Comment.Math.Univ.Carolin. 62,4 (2021) 409–416 409

Bihyperbolic numbers of the Fibonacci type and their idempotent representation

Dorota Bród, Anetta Szynal-Liana, Iwona Włoch

Abstract. In this paper we introduce bihyperbolic numbers of the Fibonacci type. We present some of their properties using matrix generators and idempotent representations.

Keywords: hyperbolic number; bihyperbolic number; Fibonacci number; Pell number; Jacobsthal number

Classification: 11B37, 11B39

1. Introduction

Let H be the set of hyperbolic numbers x+yh, where x, y ∈ R, with the unipotent element h such that h ≠ ±1 and h^2 = 1. Let H_2 be the set of bihyperbolic numbers ζ of the form ζ = x_0 + j_1x_1 + j_2x_2 + j_3x_3,

where x_0, x_1, x_2, x_3 ∈ R and j_1, j_2, j_3 /∈ R are operators such that

(1) j^2_1 = j^2_2 = j^2_3 = 1, j_1j_2 = j_2j_1 = j_3, j_1j_3 = j_3j_1 = j_2, j_2j_3 = j_3j_2 = j_1.

If ζ = x_0 + j_1x_1 + j_2x_2 + j_3x_3 and ω = y_0 + j_1y_1 + j_2y_2 + j_3y_3 are any two bihyperbolic numbers then the equality, the addition, the subtraction and the multiplication by scalar are defined in the natural way. Equality: ζ = ω only if x_0 = y_0, x_1 = y_1, x_2 = y_2, x_3 = y_3; addition: ζ + ω = (x_0 + y_0) + j_1(x_1 + y_1) + j_2(x_2 + y_2) + j_3(x_3 + y_3); subtraction: ζ − ω = (x_0 − y_0) + j_1(x_1 − y_1) + j_2(x_2 − y_2) + j_3(x_3 − y_3); multiplication by scalar s ∈ R: sζ = sx_0 + j_1sx_1 + j_2sx_2 + j_3sx_3. Multiplication of bihyperbolic numbers can be made analogously as multiplications of algebraic expressions using the rules (1).

The addition and multiplication on H_2 are commutative and associative. Moreover, (H_2, +, ·) is a commutative ring.

DOI 10.14712/1213-7243.2021.033

Properties of hyperbolic numbers we can find among others in [10], [11]. For the algebraic properties of bihyperbolic numbers, see [2], [9].

Let n ≥ 0 be an integer. The nth Fibonacci number F_n is defined by F_0 = 0, F_1 = 1 and F_n = F_{n−1} + F_{n−2} for n ≥ 2. There are many numbers given by the second order linear recurrence relations. The nth Pell number P_n is defined by P_n = 2P_{n−1} + P_{n−2} for n ≥ 2 with the initial conditions P_0 = 0, P_1 = 1. The nth Jacobsthal number J_n is defined by J_n = J_{n−1} + 2J_{n−2} for n ≥ 2 and J_0 = 0, J_1 = 1.

The Pell numbers and Jacobsthal numbers are well-known numbers in the number theory. They belong to the wide class of numbers of the Fibonacci type. These numbers have applications also in the theory of hypercomplex numbers, see [15], in particular complex numbers, see [6], quaternions, see [4], [5], [6], [7], [12], [13], bicomplex numbers, see [1], [8], hybrid numbers, see [14], [16], [17] etc.

In this paper we introduce bihyperbolic numbers of the Fibonacci type. Let n ≥ 0 be an integer. The nth bihyperbolic Fibonacci number BhF_n, the nth bihyperbolic Pell number BhP_n and the nth bihyperbolic Jacobsthal number BhJ_n are defined as

BhF_n = F_n + j_1F_{n+1} + j_2F_{n+2} + j_3F_{n+3}, BhP_n = P_n + j_1P_{n+1} + j_2P_{n+2} + j_3P_{n+3}, BhJ_n = J_n + j_1J_{n+1} + j_2J_{n+2} + j_3J_{n+3}, respectively.

