Comment.Math.Univ.Carolin. 62,4 (2021) 483–489 483

The (dis)connectedness of products of Hausdorff spaces in the box topology

Vitalij A. Chatyrko

Abstract. In this paper the following two propositions are proved:

(a) If X_α, α ∈ A, is an infinite system of connected spaces such that infinitely many of them are nondegenerated completely Hausdorff topological spaces then the box product □_{α∈A}X_α can be decomposed into continuum many disjoint nonempty open subsets, in particular, it is disconnected.

(b) If X_α, α ∈ A, is an infinite system of Brown Hausdorff topological spaces then the box product □_{α∈A}X_α is also Brown Hausdorff, and hence, it is connected.

A space is Brown if for every pair of its open nonempty subsets there exists a point common to their closures. There are many examples of countable Brown Hausdorff spaces in literature.

Keywords: box topology; connectedness; completely Hausdorff space; Urysohn space; Brown space

Classification: 54B10, 54D05, 54D10

1. Introduction

All considered spaces are nondegenerated. It is well known (cf. [15]) that the topological product ∏ α∈A X_α of an indexed family {X_α}_{α∈A} of connected spaces is connected. Let us endow the product with the box topology and denote the new space as □_{α∈A}X_α.

Theorem 1.1 ([11]). Let X_α, α ∈ A, be an infinite system of connected regular T_1-spaces. Then the space □_{α∈A}X_α is disconnected.

This result motivated

Question 1.2 ([3]). Let X_α, α ∈ A, be an infinite system of connected spaces. Under what conditions on the system is the space □_{α∈A}X_α (dis)connected?

In [3] the authors suggested two independent sufficient conditions on topological spaces X_α, α ∈ A, which imply disconnectedness of the product □_{α∈A}X_α.

DOI 10.14712/1213-7243.2022.001

In view of Theorem 1.1 these conditions are meaningful for connected spaces with axioms lower than T_3.

Thus a condition called a decreasing open filtration property, in short, DOFproperty, is valid for T_1-spaces with at least one regular non-isolated point (and not only for such spaces). Other condition, called an increasing open filtration property, shortly, IOF-property, holds for example for the Khalimsky line K, see [6], a topological space (Z, τ), where Z is the set of all integers and τ is the topology on Z generated by the base B = {{2k + 1}, {2k − 1, 2k, 2k + 1}: k ∈ Z}. It is easy to see that K is a connected T_0-space (but not T_1). Let us note, see [12], that the Khalimsky line K and the spaces K^n, n ≥ 2, are basic objects of digital topology.

In [4] the authors observed that if each space X_α, α ∈ A, is hyperconnected (i.e. every pair of nonempty open subsets of such a space has nonempty intersection) then the product □_{α∈A}X_α is also hyperconnected, in particular, connected. Let us note that hyperconnected spaces are not Hausdorff, and there are examples of hyperconnected T_1-spaces (some of them can even be found in [4]).

In this article I consider Question 1.2 in the realm of Hausdorff spaces. In particular, I will show the following:

(a) If X_α, α ∈ A, is an infinite system of connected spaces such that infinitely many of them are completely Hausdorff topological spaces then the product □_{α∈A}X_α can be decomposed into continuum many disjoint nonempty open subsets, in particular, it is disconnected.

(b) If X_α, α ∈ A, is an infinite system of Brown Hausdorff topological spaces then the product □_{α∈A}X_α is also Brown Hausdorff, and hence, it is connected.

2. Auxiliary notions and facts

Recall that a topological space X is called completely Hausdorff or functionally Hausdorff if for any distinct points x, y ∈ X there exists a continuous function f : X → R such that f(x) ≠ f(y).

It is easy to see that every connected completely Hausdorff space has cardinality greater than or equal to c.

Example 2.1. Let X be the topological space (R, τ), where R is the set of reals, and τ is the topology on R generated by the family {(a, b) \ M : a < b, M ⊂ R, |M| ≤ ℵ_0}. Let us note that X is a connected homogeneous completely Hausdorff topological space without regular points. (A point p of a topological space T is called a regular point of T if for any closed subset F of T such that p /∈ F there are two disjoint open subsets U and V of T such that p ∈ U and F ⊆ V .) Observe that the identity mapping from X to R is continuous.

A topological space X is called a Urysohn space if for any distinct points x, y ∈ X there are open neighborhoods U and V of x and y, respectively, such that U and V have disjoint closures.

It is evident that each completely Hausdorff space is Urysohn, and there are different examples of countable connected Urysohn spaces (which cannot be completely Hausdorff because of their cardinality), see for examples [7], [8], [9], [14], [17], [19]. The examples from [17], [19] have at least one regular point.

