Comment.Math.Univ.Carolin. 62,3 (2021) 265–272 265

Notes on generalizations of Bézout rings

Haitham El Alaoui, Hakima Mouanis

Abstract. In this paper, we give new characterizations of the P -2-Bézout property of trivial ring extensions. Also, we investigate the transfer of this property to homomorphic images and to finite direct products. Our results generate original examples which enrich the current literature with new examples of non-2-Bézout P -2-Bézout rings and examples of non-P -Bézout P -2-Bézout rings.

Keywords: P -Bézout ring; 2-Bézout ring; P -2-Bézout ring; trivial rings extension; homomorphic image; finite direct product

Classification: 13A15, 13B10, 13F05, 13D02

1. Introduction

All rings considered below are commutative with unit and all modules are unital. A ring R is a coherent ring if every finitely generated ideal of R is finitely presented; equivalently, if (0 : a) and I ∩ J are finitely generated for every a ∈ R and any two finitely generated ideals I and J of R [8, Theorem 2.3.2, page 45].

Let A be a ring, E be an A-module and R := A ∝ E be the set of pairs (a, e) with pairwise addition and multiplication given by (a, e)(b, f) = (ab, af + be). Ring R is called the trivial ring extension of A by E. Recall that a prime ideal of R always has the form Q ∝ E, where Q is a prime ideal of A [9, Theorem 25.1 (3)]. Considerable work, part of it summarized in Glaz’s book [8] and Huckaba’s book [9] where R is called the idealization of E by A, has been concerned with trivial ring extensions. These have proven to be useful in solving many open problems and conjectures for various contexts in commutative and non-commutative ring theory, see for instance [8], [9], [15].

For a nonnegative integer n, an R-module E is n-presented if there is an exact sequence of R-modules:

F_n � F_{n−1} � . . . � F_1 � F_0 � E � 0

DOI 10.14712/1213-7243.2021.020

where each F_i is a finitely generated free R-module. In particular, 0-presented and 1-presented R-modules are finitely generated and finitely presented R-modules, respectively.

Given nonnegative integers n and d, a ring R is called an (n, d)-ring if every npresented R-module has projective dimension less than or equal to d; and a weak (n, d)-ring if every n-presented cyclic R-module has projective dimension less than or equal to d, equivalently, if every (n − 1)-presented ideal of R has projective dimension less than or equal to d − 1, see for instance [5], [10].

A ring R said to be Bézout ring if every finitely generated ideal of R is principal. Examples of Bézout rings are valuation rings, elementary divisor rings and Hermite rings. For instance see [7], [11], [12]. In [2] and [4], the authors generalize that notion and introduce the notions of P -Bézout and 2-Bézout rings as follows: A ring R is called P -Bézout ring if every finitely generated prime ideal of R is principal, and R is 2-Bézout ring if every finitely presented ideal of R is principal. In [6] we generalized the notions of P -Bézout rings and 2-Bézout rings to the notion P -2-Bézout rings. A ring R is said to be P -2-Bézout ring if every finitely presented prime ideal of R is principal.

In this paper, we give new characterizations of the P -2 Bézout property of various trivial ring extensions. Also, we investigate the transfer of this property to homomorphic images and to finite direct products. Then, we construct new examples of non-2-Bézout P -2-Bézout rings and examples of non-P -Bézout P -2- Bézout rings.

2. Main results

In this section, we study a new possible transfer of the P -2 Bézout property of various trivial ring extensions. First, we examine the trivial ring extension of a local ring (A, M) by an A-module E such that ME = 0.

Proposition 2.1. Let A be a local ring with finitely generated maximal ideal M, E an A/M-vector space of finite rank and let R := A ∝ E be the trivial ring extension of A by E. If R is a P -2-Bézout ring, then so is A.