Using well-known identities for numbers of the Fibonacci type, we can get identities for bihyperbolic numbers of the Fibonacci type. In this paper we will focus on using matrix representations (matrix generators) and idempotent representation of bihyperbolic numbers to prove some properties of bihyperbolic numbers of the Fibonacci type. Some combinatorial properties of bihyperbolic numbers of the Fibonacci type we can find in [3].

2. Matrix generators for bihyperbolic numbers of the Fibonacci type

Matrix methods are very important for sequences defined recursively. Matrix generators are useful tools for obtaining identities and algebraic representation. In this paper we introduce the matrix generator for bihyperbolic Fibonacci numbers, bihyperbolic Pell numbers and bihyperbolic Jacobsthal numbers.

Let BF (n) = [ BhF_{n+1} BhF_n BhF_n BhF_{n−1} ] be a matrix with entries being bihyper-

bolic Fibonacci numbers.

Theorem 1. Let n ≥ 1 be an integer. Then (2) [ BhF_{n+1} BhF_n BhF_n BhF_{n−1} ] = [ BhF_2 BhF_1 BhF_1 BhF_0 ] · [ 1 1 1 0 ]n−1 . Proof: If n = 1 then by simple calculations the result immediately follows. Assume that the equality is true for all integers 1, 2, . . . , n. We shall prove that the equality is true for integer n + 1. Using the induction hypothesis we have [ BhF_2 BhF_1 BhF_1 BhF_0 ] · [ 1 1 1 0 ]n−1 · [ 1 1 1 0 ]

= [ BhF_{n+1} BhF_n BhF_n BhF_{n−1} ] · [ 1 1 1 0 ]

= [ BhF_{n+1} + BhF_n BhF_{n+1} BhF_n + BhF_{n−1} BhF_n ] . From the definition of bihyperbolic Fibonacci numbers and Fibonacci numbers we have

BhF_{n+1} + BhF_n = F_{n+1} + j_1F_{n+2} + j_2F_{n+3} + j_3F_{n+4} + F_n + j_1F_{n+1} + j_2F_{n+2} + j_3F_{n+3} = F_{n+1} + F_n + j_1(F_{n+2} + F_{n+1}) + j_2(F_{n+3} + F_{n+2}) + j_3(F_{n+4} + F_{n+3}) = F_{n+2} + j_1F_{n+3} + j_2F_{n+4} + j_3F_{n+5} = BhF_{n+2}.

In the same way we can prove that BhF_n + BhF_{n−1} = BhF_{n+1}, which ends the proof. □

Matrix generator for bihyperbolic Fibonacci numbers immediately gives the Cassini formula for these numbers.

Corollary 2. Let n ≥ 1 be an integer. Then

BhF_{n+1} · BhF_{n−1} − BhF^2_n = ( BhF_2 · BhF_0 − BhF^2_1 ) · (−1)^{n−1} = (2j_1 + 3j_3) · (−1)^n.

Proof: Multiplication of bihyperbolic numbers is commutative, so we can use determinant properties to obtain the first equality. Calculating the determinants in (2) and putting BhF_0 = 0 + j_1 + j_2 + 2j_3, BhF_1 = 1 + j_1 + 2j_2 + 3j_3, BhF_2 = 1 + 2j_1 + 3j_2 + 5j_3, we have

BhF_2 · BhF_0 − BhF^2_1 = −2j_1 − 3j_3

which ends the proof. □

In the same way we can obtain the matrix generator and the Cassini formula for bihyperbolic Pell numbers and bihyperbolic Jacobsthal numbers.

Let BP (n) = [ BhP_{n+1} BhP_n BhP_n BhP_{n−1} ] be a matrix with entries being bihyperbolic Pell numbers.

