Comment.Math.Univ.Carolin. 62,1 (2021) 67–79 67

Extreme points of the Besicovitch–Orlicz space of almost periodic functions equipped with the Luxemburg norm

Slimane Hassaine, Fatiha Boulahia

Abstract. We investigate which points in the unit sphere of the Besicovitch– Orlicz space of almost periodic functions, equipped with the Luxemburg norm, are extreme points. Sufficient conditions for the strict convexity of this space are also given.

Keywords: Besicovitch–Orlicz space; extreme point; strict convexity; almost periodic function

Classification: 39A24, 46B20, 46E30

1. Introduction

It is well known that extreme points, which are connected with strict convexity of the space, are the most basic concepts in the geometric theory of Banach spaces, see [5]. The notion of extreme point plays an important role in functional analysis, convex analysis and optimization. For example, the Krein–Milman theorem which shows that any compact convex set is the convex hull of its extreme point set.

The criteria for extreme points and strict convexity in classical Orlicz spaces (i.e. Banach spaces of which the L^p spaces are a special case) and Musielak– Orlicz spaces (i.e. spaces which are generalization of Lebesgue spaces with variable exponents L^{p(x)}) equipped with the Orlicz norm, the Luxemburg norm, and p- Amemiya norm, have been obtained earlier, see for instance [4], [6], [13], [12].

In recent years, some geometrical properties of the Besicovitch–Orlicz space of almost periodic functions have been considered in [1], [3], [8], [10], [11]. However until now, criteria for extreme points in this class of generalized almost periodic function spaces are not given. In this paper, we characterize extreme points of the unit ball of the Besicovitch–Orlicz space of almost periodic functions equipped with the Luxemburg norm.

DOI 10.14712/1213-7243.2021.007

2. Preliminaries

In this section, we recall a sequence of definitions and results which will be used in what follows.

Let Σ(R) be the σ−algebra of all Lebesgue-measurable subsets of R, μ the Lebesgue measure on R and M(R, C) the set of all complex valued Lebesgue measurable functions defined on R.

We denote by B(X) (S(X), respectively) the closed unit ball (the unit sphere, respectively) of a Banach space (X, ‖·‖).

A point x ∈ S(X) is said to be an extreme point of B(X) if it cannot be written as the arithmetic mean^1_2 (y + z) of two distinct points y, z ∈ S(X). Namely, if the following implication holds

y, z ∈ S(X), x = y + z 2 ⇒ y = z.

The set of all extreme points of B(X) will be denoted by extr[B(X)]. It is well known that if extr[B(X)] = S(X) then X is strictly convex (rotund).

2.1 Young functions. To introduce the desired class of almost periodic functions, recall that a function φ: R → R^+ is said to be a Young function if it is even, convex, vanishing only at zero and lim_{|x|→∞} φ(x) = ∞.

A Young function φ is said to satisfy the Δ_2-condition for large values (we write φ ∈ Δ_2), when there exist constants k > 0 and u_0 > 0 such that,

φ(2u) ≤ kφ(u), ∀ |u| ≥ u_0.

A Young function φ is called strictly convex on R if φ � u + v 2 � < 1 2 (φ(u) + φ(v)), ∀ u, v ∈ R, u ≠ v.

Let us recall that if φ is strictly convex then it is uniformly convex on any bounded interval, see [4, Proposition 1.4]. Namely, for any k > 0, and ε > 0, there exists δ > 0 such

(2.1) φ

� u + v 2 � ≤ (1 − δ)

� φ(u) + φ(v) 2 �

for any u, v ∈ R satisfying |u| ≤ k, |v| ≤ k and |u − v| ≥ ε.

Following [4], an interval [a, b] is called a structural affine interval of a Young function φ, provided that φ is affine on [a, b] and it is not affine on either [a − ε, b] or [a, b + ε] for any ε > 0.

Let {[a_i, b_i]}_i be all the structural affine intervals of φ. We denote S_φ = R\ � � i ]a_i, b_i[ � the set of strictly convex points of φ. Clearly, if u, v ∈ R, α ∈ ]0, 1[ and αu + (1 − α)v ∈ S_φ, then

φ(αu + (1 − α)v) < αφ(u) + (1 − α)φ(v).