Proof: Assume that R is a P -2-Bézout ring and let Q :=

∑_{i=n} i=1 Aa_i be a finitely presented prime ideal of A and set P := Q ∝ E =

∑_{i=n} i=1 R(a_i, 0) +

∑_{i=m} i=1 R(0, x_i) where (x_i)^{i=m}_{i=1} is a basis of the (A/M)-vector space E. Then, P is a finitely presented prime ideal of R. Indeed, consider the exact sequence of A-modules

0 � Ker(u) � A^{n u} � Q � 0 where u ( (α_i)^{i=n}_{i=1} ) = ∑_{i=n} i=1 α_ia_i and the exact sequence of R-modules

0 � Ker(v) � R^{n+m v} � P � 0

where v ( (α_i, e_i)^{i=n+m} i=1 ) = ∑_{i=n} i=1 (α_i, e_i)(a_i, 0) +

∑_{i=n+m}

i=n+1 (αi, ei)(0, xn+m+1−i).

Clearly, Ker(v) = (Ker(u) ⊕ M^m) ∝ E^{n+m} since (x_i)^{i=m}_{i=1} is a basis of the (A/M)- vector space E. But, Ker(u) is a finitely generated A-module since Q is finitely presented. Therefore, Ker(v) is a finitely generated R-module and so P is a finitely presented prime ideal of R. Hence, P := Q ∝ E = R(a, e) for some element (a, e) of R because R is a P -2-Bézout ring. Thus, Q = Aa, as desired. □

Proposition 2.2. Let A be a domain, M a finitely generated maximal ideal of A, E a nonzero A-module such that ME = 0 and let R := A ∝ E be the trivial ring extension of A by E. If R is a P -2-Bézout ring and E is an (A/M)-vector space of finite rank, then E is an (A/M)-vector space of rank one.

Proof: Assume that R is a P -2-Bézout ring and E is an (A/M)-vector space of finite rank. Let (x_i)^{i=m}_{i=1} be its basis, then P := 0 ∝ E=

∑_{i=m} i=1 R(0, x_i) is a finitely presented prime ideal of R. Indeed, consider the exact sequence of R-modules:

0 � Ker(u) � R^{m u} � 0 ∝ E � 0

where u ( (c_i, g_i)^{i=m}_{i=1} ) = ∑_{i=m} i=1 (c_i, g_i)(0, x_i) = ( 0, ∑_{i=m}

i=1 c_ix_i ) = ( 0, ∑_{i=m} i=1 c̄_ix_i ) . Clearly, Ker(u) = M^m ∝ E^m since (x_i)^{i=m}_{i=1} is a basis of the (A/M)-vector space E. Hence, Ker(u) is a finitely generated R-module since M is a finitely generated ideal of A. Then 0 ∝ E is a finitely presented prime ideal of R by the above exact sequence and so P = R(0, x) for some x ∈ E since R is a P -2-Bézout ring. Hence, E = Ax. □

Now, we give an example of non P -2-Bézout ring.

Example 2.1. Let A := K[[X]] where K is a commutative field, M := (X) and E := (A/(X))^2. Then, R := A ∝ E is not a P -2-Bézout ring since 0 ∝ E is a finitely presented prime ideal of R by [10, Theorem 2.6 (2)] which is not principal by Proposition 2.2 since E is an (A/M)-vector space of rank two.

Proposition 2.3. Let A be a local ring with maximal ideal M, E an A-module such that ME = 0 and let R := A ∝ E be the trivial ring extension of A by E. Then, R is a P -2-Bézout ring provided E is an (A/M)-vector space of infinite rank.

Proof: It suffices to show that there is no finitely presented prime ideal I of R. Suppose on the contrary I be a finitely presented prime ideal of R. Then, I is projective since R is a weak (2, 0)-ring by [14, Theorem 2.1 (1)] and so it is free since R is local by [1, Theorem 3.2 (1)], that is I = Ra for some regular element a ∈ R. This is a contradiction since I ⊆ M ∝ E and (M ∝ E)(0, e) = (0, 0) for each e ∈ E − {0}. Hence R is a P -2-Bézout ring. □

Theorem 2.1. Let A be a local domain with maximal ideal M, E ≠ 0 an Amodule such that ME = 0 and let R := A ∝ E be the trivial ring extension of A by E.

(1) Assume that A does not contain any nonzero finitely presented prime ideal and E is an (A/M)-vector space of rank one. Then, R is a P -2-Bézout ring.

(2) Assume that A contains a nonzero principal prime ideal and M is a finitely generated ideal of A. Then, R is a P -2-Bézout ring if and only if E is an (A/M)-vector space of infinite rank.

