Comment.Math.Univ.Carolin. 62,1 (2021) 33–40 33

A characterization of symplectic groups related to Fermat primes

Behnam Ebrahimzadeh, Alireza K. Asboei

Abstract. We proved that the symplectic groups PSp(4, 2^n), where 2^{2n} + 1 is a Fermat prime number is uniquely determined by its order, the first largest element orders and the second largest element orders.

Keywords: element order; the largest element order; prime graph; symplectic group

Classification: 20D06, 20D60

1. Introduction

Throughout this paper, all groups considered are finite and p is a Fermat prime number. The set of prime divisors of |G| is denoted by π(G), the set of orders of elements of G is denoted by π_e(G), the largest element orders and the second largest element orders of π_e(G) are denoted by k_1(G) and k_2(G), respectively. Also, a Sylow p-subgroup of G is denoted by G_p. The prime graph Γ(G) of group G is a graph whose vertex set is π(G), and two vertices u and v are adjacent if and only if uv ∈ π_e(G). Furthermore, assume that Γ(G) has t(G) connected components π_i for i = 1, 2, . . . , t(G). In the case where |G| is of even order, let π_1 be the connected component containing 2.

In the past 30 years, there has been a lot of attention to the problem, whether a finite simple group G is fully determined by |G| and π_e(G). The problem was completely solved by V. D. Mazurov et al. in [9]. After that, several researchers tried to characterize some finite simple groups with less information. It turns out that the largest element orders can be used to characterize L_3(q) (q ≤ 8) and U_3(q) (q ≤ 11), L_2(q) where q < 125, the sporadic simple groups, K_4-group of type L_2(p), PGL(2, q), the Suzuki group Sz(q), where q − 1 or q ± √ 2q + 1 is a prime number by using the largest orders, see [6], [3], [5], [1], [4], [8].

In this paper, we show that the simple symplectic groups PSp(4, 2^n), where 2^{2n} + 1 is a Fermat prime number, is uniquely determined by its order, the first

DOI 10.14712/1213-7243.2020.033

largest element orders and the second largest element orders. The main theorem is as follows.

Main theorem. Let G be a group such that |G| = |PSp(4, 2^n)|, k_1(G) = k_1(PSp(4, 2^n)) = 2^{2n}+1 and k_2(G) = k_2(PSp(4, 2^n)) = 2^{2n}−1, where (2^{2n}+1) > 5 is a Fermat prime number. Then G ∼= PSp(4, 2^n).

2. Preliminaries

Lemma 2.1 ([2]). Let G be a Frobenius group of even order with kernel K and complement H. Then

(1) t(G) = 2, π(H) and π(K) are vertex sets of the connected components of Γ(G);

(2) |H| divides |K| − 1; (3) kernel K is nilpotent.

Definition 2.2. A group G is called a 2-Frobenius group if there is a normal series 1 ⊴ H ⊴ K ⊴ G such that G/H and K are Frobenius groups with kernels K/H and H, respectively.

Lemma 2.3 ([9]). Let G be a 2-Frobenius group of evenorder. Then (1) t(G) = 2, π(H) ∪ π(G/K) = π_1 and π(K/H) = π_2;

(2) G/K and K/H are cyclic groups satisfying |G/K| divides |Aut(K/H)|.

Lemma 2.4 ([10]). Let G be a finite group with t(G) ≥ 2. Then one of the following statements holds:

(1) group G is a Frobenius group; (2) group G is a 2-Frobenius group;

(3) group G has a normal series 1 ⊴ H ⊴ K ⊴ G such that H and G/K are π_1-groups, K/H is a non-abelian simple group.

3. Proof of the main theorem

We denote the simple symplectic groups PSp(4, 2^n) by C and prime number 2^{2n} + 1 = q^2 + 1 by p. Recall that G is a group such that |G| = |C| = q^4 × (q^4 − 1)(q^2 − 1), k_1(G) = k_1(C) = q^2 + 1 and k_2(G) = k_2(C) = q^2 − 1.

Lemma 3.1. Vertex p is an isolated vertex of Γ(G).