Theorem 3. Let n ≥ 1 be an integer. Then [ BhP_{n+1} BhP_n BhP_n BhP_{n−1} ] = [ BhP_2 BhP_1 BhP_1 BhP_0 ] · [ 2 1 1 0 ]n−1 . Corollary 4. Let n ≥ 1 be an integer. Then

BhP_{n+1} · BhP_{n−1} − BhP^2_n = (−4j_1 − 12j_3) · (−1)^{n−1}.

Let BJ(n) = [ BhJ_{n+1} BhJ_n BhJ_n BhJ_{n−1} ] be a matrix with entries being bihyperbolic Jacobsthal numbers.

Theorem 5. Let n ≥ 1 be an integer. Then [ BhJ_{n+1} BhJ_n BhJ_n BhJ_{n−1} ] = [ BhJ_2 BhJ_1 BhJ_1 BhJ_0 ] · [ 1 2 1 0 ]n−1 . Corollary 6. Let n ≥ 1 be an integer. Then

BhJ_{n+1} · BhJ_{n−1} − BhJ^2_n = (5 − 5j_1 + 5j_2 − 5j_3) · (−2)^{n−1}.

3. Idempotent representation of bihyperbolic numbers of the Fibonacci type

Let consider bihyperbolic numbers

i_1 =

1 + j_1 + j_2 + j_3 4 , i_2 =

1 − j_1 + j_2 − j_3 4 , i_3 =

1 + j_1 − j_2 − j_3 4 , i_4 =

1 − j_1 − j_2 + j_3 4 . Then i_1, i_2, i_3 and i_4 satisfy the following identities

i_1 + i_2 + i_3 + i_4 = 1, i^2_s = i_s for s = 1, 2, 3, 4, i_si_k = 0 for s, k = 1, 2, 3, 4, and s ≠ k.

For any bihyperbolic number ζ = x_0 + j_1x_1 + j_2x_2 + j_3x_3 putting

z_1 = x_0 + x_1 + x_2 + x_3, z_2 = x_0 − x_1 + x_2 − x_3, z_3 = x_0 + x_1 − x_2 − x_3, z_4 = x_0 − x_1 − x_2 + x_3 we have

(3) ζ = z_1i_1 + z_2i_2 + z_3i_3 + z_4i_4.

The formula (3) is called the idempotent representation of the bihyperbolic number ζ. The addition and multiplication of bihyperbolic numbers can be realized “term-by-term” in their idempotent representations. More precisely, if ζ = z_1i_1 + z_2i_2 + z_3i_3 + z_4i_4 and ω = w_1i_1 + w_2i_2 + w_3i_3 + w_4i_4 are two bihyperbolic numbers, then (4) ζ + ω = (z_1 + w_1)i_1 + (z_2 + w_2)i_2 + (z_3 + w_3)i_3 + (z_4 + w_4)i_4, ζ · ω = (z_1 · w_1)i_1 + (z_2 · w_2)i_2 + (z_3 · w_3)i_3 + (z_4 · w_4)i_4.

We will write bihyperbolic numbers of the Fibonacci type using their idempotent representations. For nth bihyperbolic Fibonacci number BhF_n we have

BhF_n = F_n + j_1F_{n+1} + j_2F_{n+2} + j_3F_{n+3} = (F_n + F_{n+1} + F_{n+2} + F_{n+3})i_1 + (F_n − F_{n+1} + F_{n+2} − F_{n+3})i_2 + (F_n + F_{n+1} − F_{n+2} − F_{n+3})i_3 + (F_n − F_{n+1} − F_{n+2} + F_{n+3})i_4.

Using the recurrence relations for Fibonacci numbers, F_{n+2} = F_{n+1} + F_n and F_{n+3} = F_{n+2} + F_{n+1}, we obtain

F_n + F_{n+1} + F_{n+2} + F_{n+3} = 3F_n + 4F_{n+1}, F_n − F_{n+1} + F_{n+2} − F_{n+3} = F_n − 2F_{n+1}, F_n + F_{n+1} − F_{n+2} − F_{n+3} = −F_n − 2F_{n+1}, F_n − F_{n+1} − F_{n+2} + F_{n+3} = F_n.