Proof: (1) Assume that A does not contain any nonzero finitely presented prime ideal and E is an (A/M)-vector space of rank one. Let Q := P ∝ E be a finitely presented prime ideal of R. Then, P is a finitely presented prime ideal of A. Indeed, let (b_i, f_i)^{i=n}_{i=1} be a minimal generated set of P ∝ E. Clearly, P ∝ E ⊆ M ∝ E since R is a local ring with maximal ideal M ∝ E. Consider the exact sequence of R-modules

0 � Ker(v) � R^{n v} � P ∝ E � 0

where v ( (a_i, e_i)^{i=n}_{i=1} ) = ∑_{i=n} i=1 (a_i, e_i)(b_i, f_i) =

( ∑_{i=n} i=1 a_ib_i,

∑_{i=n} i=1 a_if_i ) (since b_i ∈ M for each i = 1, . . . , n). But, Ker(v) ⊆ (M ∝ E)^n by [16, Lemma 4.43, page 134] since (b_i, f_i)^{i=n}_{i=1} is a minimal generated set of P ∝ E. Hence, Ker(v) = X ∝ E^n where X := {(a_i)^n_{i=1} ∈ A^n :

∑_{i=n} i=1 a_ib_i = 0}, is a finitely generated R-module (since P ∝ E is a finitely presented ideal of R). On the other hand, consider the exact sequence of R-modules

0 � Ker(u) � A^{n u} � P � 0

where u is defined by u ( (a_i)^{i=n}_{i=1} ) = ∑_{i=n} i=1 a_ib_i. Clearly, Ker(u) = X which is a finitely generated A-module since Ker(v) is a finitely generated R-module. Then, P is a finitely presented prime ideal of A and so P = 0 by hypothesis. Therefore, Q := 0 ∝ E = 0 ∝ Ae = R(0, e) where (e) is a basis of the (A/M)-vector space E. Hence, R is a P -2-Bézout ring.

(2) If E is an (A/M)-vector space of infinite rank, then R is a P -2-Bézout ring by Proposition 2.3. Conversely, assume that R is a P -2-Bézout ring. We claim that E is an (A/M)-vector space of infinite rank. Suppose, on the contrary, E is an (A/M)-vector space of finite rank. So, E = Ax by Proposition 2.2 since M is a finitely generated ideal of A. On the other hand, let I := Aa be a principal prime ideal of A. Then, Q := I ∝ E = R(a, 0) + R(0, x) is a finitely presented prime ideal of R. Indeed, consider the exact sequence of R-modules

0 � Ker(v) � R^v � R(a, 0) � 0

where v(α, e) = (α, e)(a, 0) = (αa, 0) since a ∈ M. Clearly, Ker(v) = 0 ∝ E since A is a domain and so R(a, 0) is a finitely presented ideal of R since E is a finitely generated A-module. Now, consider the exact sequence of R-modules

0 � Ker(w) � R^w � R(0, x) � 0

where w(α, e) = (α, e)(0, x) = (0, αx). Clearly, Ker(w) = Ann_A(x) ∝ E which is finitely generated ideal of R by hypothesis, so R(0, x) is a finitely presented ideal of R. Then, R(a, 0)+R(0, x) is a finitely presented ideal of R by [8, Corollary 2.1.3] since R(a, 0) ∩ R(0, x) = 0. So, Q = R(b, e) for some b ∈ I and e ∈ E since R is a P -2-Bézout ring. Hence, Aa = Ab and E = Ax = Ae (since bE = 0) and so b = ua for some invertible element u of A (since A is a domain). Then, R(b, e) = R(au, e) = R(u, 0)(a, u^{−1}e) = R(a, u^{−1}e) since (u, 0) is an invertible element of R by [9, Theorem 25.1 (6)]. Therefore, there exists (c, f) ∈ R such that (a, 0) = (c, f)(a, u^{−1}e) = (ca, cu^{−1}e), since (a, 0) ∈ Q. Hence, ca = a in A and cu^{−1}e = 0 in E and so c = 1 (since A is a domain) and e = 0 in E which means that E = Ax = Ae = 0, a contradiction since E ≠ 0. Therefore, E is an (A/M)-vector space of infinite rank. □

The following Corollary is an immediate consequence of Theorem 2.1 and of Proposition 2.2.