2.2 The Besicovitch–Orlicz space of almost periodic functions. We denote by L^φ_{loc}(R, C) the subspace of M(R, C) such that for each bounded interval U there exists α > 0 such that � U φ(α|f(s)|) ds < ∞.

When U = [0, 1], we get the Orlicz space L^φ([0, 1], C), see [4]. The Besicovitch–Orlicz pseudo modular ϱ_Bφ is defined in [7] as follows

ϱ_Bφ : L^φ_{loc}(R, C) → R^+

f → lim_{T →∞} 1 2T T� −T φ(|f(t)|) dμ.

Its associated modular space, called Besicovitch–Orlicz space, is

B^φ(R, C) = {f ∈ L^φ_{loc}(R, C): ϱ_Bφ (λf) < ∞ for some λ > 0}.

This space is endowed with the Luxemburg pseudonorm

‖f‖_Bφ = inf � k > 0: ϱ_Bφ �f k � ≤ 1 � . Let us consider the equivalence relation

f ∼_φ g ⇔ ‖f − g‖_Bφ = 0, ∀ f, g ∈ B^φ(R, C).

We denote by B^φ(R, C) := B^φ(R, C)/ ∼_φ the quotient space. Henceforth, we will not distinguish between an element of B^φ(R, C) and its equivalence class in B^φ(R, C).

Endowed with the Luxemburg norm ‖·‖_Bφ , B^φ(R, C) is a Banach space. Denote by Trig(R, C) the linear set of all generalized trigonometric polynomials, i.e.

Trig(R, C) = � P (t) = n� j=1 α_j exp(iλ_j t): λ_j ∈ R, α_j ∈ C, j ∈ N � . In his celebrated paper [7], T. R. Hillmann has used a similar approach like Besicovitch in [2] to obtain an extension of Besicovitch almost periodic functions in context of Orlicz spaces. Namely, the Besicovitch–Orlicz space of almost periodic functions, denoted by B^φ_{a.p.}(R, C), is the closure of Trig(R, C) in B^φ(R, C), with respect to the norm ‖·‖_Bφ . More exactly we define

B^φ_{a.p.}(R, C) = � f ∈ B^φ(R, C): ∃ (P_n)_{n≥1} ⊂ Trig(R, C), s.t. lim_{n→∞}‖f − P_n‖_Bφ = 0 � = � f ∈ B^φ(R, C): ∃ (P_n)_{n≥1} ⊂ Trig(R, C), s.t. ∀ k > 0, lim_{n→∞}ϱ_Bφ (k(f − P_n)) = 0 � . Remark 1.

(1) If we denote by AP (R, C) the Banach space of almost periodic functions, we have AP (R, C) ⊂ B^φ_{a.p.}(R, C).

(2) In the particular case where f ∈ B^φ_{a.p.}(R, C) we have

ϱ_Bφ (k(f)) < ∞, ∀ k > 0.

Indeed, if f ∈ B^φ_{a.p.}(R, C) then for any ε > 0 there exists a trigonometric polynomial P_ε such that for any k > 0

ϱ_Bφ (k(f − P_ε)) ≤ ε 2 . Then using the convexity of φ and the fact that the trigonometric polynomial P_ε is bounded we get

ϱ_Bφ (kf) ≤ 1 2 ϱ_Bφ (2k(f − P_ε)) + 1 2 ϱ_Bφ (2kP_ε) < ∞.

From [8], we know that when f ∈ B^φ_{a.p.}(R, C) the limit in the expression of ϱ_Bφ (f) exists and is finite, i.e.

(2.2) ϱ_Bφ (f) = lim_{T →∞} 1 2T T� −T φ(|f(t)|) dμ.

This fact is very useful in our computations.

T. R. Hillmann in [7] has introduced the subadditive measure μ_B on Σ(R) as the following

(2.3) μ_B (A) = lim_{T →∞} 1 2T T� −T χ_A(t) dμ = lim_{T →∞} 1 2T μ(A ∩ [−T, T ]),

where χ_A denotes the characteristic function of A.

It is clear that μ_B is increasing, null on sets with μ-finite measure and it is not σ-additive.