Proof: Let there is t ∈ π(G) − {p} such that tp ∈ π_e(G). So, tp ≥ 2p = 2(q^2 + 1) > q^2 + 1 and so k_1(G) = q^2 + 1 < tp, which is a contradiction. □

By the above lemma, we have t(G) ≥ 2. By Lemma 2.4, G is a Frobenius group, or a 2-Frobenius group, or G has a normal series 1 ⊴ H ⊴ K ⊴ G such that H and G/K are π_1-groups, and K/H is a non-abelian simple group. In the following two lemmas, we show that G is neither a Frobenius group nor a 2-Frobenius group.

Lemma 3.2. Group G is not a Frobenius group.

Proof: Let G be a Frobenius group with kernel K and complement H. By Lemma 3.2, t(G) = 2, π(H) and π(K) are vertex sets of the connected components of Γ(G) and also |H| divides |K| − 1. Now, by Lemma 3.1, p is an isolated vertex of Γ(G). Thus, we deduce that (i) |H| = p and |K| = |G|/p or (ii) |H| = |G|/p and |K| = p. Since |H| divides |K| − 1, the last case cannot occur. So, |H| = p and |K| = |G|/p, and hence q^2 + 1 | q^4(q^4 − 1)(q^2 − 1)/(q^2 + 1) − 1. Therefore, (q^2 + 1) divides (q^2 + 1)(q^6 − 3q^4 + 4q^2 − 4) + 4. It follows that p | 4, which is a contradiction. □

Lemma 3.3. Group G is not a 2-Frobenius group.

Proof: Let G be a 2-Frobenius group. Then G has a normal series 1 ⊴ H ⊴ K ⊴ G such that G/H and K are Frobenius groups by kernels K/H and H, respectively. Set |G/K| = x. Since p is an isolated vertex of Γ(G), we have |K/H| = p and |H| = |G|/(xp). By Lemma 3.3, |G/K| divides |Aut(K/H)|. Thus, x | p − 1. On the other hand, (q^2, q − 1) = 1. So, |G/K| | (p − 1), we deduce that (q − 1) | |H|. Since H is nilpotent, H_t ⋊ K/H is a Frobenius group with kernel H_t and complement K/H, where t is a prime divisor of q − 1. So, |K/H| divides |H_t|−1. That implies that q^2 +1 ≤ q−2 ≤ q, which is a contradiction. □

Now, we show that G is isomorphic to C. Since G is neither a Frobenius group nor a 2-Frobenius group, by Lemma 2.4, G has a normal series 1 ⊴ H ⊴ K ⊴G such that H and G/K are π_1-groups and also K/H is a non-abelian simple group. Since |G| = |G/K| × |K/H| × |H| and H and G/K are π_1-groups, each odd order component of G is an odd order component of K/H. Since p | |K/H|, t(k/H) ≥ 2. According to the classification of finite simple groups, we know that the possibilities for K/H are the alternating group Alt_m, m ≥ 5, one of the 26 sporadic simple groups, and the simple groups of Lie types.

In the rest of the proof, we shall consider all these possibilities one after another.

Step 1. Let K/H ∼= Alt_m, where there is a prime p^′ such that m ∈ {p^′, p^′ + 1, p^′ + 2}. By [10] k_2(Alt_m) = p^′, or p^′ − 2. If q^2 − 1 = p^′, then q^2 − 2 = p^′ − 1. On the other hand, |Alt_m| | |PSp(4, q)| = q^4(q^4 − 1)(q^2 − 1).

Hence, q^2 − 2 = p^′ − 1 divides the order of Alt_m, and that divides the order of PSp(4, q), which is equal to q^4(q^4 − 1)(q^2 − 1). The latter integer is not divisible by q^2 − 2, and that is a contradiction.

Similarly, if q^2 − 1 = p^′ − 2, then q^2 − 2 = p^′ − 3. So, q^2 − 2 = p^′ − 3 divides the order of Alt_m, and that divides the order of PSp(4, q), which is a contradiction.