Thus the idempotent representation of the nth bihyperbolic Fibonacci number BhF_n has the form

(5) BhF_n = (3F_n + 4F_{n+1})i_1 + (F_n − 2F_{n+1})i_2 + (−F_n − 2F_{n+1})i_3 + F_ni_4.

In the same way, using recurrence relations for Pell and Jacobsthal numbers we obtain the idempotent representation of the nth bihyperbolic Pell number BhP_n

(6) BhP_n = (4P_n + 8P_{n+1})i_1 − 4P_{n+1}i_2 + (−2P_n − 6P_{n+1})i_3 + (2P_n + 2P_{n+1})i_4 and the idempotent representation of the nth bihyperbolic Jacobsthal number BhJ_n

(7) BhJ_n = (5J_n +5J_{n+1})i_1 +(J_n −3J_{n+1})i_2 +(−3J_n −3J_{n+1})i_3 +(J_n +J_{n+1})i_4.

Theorem 7 (Cassini identity for bihyperbolic Fibonacci numbers). Let n ≥ 1 be an integer. Then

(8) BhF_{n+1} · BhF_{n−1} − BhF^2_n = (5i_1 − 5i_2 − i_3 + i_4) · (−1)^n.

Proof: Using (4) and (5) we have

BhF_{n+1} · BhF_{n−1} − BhF^2_n = [ (3F_{n+1} + 4F_{n+2})(3F_{n−1} + 4F_n) − (3F_n + 4F_{n+1})^2 ] i_1 + [ (F_{n+1} − 2F_{n+2})(F_{n−1} − 2F_n) − (F_n − 2F_{n+1})^2 ] i_2 + [ (−F_{n+1} − 2F_{n+2})(−F_{n−1} − 2F_n) − (−F_n − 2F_{n+1})^2 ] i_3 + [ F_{n+1}F_{n−1} − F^2_n ] i_4 = [9(F_{n+1}F_{n−1} − F^2_n ) + 16(F_{n+2}F_n − F^2_{n+1}) + 12(F_{n+2}F_{n−1} − F_nF_{n+1})]i_1 + [(F_{n+1}F_{n−1} − F^2_n ) + 4(F_{n+2}F_n − F^2_{n+1}) − 2(F_{n+2}F_{n−1} − F_nF_{n+1})]i_2 + [(F_{n+1}F_{n−1} − F^2_n ) + 4(F_{n+2}F_n − F^2_{n+1}) + 2(F_{n+2}F_{n−1} − F_nF_{n+1})]i_3 + [F_{n+1}F_{n−1} − F^2_n ]i_4.

Using idempotent representations of bihyperbolic Fibonacci numbers, Cassini identity for Fibonacci numbers F_{n+1}F_{n−1} − F^2_n = (−1)^n and Vajda’s identity for Fibonacci numbers F_{n+2}F_{n−1} − F_nF_{n+1} = (−1)^n we obtain that

BhF_{n+1} · BhF_{n−1} − BhF^2_n = [9(−1)^n + 16(−1)^{n+1} + 12(−1)^n]i_1 + [(−1)^n + 4(−1)^{n+1} − 2(−1)^n]i_2 + [(−1)^n + 4(−1)^{n+1} + 2(−1)^n]i_3 + (−1)^ni_4

and (8) is proved. □ In the same way, using Cassini identity for Pell numbers P_{n+1}P_{n−1} − P^2_n = (−1)^n, Vajda’s type identity for Pell numbers P_{n+2}P_{n−1} − P_nP_{n+1} = 2(−1)^n, Cassini identity for Jacobsthal numbers J_{n+1}J_{n−1} − J^2_n = (−1)^n2^{n−1} and Vajda’s type identity for Jacobsthal numbers J_{n+2}J_{n−1} − J_nJ_{n+1} = (−1)^n2^{n−1} we obtain next theorems.

Theorem 8 (Cassini identity for bihyperbolic Pell numbers). Let n ≥ 1 be an integer. Then

BhP_{n+1} · BhP_{n−1} − BhP^2_n = (16i_1 − 16i_2 − 8i_3 + 8i_4) · (−1)^n.