Let us recall that a sequence (f_n)_{n≥1} ⊂ B^φ(R, C) is called: (1) modular convergent to some f ∈ B^φ(R, C) when there exists α > 0 such that lim_{n→∞} ϱ_Bφ (α(f_n − f)) = 0.

(2) μ_B -convergent to a function f when for all ε > 0,

lim_{n→∞}μ_B {t ∈ R: |f_n(t) − f(t)| ≥ ε} = 0.

In his work [9], M. Morsli showed that if (f_n)_{n∈N} is modular convergent to some f ∈ B^φ(R, C), it is also μ_B -convergent to f. He also gave in [9] a result similar to the usual Lebesgue dominated convergence theorem in the space B^φ(R, C), as it can be seen in the following proposition.

Proposition 1 (see [9]). Let (f_n)_{n∈N} be a sequence of functions in B^φ(R, C). Then if (f_n)_{n∈N} is μ_B -convergent to some f ∈ B^φ(R, C) and there exists g ∈ B^φ_{a.p.}(R, C) such that max(|f_n(x)|, |f(x)|) ≤ |g(x)| for all x ∈ R. Then,

lim_{n→∞} ϱ_Bφ (f_n) = ϱ_Bφ (f).

The next lemmas will be very useful in the proof of the main result. Lemma 1 (see [1]). Let f ∈ B^φ_{a.p.}(R, C) then:

(1) ‖f‖_Bφ ≤ 1 if and only if ϱ_Bφ (f) ≤ 1, (2) ‖f‖_Bφ = 1 if and only if ϱ_Bφ (f) = 1.

Lemma 2 (see [8]). Let f ∈ B^φ_{a.p.}(R, C) such that ‖f‖_Bφ = a with a > 0. Then there exists real numbers 0 < α < β and θ ∈ ]0, 1[ such that μ_B (G) ≥ θ, where

G = {t ∈ R: α ≤ |f(t)| ≤ β}.

3. Main result

Our first goal in this work is to show that if f ∈ B^φ_{a.p.}(R, C) then we do not necessarily have fχ_A ∈ B^φ_{a.p.}(R, C) for any A ∈ Σ(R).

Lemma 3. There is a Lebesgue measurable subset A of R for which the limit

(3.1) lim_{T →∞} 1 2T μ([−T, T ] ∩ A),

does not exist.

Proof: Let us note first that if the limit (3.1) exists, it would be the same if T is an integer. So to show this lemma, it is sufficient to find a subset A ∈ Σ(R) such that lim N→∞ 1 N μ([0, N] ∩ A), does not exist.

Since, for n ≥ 1, there exists k ∈ N for which n ∈ [3^{2k}, 3^{2k+1}[ , we define the sequences (u_n)_{n≥1} and (A_n)_{n≥1} as following

(3.2) u_n = � 0 if n ∈ [3^{2k}, 3^{2k+1}[ , 1 if n ∈ [3^{2k+1}, 3^{2(k+1)}[ , and A_n = � [n, n + 1[ if n ∈ [3^{2k}, 3^{2k+1}[ , ∅ if n ∈ [3^{2k+1}, 3^{2(k+1)}[ .

We have μ(A_n) = u_n for all n ≥ 1.

Defining A = � n≥1A_n and S_N =^1_N

�_N

n=1 u_n, we get lim N→∞ 1 N μ(A ∩ [0, N]) = lim_{N→∞} S_N .

The limit lim_{N→∞} S_N does not exist. Indeed, for each N ≥ 1 we have

S_32N = 1 3^{2N}

3^{2N}�

n=1 u_n = 1 3^{2N}

N−1� k=0 �_3^{2k+1}_{−1} � n=3^{2k}

u_n +

3^{2(k+1)} −1 � n=3^{2k+1}

u_n � + u_32N

= 1 3^{2N}

N−1� k=0 (3^{2(k+1)} − 3^{2k+1}) = 6 3^{2N}

N−1� n=1 3^{2k}

= 6 3^{2N}

�32N − 1 8 � . It follows that lim_{N→∞} S_32N =^3_4 .

In the other hand, lim N→∞ S_32N +1 = lim_{N→∞} � 1 3 S_32N + 1 3^{2N+1} � = 1 4 . This ends the proof. □

Remark 2. If we take f the constant function equal to 1, then using (2.2) and Lemma 3, we deduce that there exists A ∈ Σ(R) such that fχ_A /∈ B^φ_{a.p.}(R, C).