Corollary 2.1. Let K be a field, E a nonzero K-vector space and let R := K ∝ E be the trivial ring extension of K by E. Then, R is a P -2-Bézout ring if and only if E is an K-vector space of infinite rank or of rank one.

Now, we show that the hypothesis “E is an (A/M)-vector space with infinite rank” is necessary in Proposition 2.3.

Example 2.2. Let A be a discrete valuation domain with maximal ideal M (for instance A := Z_{(2)} and M := 2Z_{(2)}) and let R := A ∝ (A/M). Then, R is not a P -2-Bézout ring.

Proof: We claim that R is not a P -2-Bézout ring. On the contrary, let x ∈ A such that (x̄) is a basis of the (A/M)-vector space (A/M) and let J := M ∝ A/M = R(m, 0) + R(0, x̄). Then, J is a finitely presented prime ideal of R by [10, Theorem 2.6 (2)] since A is a coherent domain. By the same reasoning as in Theorem 2.1 (2) we show that A/M = 0. This is a contradiction since M is a maximal ideal of A. Hence, R is not a P -2-Bézout ring. □

Now, we study the homomorphic image of P -2-Bézout rings.

Theorem 2.2. Let R be a P -2-Bézout ring and let I be a finitely presented ideal of R. Then R/I is a P -2-Bézout ring.

Proof: Let Q be a finitely presented prime ideal of R/I. Then, Q = P/I for some prime ideal P of R. Moreover Q is a finitely presented R-module by [8, Theorem 2.1.8 (2)] since I is a finitely generated ideal of R. On the other hand, the exact sequence of R-modules

0 � I � P � P/I � 0

shows that P is a finitely presented ideal of R by [8, Theorem 2.1.2 (1)] since I is a finitely presented ideal of R and P/I is a finitely presented R-module. Hence, P is a principal ideal of R that is P := Ra for some a ∈ P since R is a P -2-Bézout ring. Therefore, P/I = (R/I)(a+I) is a principal ideal of R/I and this completes the proof of Theorem 2.2. □

Corollary 2.2. Let R be a domain and R[X] be the polynomial ring over R. If R[X] is a P -2-Bézout ring, then so is R.

Proof: It is clear that XR[X] ∼= R[X] (since X is regular) and so (X) is finitely presented. Therefore, R is a P -2-Bézout ring by Theorem 2.2 since R[X]/(X) ∼= R. □

Now, we prove that the condition “I is finitely presented” is necessary in Theorem 2.2.

Example 2.3. Let (A, M) be a local coherent ring with a finitely generated maximal ideal M, which is non-principal (for example, A := R ∝ C, M := 0 ∝ C). Let E be an A/M-vector space with infinite rank and let R := A ∝ E be the trivial ring extension of A by E. Let I := 0 ∝ E. Then:

(1) R is a P -2-Bézout ring.

(2) R/(0 ∝ E) ∼= A is not a P -2-Bézout ring. (3) The ideal I is not a finitely presented ideal of R.

Proof: (1) It follows from Proposition 2.3.

(2) We have that R/(0 ∝ E) ∼= A is not a P -2-Bézout ring, since M := 0 ∝ C is a finitely presented prime ideal of A (since A is a coherent ring) which is not principal.

(3) The ideal I is not a finitely presented ideal of R since E is an (A/M)-vector space with infinite rank. □

Next, we study the transfer of P -2-Bézout and 2-Bézout properties to direct products.

Theorem 2.3. Let (R_i)_{i=1,...,n} be a family of rings. Then (1) ∏_n

i=1 R_i is P -2-Bézout if and only if R_i is P -2-Bézout for each i ∈ {1, . . . , n}. (2) ∏_n

i=1 R_i is 2-Bézout if and only if R_i is 2-Bézout for each i ∈ {1, . . . , n}.

We need the following lemma before proving Theorem 2.3:

Lemma 2.1 ([13, Lemma 2.5 (1)]). Let (R_i)_{i=1,2} be a family of rings and E_i an R_i-module for i = 1, 2. Then E_1 × E_2 is a finitely presented R_1 × R_2-module if and only if E_i is a finitely presented R_i-module for i = 1, 2.