Step 2. If K/H is isomorphic to one of the sporadic simple groups, then by [7], k_2(S) = {5, 7, 11, 13, 17, 19, 23, 31, 37, 59}. So, q^2 − 1 = 5, 7, 11, 17, 19, 23, 31, 37, 59. Let q^2 − 1 = 5. Then q^2 = 6. Now, we can see easily this equation is impossible. Similarly, we can rule out the other cases.

Step 3. Let K/H be isomorphic to a simple group of Lie-type. 3.1. Then K/H ≁= B_m(q ), where m > 2, q is a prime power. By [7], k_2(B_m(q )) = q^m − q. Also,

|B_m(q )| = 1 (2, q − 1) q^{m2} m∏ i=1 (q^{2i} − 1).

Since |B_m(q )| | |G|, 1 (2, q − 1) q^{m2} m∏ i=1 (q^{2i} − 1) | q^4(q^4 − 1)(q^2 − 1).

On the other hand, q^2 − 1 = q^m − q. So, (q − 1)(q + 1) = q (q^{m−1} − 1). Since (q − 1, q + 1) = 1, so we have q − 1 = q and q + 1 = q^{m−1} − 1. As a result, q = q + 1 and q = q^{m−1} − 2 and so |B_m(q )| ∤ |G|, which is a contradiction. 3.2. If K/H ∼=^3D_4(q), then by [7], k_2(^3D_4(q )) = q^4 − q^2 + 1. Also, we have

|^3D_4(q )| = q^{12}(q^8 + q^4 + 1)(q^6 − 1)(q^2 − 1).

Since |^3D_4(q )| | |G|,

q^{12}(q^8 + q^4 + 1)(q^6 − 1)(q^2 − 1) | q^4(q^4 − 1)(q^2 − 1).

On the other hand, q^2 − 1 = q^4 − q^2 + 1. It follows that q^2 − 2 = q^2(q^2 − 1).

Thus, 2(2^{2n−1} − 1) = q^2(q^2 − 1) and so q^2 = 2, or 3. In both cases, we get a contradiction.

3.3. Let K/H ∼= E_6(q ), E_7(q ), E_8(q ), F_4(q ). For example, if K/H ∼= F_4(q ), then by [7], k_2(F_4(q )) = q^4 + 1. Also,

|F_4(q )| = q^{24}(q^2 − 1)(q^6 − 1)(q^8 − 1)(q^{12} − 1).

Since |F_4(q )| | |G|,

q^{24}(q^2 − 1)(q^6 − 1)(q^8 − 1)(q^{12} − 1) | q^4(q^4 − 1)(q^2 − 1).

Therefore, q^2 − 1 = q^4 + 1 and then q^2 = q^4 + 2, which is a contradiction by |F_4(q )| | |G|.

Similarly, when K/H ∼= E_6(q ), E_7(q ), or E_8(q ), we get a contradiction. 3.4. If K/H ∼=^2E_6(q ), then by [7] k_2(^2E_6(q )) = (q^6 − 1)/(3, q + 1). Also,

|^2E_6(q )| = q^{36}(q^{12} − 1)(q^9 + 1)(q^8 − 1)(q^6 − 1)(q^5 + 1)(q^2 − 1) (3, q + 1) . So, q^2 − 1 = (q^6 − 1)/(3, q + 1). First, if (3, q + 1) = 1, then q^2 − 1 = q^6 − 1 and so q^2 = q^6. It follows that |^2E_6(q )| ∤ |G|, which is a contradiction.

Similarly, when (3, q + 1) = 3, we get a contradiction.

3.5. If K/H ∼=^2G_2(3^{2m+1}) where m ≥ 1, then by [7], k(^2G_2(3^{2m+1})) = 3^{2m+1} − 3^{m+1} + 1. Also, if q = 3^{2m+1}, then |^2G_2(3^{2m+1}| = q^3(q^3 + 1)(q − 1).

Since |^2G_2(3^{2m+1})| | |G|, we have q^3(q^3 + 1)(q − 1) | q^4(q^4 − 1)(q^2 − 1).

So, 3^{2m+1} − 3^{m+1} + 1 = q^2 − 1 and so q^2 − 2 = 3^{2m+1} − 3^{m+1}. Hence, 2(2^{2n−1} − 1) = 3^{m+1}(3^m − 1).