Let us give another property of μ_B .

Lemma 4. The function μ_B : Σ(R) → [0, 1] is surjective.

Proof: (1) Let A ∈ Σ(R).

(a) It is clearly, by the definition of μ_B , that if μ(A) < ∞ we have μ_B (A) = 0. (b) Since μ_B (R) = 1, we obtain μ_B (A) = 1 when μ(A^c) < ∞. (2) Let β ∈ ]0, 1[ , there exists α > 0 such that β = α/(α + 1). We define

A_n = [(α + 1)(n − 1), (α + 1)(n − 1) + α], n ∈ Z^∗, and A = � n∈Z^∗

A_n.

Then,

μ_B (A) = lim_{T →∞} 1 T μ � [0, T ] ∩ � � n≥1 A_n � = lim_{T →∞} 1 T � n≥1 μ(A_n ∩ [0, T ]).

It is easy to show that for any n ≥ 1,

A_n ∩ [0, T ] = � � � � �

A_n if n ≤

�_{T +1} 1+α � , φ if n > � 1 +^T_{α+1} � , �_{T +1} 1+α , T � if n ∈

�_{T +1} 1+α , 1 +^T_{1+α} � , where ⌊·⌋ denotes the floor function.

Since there is at most one integer in the interval

�_{T +1} 1+α , 1 +^T_{1+α} � , it follows that there exists 0 ≤ θ ≤ 1 such that

μ_B (A) = lim_{T →∞} 1 T � n≥1 μ(A_n ∩ [0, T ]) = lim_{T →∞} 1 T � �_{T +1} 1+α � � n=1 μ(A_n) + θα �

= lim_{T →∞} 1 T � T + 1 1 + α � α + θα � . Using the inequality x−1 < ⌊x⌋ ≤ x for all x ∈ R, we get μ_B (A) = α/(α + 1) = β. □ In the following we characterize extreme points of the unit ball of B^φ_{a.p.}(R, C).

We start with some auxiliary lemmas.

Definition 1. A function f ∈ B^φ(R, C) is said to be absolutely φ-integrable in μ_B sense, if for every ε > 0, there exists δ = δ(ε) > 0, such that for every measurable subset A ∈ Σ(R) with μ_B (A) < δ we have

‖fχ_A‖_Bφ ≤ ε.

Lemma 5. Functions f ∈ B^φ_{a.p.}(R, C) are absolutely φ-integrable in the μ_B sense.

Proof: First, let us show that bounded functions are absolutely φ-integrable in μ_B sense.

Let ε > 0, A ∈ Σ(R) and f : R → C be a bounded function. Put C = sup_{t∈R} |f(t)|. Here, we exclude for simplicity the trivial case, when μ_B (A) = 0. Clearly, we have

‖χ_A‖_Bφ = 1 φ^{−1}(1/μ_B (A)) and ‖fχ_A‖_Bφ ≤ C‖χ_A‖_Bφ .

Since the function t → (φ^{−1}(1/t))^{−1} is continuous and increasing on ] 0, ∞[ , we deduce that there exists δ := (φ(C/ε))^{−1} such that ‖fχ_A‖_Bφ ≤ ε, whenever μ_B (A) < δ.

Now, let us assume that f ∈ B^φ_{a.p.}(R, C). There exists a trigonometric polynomial P_ε such that (3.3) ‖f − P_ε‖_Bφ ≤ ε 2 . Since P_ε is absolutely φ-integrable in the μ_B sense, there exists δ > 0 such that ‖P_εχ_A‖_Bφ ≤ ε/2 whenever μ_B (A) < δ. For such δ, we have

‖fχ_A‖_Bφ ≤ ‖(f − P_ε)χ_A‖_Bφ + ‖P_εχ_A‖_Bφ ≤ ‖f − P_ε‖_Bφ + ‖P_εχ_A‖_Bφ ≤ ε. This completes the proof of the lemma. □ Lemma 6. Let f be a function in B^φ_{a.p.}(R, C), then there exists δ > 0 such that fχ_Ec ∈ B^φ_{a.p.}(R, C) for any E ∈ Σ(R) with μ_B (E) < δ. Consequently, fχ_E ∈ B^φ_{a.p.}(R, C). Proof: Let ε > 0, there exists a trigonometric polynomial P_ε such that (3.4) ‖f − P_ε‖_Bφ ≤ ε 2 . Using Lemma 5, there exists δ > 0 such that ‖P_εχ_E ‖_Bφ ≤ ε/2 for every measurable subset E ∈ Σ(R) with μ_B (E) < δ.

