪ ~φ � G, N_−(S) � ⊇ ~φ � G, H_−(S) � ∩ ~φ � G, N_−(S) � ; (ii) ~φ � G, (H ∩ N)^∧(S) � ⊆ ~φ � G, H^∧(S) � ∩ ~φ � G, N^∧(S) � ⊆ ~φ � G, H^∧(S) � ∪ ~φ � G, N^∧(S) � . Proof: (i) By Proposition 2.2 (i), (H ∩ N)_−(S) ⊇ H_−(S) ∪ N_−(S). Now, The-

orem 3.4 implies that ~φ � G, (H ∩ N)_−(S) � ⊇ ~φ � G, H_−(S) ∪ N_−(S) � . On the

other hand, by Corollary 3.6 (i), we have ~φ � G, H_−(S)∪N_−(S) � ⊇ ~φ � G, H_−(S) � ∪ ~φ � G, N_−(S) � . Obviously ~φ � G, H_−(S) � ∪ ~φ � G, N_−(S) � ⊇ ~φ � G, H_−(S) � ∩ ~φ � G, N_−(S) � . Therefore ~φ � G, (H ∩ N)_−(S) � ⊇ ~φ � G, H_−(S) � ∪ ~φ � G, N_−(S) � ⊇ ~φ � G, H_−(S) � ∩ ~φ � G, N_−(S) � .

154 B. N. Onagh

(ii) By Proposition 2.2 (ii) , (H ∩N)^∧(S) ⊆ H^∧(S)∩N^∧(S). Now, Theorem 3.4 implies that ~φ � G, H ∩ N)^∧(S) � ⊆ ~φ � G, H^∧(S) ∩ N^∧(S) � . On the other hand, by Corollary 3.6 (ii), we have ~φ � G, H^∧(S) ∩ N^∧(S) � ⊆ ~φ � G, H^∧(S) � ∩ ~φ � G, N^∧(S) � . Obviously ~φ � G, H^∧(S) � ∩ ~φ � G, N^∧(S) � ⊆ ~φ � G, H^∧(S) � ∪ ~φ � G, N^∧(S) � . Therefore ~φ � G, (H ∩ N)^∧(S) � ⊆ ~φ � G, H^∧(S) � ∩ ~φ � G, N^∧(S) � ⊆ ~φ � G, H^∧(S) � ∪ ~φ � G, N^∧(S) � . □ Acknowledgment. The author would like to thank the anonymous referees for their valuable comments and suggestions that improve the presentation of this work.

References

[1] Badaoui M., Bretto A., Ellison D., Mourad B., On constructing expander families of Ggraphs, Ars Math. Contemp. 15 (2018), no. 2, 425–440.

[2] Bretto A., Faisant A., Another way for associating a graph to a group, Math. Slovaca 55 (2005), no. 1, 1–8.

[3] Bretto A., Faisant A., Cayley graphs and G-graphs: some applications, J. Symbolic Comput. 46 (2011), no. 12, 1403–1412.

[4] Bretto A., Faisant A., Gillibert L., G-graphs: a new representation of groups, J. Symbolic Comput. 42 (2007), no. 5, 549–560.

[5] Bretto A., Gilibert L., G-graphs for the cage problem: a new upper bound, International Symp. on Symbolic and Algebraic Computation, ISSAC 2007, ACM, New York, 2007, pages 49–53.

[6] Bretto A., Gillibert L., G-graphs: an efficient tool for constructing symmetric and semisymmetric graphs, Discrete Appl. Math. 156 (2008), no. 14, 2719–2739.

[7] Bretto A., Jaulin C., Gillibert L., Laget B., A new property of Hamming graphs and mesh of d-ary trees, 8th Asian Symposium, ASCM 2007, Singapore, 2007, Lecture Notes in Artificial Intelligence, Subseries Lecture Notes in Computer Science 5081, 2008, pages 139–150.

[8] Cayley A., Desiderata and suggestions: No. 2. The theory of groups: graphical representations, Amer. J. Math. 1 (1878), no. 2, 174–176.

[9] Cayley A., On the theory of groups, Amer. J. Math. 11 (1889), no. 2, 139–157. [10] Cheng W., Mo Z.-W., Wang J., Notes on: “The lower and upper approximations in a fuzzy group” and “Rough ideals in semigroups”, Inform. Sci. 177 (2007), no. 22, 5134–5140.

[11] Kuroki N., Wang P. P., The lower and upper approximations in a fuzzy group, Inform. Sci.

90 (1996), no. 1–4, 203–220.

[12] Pawlak Z., Rough sets, Internat. J. Comput. Inform. Sci. 11 (1982), no. 5, 341–356. [13] Shahzamanian M. H., Shirmohammadi M., Davvaz B., Roughness in Cayley graphs, Inform.

Sci. 180 (2010), no. 17, 3362–3372.

[14] West D. B., Introduction to Graph Theory, Prentice Hall, Upper Saddle River, 1996.

B. N. Onagh:

Department of Mathematics, Faculty of Sciences, Golestan University, Shahid Beheshti St, P. O. Box 155, 15759-49138, Gorgan, Iran

E-mail: bn.onagh@gu.ac.ir

(Received December 23, 2018, revised January 26, 2019)