Then 3^m − 1 = 2 and 3^{m+1} = 2^{2n−1} − 1, which implies that m = 1 and n = 2. On the other hand, |^2G_2(27)| ∤ |PSp(4, 4)|, which is a contradiction. 3.6. If K/H ∼=^2B_2(q ), where q = 2^{2m+1} ≥ 8, then by [7], k_2(^2B_2(q )) = q − 1. We have |^2B_2(q )| = q^2(q^2 + 1)(q − 1).

Since |^2B_2(q )| | |G|, we have q^2(q^2 + 1)(q − 1) | q^4(q^4 − 1)(q^2 − 1).

On the other hand, q − 1 = q^2 − 1. So, q = q^2. Hence, q^4(q^4 + 1)(q^2 − 1) | q^4(q^4 − 1)(q^2 − 1), which is a contradiction.

3.7. If K/H ∼= G_2(q ), then by [7], k_2(G_2(q )) = q^{′2} − q + 1 and also |G_2(q )| = q^6(q^6 − 1)(q^2 − 1).

Since |G_2(q )| | |G|, q^6(q^6 − 1)(q^2 − 1) | q^4(q^4 − 1)(q^2 − 1).

On the other hand, q^2 − 1 = q^2 − q + 1. So, 2(2^{2n−1} − 1) = q (q − 1) and then q = 2. As a result, 2 = 2^{2n−1}, which is a contradiction.

3.8. Let K/H ∼=^2A_m(q ), where m ≥ 2. If m = 2, then by [7], k_2(^2A_2(q )) = (q^2 − q + 1)/(3, q + 1). Also,

|^2A_2(q )| = 1 (3, q + 1) q^3 m∏ i=1 (q^{i+1} − (−1)^{i+1}).

Since |^2A_2(q )| | |G|, we have (q^2 − q + 1)/(3, q + 1) = q^2 − 1. If (3, q + 1) = 1, then q^2 − q + 1 = q^2 − 1. Thus, 2(2^{2n−1} − 1) = q (q − 1).

So, q = 2, which is a contradiction.

If m > 2, then k_2(^2A_m(q )) = q^{2m} − 1 (2n^′ + 1, q + 1) . Now, q^2 − 1 = (q^{2m} − 1)/(2n^′ + 1, q + 1). So,

q^4 =

( q 2m − 1 (2m + 1, q + 1) + 1 )_2 ≤ q^{4m}.

Also, q^{m(m+1)/2}

∏_m

i=1(q^{i+1} − (−1)^{i+1}) (m + 1, q + 1)

| |G|.

Thus,

q^{m(m+1)/2} < q^{m(m+1)/2}

∏_m

i=1(q^{i+1} − (−1)^{i+1}) (m + 1, q + 1)

≤ q^4(q^4 − 1)(q^2 − 1) ≤ q^4

and so q^{m(m+1)/2} ≤ q^{4m}. As a result, m ≤ 7, which is a contradiction. 3.9. Let K/H ∼= D_m(q), where m ≥ 4. Similar to Case 3.8, we get a contradiction. 3.10. If K/H ∼=^2F_4(q ), where q = 2^{2m+1} ≥ 8, then by [7],

k_2(^2F_4(q )) = q^2 − √ 2q^3 + q − √ 2q + 1.

So, q^2 − √ 2q^3 + q − √ 2q + 1 = q^2 − 1. As a result, 2(2^{2n−1} − 1) = 2^{m+1}(2^{3m+1} − 2^{2m+1} + 2^m − 1).

Hence, 2^{m+1} = 2 and 2^{3m+1} − 2^{2m+1} + 2^m = 2^{2n−1}.

If 2^{m+1} = 2, then m = 0, which is a contradiction. If 2^{3m+1} − 2^{2m+1} + 2^m = 2^{2n−1}, then

2^m(2^{2m+1} − 2^{m+1} + 1) = 2^{2n−1}.

So, 2^m = 2 and 2^{2m+1} − 2^{m+1} + 1 = 2^{2n−2}. Then m = 1 and so 5 = 2^{2n−2}, which is a contradiction.