For the above P_ε, E and δ we have ‖fχ_Ec − P_ε‖_Bφ = ‖fχ_Ec − P_εχ_Ec − P_εχ_E ‖_Bφ ≤ ‖(f − P_ε)χ_Ec ‖_Bφ + ‖P_εχ_E ‖_Bφ ≤ ‖f − P_ε‖_Bφ + ‖P_εχ_E ‖_Bφ ≤ ε.

This shows that fχ_Ec ∈ B^φ_{a.p.}(R, C). Hence, the space B^φ_{a.p.}(R, C) being linear, we get fχ_E ∈ B^φ_{a.p.}(R, C). □ We are now ready to give our principal result.

Theorem 1. Let f ∈ S(B^φ_{a.p.}(R, C)). We suppose that μ_B (f^{−1}([a, b])) = 0 for any structural affine interval [a, b] of φ. Then f ∈ extr[B(B^φ_{a.p.}(R, C))] if and only if μ({t ∈ R: f(t) /∈ S_φ}) = 0.

Proof: The proof is inspired by the proof of [8, Theorem 1]) and [4, Theorem 2.1].

Sufficiency: Suppose that there exists g, h ∈ S(B^φ_{a.p.}(R, C)), g ≠ h, such that 2f = g + h. By Lemma 1 we have

ϱ_Bφ ((g + h)/2) = ϱ_Bφ (f) = ϱ_Bφ (g) = ϱ_Bφ (h) = 1.

Since ‖g − h‖_Bφ ≠ 0, Lemma 2 ensures the existence of constants 0 < α < β and θ ∈ ] 0, 1[ for which μ_B (G_1) > θ, where

G_1 = {t ∈ R: α ≤ |g(t) − h(t)| ≤ β}.

Define M = φ^{−1}(2/μ_B (G_1)), then M ≤ φ^{−1}(2/θ).

Denoting G_2 = {t ∈ R: s.t. |g(t)| ≥ M} we have,

1 = ϱ_B^φ (g) ≥ ϱ_B^φ (gχ_{G2} ) ≥ φ(M) μ_B (G_2) = 2 μ_B (G_2) μ_B (G_1) . Consequently, we have

(3.5) μ_B (G_2) ≤ μ_B (G_1) 2 . Consider now the subset Q of R^2 defined by Q = � (u, v) ∈ R^2 : u, v ∈ � − � φ^{−1} � 2 θ � + β � , � φ^{−1} � 2 θ � + β � , � �u − v � � ≥ α, u + v 2 ∈ S_φ � . Let F : R^2\(0, 0) → R be the function defined by

F (u, v) =

2φ((u + v)/2) φ(u) + φ(v) . Function F is continuous and F (u, v) < 1 for all u, v ∈ Q.

Since Q is compact, there exists 0 < δ < 1 such that sup_{(u,v)∈Q}F (u, v) = 1−δ. So we have

(3.6) φ

� u + v 2 � ≤ (1 − δ) φ(u) + φ(v) 2 , ∀ (u, v) ∈ Q.

Let us define G = (G_1 ∩ E)\G_2, where E = {t ∈ R: s.t. f(t) ∈ S_φ}. It is clear that for all t ∈ G, (g(t), h(t)) ∈ Q. We have also μ_B (G) ≥ θ/2.