Proof: (1) By induction on n, it suffices to prove the assertion for n = 2. Since a prime ideal of R_1 × R_2 is of the form P_1 × R_2 or R_1 × P_2, where P_i is a prime ideal of R_i for i = 1, 2 and a principal ideal of R_1 × R_2 is of the form I_1 × I_2, where I_i is a principal ideal of R_i for i = 1, 2, the conclusion follows easily from Lemma 2.1.

(2) This is straightforward. □

Theorem 2.3 enriches the literature with examples of non-2-Bézout P -2-Bézout rings and examples of non-P -Bézout P -2-Bézout rings.

Example 2.4. Let R_1 be a non-2-Bézout P -2-Bézout ring see [6, Example 2.3], R_2 a Bézout ring and R := R_1 × R_2. Then:

(1) R is a P -2-Bézout ring by Theorem 2.3 (1). (2) R is not a 2-Bézout ring by Theorem 2.3 (2).

Example 2.5. Let R_1 be a non-P -Bézout P -2-Bézout ring, see [6, Example 2.5], R_2 a Bézout ring and R := R_1 × R_2. Then:

(1) R is a P -2-Bézout ring by Theorem 2.3 (1). (2) R is not a P -Bézout ring by [3, Proposition 2.8].

Open problem. Is then P -2-Bézout property stable by localizations?

Acknowledgement. The authors would like to express their sincere thanks to the referee for his/her helpful suggestions and comments.

References

[1] Anderson D. D., Winders M., Idealization of a module, J. Commut. Algebra 1 (2009), no. 1, 3–56.

[2] Bakkari C., On P -Bézout rings, Int. J. of Algebra 3 (2009), no. 13–16, 669–673.

272 H. El Alaoui, H. Mouanis

[3] Bakkari C., P -Bézout property in pullbacks, Int. J. Contemp. Math. Sci. 4 (2009), no. 21–24, 1209–1213.

[4] Bakkari C., Ouarghi K., On 2-Bézout rings, Int. J. Algebra 4 (2010), no. 5–8, 241–245. [5] Costa D. L., Parameterizing families of non-Noetherian rings, Comm. Algebra 22 (1994), no. 10, 3997–4011.

[6] El Alaoui H., Mouanis H., On P -2-Bézout rings, Gulf J. Math. 7 (2019), no. 3, 1–6. [7] Gillman L., Henriksen M., Some remarks about elementary divisor rings, Trans. Amer.

Math. Soc. 82 (1956), 362–365.

[8] Glaz S., Commutative Coherent Rings, Lecture Notes in Mathematics, 1371, Springer, Berlin, 1989.

[9] Huckaba J. A., Commutative Rings with Zero Divisors, Monographs and Textbooks in Pure and Applied Mathematics, 117, Marcel Dekker, New York, 1988.

[10] Kabbaj S.-E., Mahdou N., Trivial extensions defined by coherent-like conditions, Comm.

Algebra 32 (2004), no. 10, 3937–3953.

[11] Kaplansky I., Elementary divisors and modules, Trans. Amer. Math. Soc. 66 (1949), 464–491.

[12] Larsen M. D., Lewis W. J., Shores T. S., Elementary divisors rings and finitely presented modules, Trans. Amer. Math. Soc. 187 (1974), 231–248.

[13] Mahdou N., On Costa’s conjecture, Comm. Algebra 29 (2001), no. 7, 2775–2785. [14] Mahdou N., On 2-von Neumann regular rings, Comm. Algebra 33 (2005), no. 10, 3489–3496.

[15] Palmér I., Roos J.-E., Explicit formulae for the global homological dimensions of trivial extensions of rings, J. Algebra 27 (1973), 380–413.

[16] Rotman J. J., An Introduction to Homological Algebra, Pure and Applied Mathematics, 85, Academic Press, Harcourt Brace Jovanovich, New York, 1979.

H. El Alaoui, H. Mouanis:

Sidi Mohamed Ben Abdellah University, Faculty of Sciences Dhar Al Mahraz, Laboratory of geometric and arithmetic algebra, P. O. Box 1796 Atlas, Fez, Morocco

E-mail: elalaoui.haithame@gmail.com E-mail: hmouanis@yahoo.fr

(Received December 12, 2019, revised June 15, 2020)