3.11. If K/H ∼= L_{m+1}(q ), where m ≥ 1, then by [7]

k_2(L_{m+1}(q )) =

(q^{m+1} − 1)(q^m − 1) (q − 1)(q − 1, m + 1) . Also,

|L_{m+1}(q )| = 1 (m + 1, q − 1) q^{m(m+1)/2}(q^m − 1) m∏ i=1 (q^{i+1} − 1).

We have 1 (m + 1, q − 1) q^{m(m+1)/2}(q^m − 1) m∏ i=1 (q^{i+1} − 1) | q^4(q^4 − 1)(q^2 − 1)

so, (q^{m+1} − 1)(q^m − 1) (q − 1)(q − 1, m + 1)

= q^2 − 1 and so q^4 =

( (q m+1 − 1)(q m − 1) (q − 1)(q − 1, m + 1) + 1 )_2 . Since |L_{m+1}(q )| ∤ |G|, we get a contradiction.

3.12. Let K/H ∼= PSp(m, q ), where m ≥ 4. First, if m > 4, then by [7],

k_2(PSp(m, q )) = q^m − q.

So, q^2 −1 = q^m −q and then (q −1)(q +1) = q (q^{m−1} −1). Since (q −1, q +1) = 1, q − 1 = q and q + 1 = q^{m−1} − 1, q = q + 1 and q = q^{n−1} − 2. Therefore, |PSp(m, q )| ∤ |G|, which is a contradiction.

If m = 4, then k_2(PSp(m, q )) = q^2 − 1 = q^2 − 1. Thus, q = q and so K/H ∼= C. It follows that H = 1 and G = K ∼= C. The proof of the main theorem is completed.

Acknowledgment. The authors would like to thank the referee for his/her valuable comments which helped to improve the manuscript.

40 B. Ebrahimzadeh, A. K. Asboei

References

[1] Ebrahimzadeh B., Iranmanesh A., Tehranian A., Parvizi Mosaed H., A characterization of the Suzuki groups by order and the largest elements order, J. Sci. Islam. Repub. Iran 27 (2016), no. 4, 353–355.

[2] Gorenstein D., Finite Groups, Chelsea Publishing Co., New York, 1980. [3] He L.-G., Chen G.-Y., A new characterization of L_2(q) where q = p^n < 125, Ital. J. Pure Appl. Math. 28 (2011), 127–136.

[4] He L. G., Chen G. Y., A new characterization of L_3(q) (q ≤ 8) and U_3(q) (q ≤ 11), J. Southwest China Normal Univ. 27(33) (2011), 81–87.

[5] He L., Chen G., A new characterization of simple K_4-groups with type L_2(p), Adv. Math.

(China) 43 (2014), no. 5, 667–670.

[6] He L.-G., Chen G.-Y., Xu H.-J., A new characterization of sporadic simple groups, Ital. J.

Pure Appl. Math. 30 (2013), 373–392.

[7] Kantor W. M., Seress Á., Large element orders and the characteristic of Lie-type simple groups, J. Algebra 322 (2009), no. 3, 802–832.

[8] Li J., Shi W., Yu D., A characterization of some PGL(2, q) by maximum element orders, Bull. Korean Math. Soc. 52 (2015), no. 6, 2025–2034.

[9] Vasil’ev A. V., Grechkoseeva M. A., Mazurov V. D., Characterization of finite simple groups by spectrum and order, Algebra Logika 48 (2009), no. 6, 685–728, 821, 824 (Russian. English, Russian summary); translation in Algebra Logic 48 (2009), no. 6, 385–409.

[10] Williams J. S., Prime graph components of finite groups, J. Algebra 69 (1981), no. 2, 487–513.

B. Ebrahimzadeh:

Young Researchers and Elite Club, Science and Research Branch, Islamic Azad University, Torkamanestan St, No. 3, Tehran, Iran

E-mail: behnam.ebrahimzadeh@gmail.com

A. K. Asboei:

Department of Mathematics, Farhangian University, Tarbiat e-Moallem St, Farahzadi Blv, 1998963341, Tehran, Iran

E-mail: a.khalili@cfu.ac.ir

(Received May 6, 2019, revised February 4, 2020)