Indeed, since μ(E^c) = 0 we have μ_B (G_1 ∩ E) = μ_B (G_1). Then sing (3.5) we get (3.7) μ_B (G) = μ_B ((G_1 ∩ E)\G_2) ≥ μ_B (G_1 ∩ E) − μ_B (G_2) ≥ θ − θ 2 = θ 2 . We denote G = G ∩ [−T, T ] and ϱ_T ((g + h)/2) =^1_{2T}

�_T −T φ(|g(t) + h(t)|/2) dμ, then by (3.6) we obtain

ϱ_T

�g + h 2 � = 1 2T � G φ � |g(t) + h(t)| 2 � dμ + 1 2T � G^c φ � |g(t) + h(t)| 2 � dμ

≤ (1 − δ) 1 2T � G 1 2 [φ(|g(t)|) + φ(|h(t)|)] dμ

+ 1 2T � G^c 1 2 [φ(|g(t)|) + φ(|h(t)|)] dμ

≤ 1 2T T� −T 1 2 [φ(|g(t)|) + φ(|h(t)|)] dμ

− δ 1 2T � G 1 2 [φ(|g(t)|) + φ(|h(t)|)] dμ.

Since φ is an increasing convex function we have 1 2 (φ(|g(t)|) + φ(|h(t)|)) ≥ φ

� |g(t)| + |h(t)| 2 � ≥ φ �|g(t) − h(t)| 2 � . Using the fact that G ⊂ G_1 we obtain 1 2 (ϱ_T (g) + ϱ_T (h)) − ϱ_T

� g + h 2 � ≥ δφ � α 2 � μ(G) 2T . Letting T → ∞, then by (2.2) and (2.3) we get 1 2 [ϱ_Bφ (g) + ϱ_Bφ (h)] − ϱ_Bφ

� g + h 2 � ≥ δφ � α 2 � μ_B (G).

Consequently, by the inequality (3.7), we deduce that

1 = ϱ_Bφ

�g + h 2 � ≤ 1 2 [ϱ_Bφ (g) + ϱ_Bφ (h)] − δφ � α 2 � μ_B (G)

≤ 1 − δφ �α 2 � θ 2 . Which is absurd. Thus we showed that f is an extreme point.

Necessity: Suppose that μ({t ∈ R: f(t) /∈ S_φ}) > 0.

Let ε > 0. Since R \ S_φ is the union of at most countably many open intervals, there exists an interval ]a, b[ such that for ε > 0

μ({t ∈ R: f(t) ∈ ]a + ε, b − ε[ }) > 0,

and φ is affine on [a, b]. That is,

φ(u) = ku + β for u ∈ [a, b] with k ∈ R^+ and β ∈ R.

We divide the set H = {t ∈ R: f(t) ∈ ]a + ε, b − ε[ } into two sets A and B. Then we define

(3.8) (g(t), h(t)) = � � � (f(t), f(t)) if t ∈ R\(A ∪ B), (f(t) − ε, f(t) + ε) if t ∈ A, (f(t) + ε, f(t) − ε) if t ∈ B.

Then g ≠ h, g + h = 2f and g, h ∈ B^φ_{a.p.}(R, C). Indeed, we have μ_B (H) = 0 because H ⊂ f^{−1}([a, b]), then by Lemma 6 we get

fχ_Hc , (f − ε)χ_A, (f + ε)χ_B ∈ B^φ_{a.p.}(R, C).

Now, we should show that ‖g‖_Bφ ≤ 1. We have

ϱ_T (g) = ϱ_T (fχ_{(A∪B)}c ) + ϱ_T (fχ_A) + ϱ_T (fχ_B )

= ϱ_T (fχ_{(A∪B)}c ) + 1 2T � [−T,T ]∩A

(k|f(t) − ε| + β) dμ

+ 1 2T � [−T,T ]∩B

(k|f(t) + ε| + β) dμ

≤ ϱ_T (fχ_{(A∪B)}c ) + 1 2T � [−T,T ]∩A

(k|f(t)| + β + kε) dμ

+ 1 2T � [−T,T ]∩B

(k|f(t)| + β + kε) dμ

≤ ϱ_T (fχ_{(A∪B)}c ) + ϱ_T (fχ_{(A∪B)}) + k ε 1 2T μ ([−T, T ] ∩ (A ∪ B)) dμ.

Letting T → ∞, we get

ϱ_Bφ (g) ≤ ϱ_Bφ (f) + kεμ_B (H).

By applying the hypothesis μ_B (f^{−1}([a, b])) = 0 for any structural affine interval [a, b] of φ, we deduce that μ_B (H) = 0. Then we get

ϱ_Bφ (g) ≤ ϱ_Bφ (f) = 1.