Theorem 9 (Cassini identity for bihyperbolic Jacobsthal numbers). Let n ≥ 1 be an integer. Then

BhJ_{n+1} · BhJ_{n−1} − BhJ^2_n = 20i_2 · (−2)^{n−1}.

Note that Cassini identities obtained in Theorems 7, 8, 9 are idempotent versions of Cassini identities obtained in Corollaries 2, 4, 6.

References

[1] Aydın F. T., On bicomplex Pell and Pell–Lucas numbers, Communications in Advanced Mathematical Sciences 1 (2018), no. 2, 142–155.

[2] Bilgin M., Ersoy S., Algebraic properties of bihyperbolic numbers, Adv. Appl. Clifford Algebr. 30 (2020), no. 1, Paper No. 13, 17 pages.

[3] Bród D., Szynal-Liana A., Włoch I., On some combinatorial properties of bihyperbolic numbers of the Fibonacci type, Math. Methods Appl. Sci. 44 (2021), no. 6, 4607–4615.

[4] Çimen C. B., İpek A., On Pell quaternions and Pell–Lucas quaternions, Adv. Appl. Clifford Algebr. 26 (2016), no. 1, 39–51.

[5] Halici S., On Fibonacci quaternions, Adv. Appl. Clifford Algebr. 22 (2012), no. 2, 321–327. [6] Horadam A. F., Complex Fibonacci numbers and Fibonacci quaternions, Amer. Math.

Monthly 70 (1963), 289–291.

[7] Iyer M. R., A note on Fibonacci quaternions, Fibonacci Quart. 7 (1969), no. 3, 225–229. [8] Nurkan S. K., Güven İ. A., A note on bicomplex Fibonacci and Lucas numbers, Int. J. Pure Appl. Math. 120 (2018), no. 3, 365–377.

[9] Pogorui A. A., Rodríguez-Dagnino R. M., Rodríguez-Said R. D., On the set of zeros of bihyperbolic polynomials, Complex Var. Elliptic Equ. 53 (2008), no. 7, 685–690.

[10] Rochon D., Shapiro M., On algebraic properties of bicomplex and hyperbolic numbers, An.

Univ. Oradea Fasc. Mat. 11 (2004), 71–110.

[11] Sobczyk G., The hyperbolic number plane, The College Mathematics Journal 26 (1995), no. 4, 268–280.

[12] Szynal-Liana A., Włoch I., A note on Jacobsthal quaternions, Adv. Appl. Clifford Algebr.

26 (2016), no. 1, 441–447.

[13] Szynal-Liana A., Włoch I., The Pell quaternions and the Pell octonions, Adv. Appl. Clifford Algebr. 26 (2016), no. 1, 435–440.

[14] Szynal-Liana A., Włoch I., On Pell and Pell–Lucas hybrid numbers, Comment. Math. 58 (2018), no. 1–2, 11–17.

[15] Szynal-Liana A., Włoch I., Hypercomplex Numbers of the Fibonacci Type, Oficyna Wydawnicza Politechniki Rzeszowskiej, Rzeszów, 2019.

416 D. Bród, A. Szynal-Liana, I. Włoch

[16] Szynal-Liana A., Włoch I., On Jacobsthal and Jacobsthal–Lucas hybrid numbers, Ann.

Math. Sil. 33 (2019), no. 1, 276–283.

[17] Szynal-Liana A., Włoch I., The Fibonacci hybrid numbers, Util. Math. 110 (2019), 3–10.

D. Bród, A. Szynal-Liana, I. Włoch: Rzeszow University of Technology, Faculty of Mathematics and Applied Physics, al. Powstańców Warszawy 12, 35-959 Rzeszów, Poland E-mail: dorotab@prz.edu.pl E-mail: aszynal@prz.edu.pl E-mail: iwloch@prz.edu.pl

(Received July 2, 2020)