Using same arguments, so by Lemma 1 we get ‖h‖_Bφ ≤ 1, which completes the proof. □

The following corollary gives sufficient conditions for the strict convexity of the Besicovitch–Orlicz space of almost periodic functions equipped with the Luxemburg norm. Note that the conditions are the same as those given in [8, Theorem 1] when we consider B^φ_{a.p.}(R, C) instead of ~B^φ_{a.p.}(R, C). Recall that

~B^φ_{a.p.}(R, C) = {f ∈ B^φ(R, C): ∃ (P_n)_{n≥1} ⊂ Trig(R, C),

∃ k > 0 s.t. lim_{n→∞}ϱ_Bφ (k(f − P_n)) = 0}.

Corollary 1. If φ is strictly convex on R then B^φ_{a.p.}(R, C) is strictly convex.

Proof: The hypothesis of strict convexity of φ on R means that S_φ = R and then by Theorem 1 we get extr[B(B^φ_{a.p.}(R, C))] = S(B^φ_{a.p.}(R, C)) and the claim is proved. □

Acknowledgment. The authors would like to thank Professor M. Morsli for his help in the construction of the sequence in Lemma 3.

References

[1] Bedouhene F., Morsli M., Smaali M., On some equivalent geometric properties in the Besicovitch–Orlicz space of almost periodic functions with Luxemburg norm, Comment. Math. Univ. Carolin. 51 (2010), no. 1, 25–35.

[2] Besicovitch A. S., Almost Periodic Functions, Dover Publications, New York, 1955. [3] Boulahia F., Morsli M., Uniform non-squareness and property (β) of Besicovitch–Orlicz spaces of almost periodic functions with Orlicz norm, Comment. Math. Univ. Carolin. 51 (2010), no. 3, 417–426.

[4] Chen S., Geometry of Orlicz spaces, Dissertationes Math. (Rozprawy Mat.) 356 (1996), 204 pages.

[5] Diestel J., Geometry of Banach Spaces—Selected Topics, Lecture Notes in Mathematics, 485, Springer, Berlin, 1975.

[6] Foralewski P., Hudzik H., Płuciennik R., Orlicz spaces without extreme points, J. Math.

Anal. Appl. 361 (2010), no. 2, 506–519.

[7] Hillmann T. R., Besicovitch–Orlicz spaces of almost periodic functions, Wiley Ser. Probab.

Math. Statist. Probab. Math. Statist., Wiley, New York, 1986, pages 119–167. [8] Morsli M., On some convexity properties of the Besicovitch–Orlicz space of almost periodic functions, Comment. Math. (Prace Mat.) 34 (1994), 137–152.

[9] Morsli M., On modular approximation property in the Besicovitch–Orlicz space of almost periodic functions, Comment. Math. Univ. Carolin. 38 (1997), no. 3, 485–496.

[10] Morsli M., Boulahia F., Uniformly non-l^1_n Besicovitch–Orlicz space of almost periodic functions, Comment. Math. (Prace Mat.) 45 (2005), no. 1, 25–34.

[11] Morsli M., Bedouhene F., On the strict convexity of the Besicovitch–Orlicz space of almost periodic functions with Orlicz norm, Rev. Mat. Complut. 16 (2003), no. 2, 399–415.

[12] Shang S., Cui Y., Fu Y., Extreme points and rotundity in Musielak–Orlicz–Bochner function spaces endowed with Orlicz norm, Abstr. Appl. Anal. 2010 (2010), Art. ID 914183, 13 pages.

[13] Wisła M., Geometric properties of Orlicz spaces equipped with p-Amemiya norms—results and open questions, Comment. Math. 55 (2015), no. 2, 183–209.

S. Hassaine:

Universite Mouloud Mammeri de Tizi-Ouzou, Tizi-Ouzou, BP No 17, RP 15000, Algérie

E-mail: hassaineslimane63@gmail.com

F. Boulahia:

Laboratory of Applied Mathematics, Department of Mathematics, Faculty of Exact Sciences, University of Bejaia, Targa Ouzemour, 06000 Bejaia, Algérie

E-mail: boulahia fatiha@yahoo.fr

(Received April 19, 2019, revised May 30, 2020)