A topological space X is called a Brown space if every pair of open nonempty subsets of X has nonempty intersection of their closures (cf. [1]).

It is evident that every hyperconnected space is Brown, and every Brown space is connected. There are different examples of connected countable Hausdorff Brown spaces (which can neither have regular points nor be Urysohn by its definition), see for examples [2], [5], [10], [13], [16].

Recall [3] that a space X possesses (1) a DOF-property, if there exists a countable sequence {O_i}_{i=1,2,...} of open subsets of X such that Cl_X O_{i+1} � O_i for each i = 1, 2, . . . and ⋂ i∈N O_i ≠ ∅;

(2) an IOF-property, if there exists a countable sequence {O_i}_{i=1,2,...} of open subsets of X such that ∅ ≠ O_1 ⊂ Cl_X O_i � O_{i+1} for each i = 1, 2 . . . and ⋃ i∈N O_i = X.

Proposition 2.2 ([3]). Let X_α, α ∈ A, be an infinite system of connected spaces such that infinitely many of them possess the DOF-property (or IOF-property). Then the product □_{α∈A}X_α can be decomposed into continuum many disjoint nonempty open subsets.

3. Disconnectedness of products of completely Hausdorff spaces with the box topology

Proposition 3.1. Let f : X → Y be a continuous mapping of a topological space X onto a topological space Y with the DOF-property. Then X possesses the DOF-property.

Proof: Let {O_i}_{i∈N} be a countable sequence of open subsets of Y such that Cl_Y O_{i+1} � O_i for each i = 1, 2, . . . and ⋂ i=1,2... Oi ≠ ∅. Put Vi = f

−1O_i for each i ≥ 1. Note that {V_i}_{i∈N} is a countable sequence of open subsets of X such that ⋂ i∈N V_i = f^{−1} ( ⋂ i∈N O_i ) ≠ ∅, Cl_X V_{i+1} ⊂ f^{−1}Cl_Y O_{i+1} ⊂ V_i and Cl_X V_{i+1} ≠ V_i

(since V_i \ Cl_X V_{i+1} ⊇ f^{−1}O_i \ f^{−1}Cl_Y O_{i+1} = f^{−1}(O_i \ Cl_Y O_{i+1}) ≠ ∅) for each i = 1, 2, . . . Hence X possesses the DOF-property. □

Corollary 3.2. Every connected completely Hausdorff topological space X possesses DOF-property.

Proof: Consider two distinct points x, y ∈ X and a continuous mapping f : X → R of X to the real line such that f(x) ≠ f(y). Let us note that the image Y = f(X) of X is a nondegenerated connected subset of the real line. Since Y is a T_1 space with at least one regular non-isolated point, the space Y possesses the DOF-property. By Proposition 3.1 the space X also possesses the DOF-property. □

Remark 3.3. Every infinite completely Hausdorff space can be continuously mapped onto a subspace of the real line with at least one non-isolated point. This implies that every such a space has the DOF-property.

Theorem 3.4. Let X_α, α ∈ A, be an infinite system of connected spaces such that infinitely many of them are completely Hausdorff topological spaces. Then the product □_{α∈A}X_α can be decomposed into continuum many disjoint nonempty open subsets.

Proof: Apply Corollary 3.2 and Proposition 2.2 (the case of DOF-property). □

We get immediately

Corollary 3.5. The product X^{ℵ0} , where X is the space from Example 2.1, with the box topology can be decomposed into continuum many disjoint nonempty open subsets.

4. Connectedness of products of Brown Hausdorff spaces with the box topology

Proposition 4.1. Let X_α, α ∈ A, be any system of Brown spaces. Then the product □_{α∈A}X_α is also Brown.

Proof: Let U and V be two nonempty open subsets of □_{α∈A}X_α. Consider a point x ∈ U and a point y ∈ V . Let B = ∏ α∈A B_α and C = ∏ α∈A C_α be basic open neighborhoods of x and y, respectively, such that B ⊂ U and C ⊂ V . Note that for each α ∈ A the space X_α is Brown. So Cl_{Xα} B_α ∩ Cl_{Xα} C_α ≠ ∅. Then put X = □_{α∈A}X_α and observe that Cl_X B ∩ Cl_X C = ( ∏ α∈A Cl_{Xα} B_α ) ∩ ( ∏ α∈A Cl_{Xα} C_α ) = ∏ α∈A((Cl_{Xα} B_α) ∩ (Cl_{Xα} C_α)) ≠ ∅.

Hence, the space □_{α∈A}X_α is Brown. □

Corollary 4.2 ([1]). Let X_α, α ∈ A, be an infinite system of Brown spaces. Then the topological product ∏ α∈A X_α is Brown.

Proof: Recall, see [1], that a continuous image of a Brown space is also Brown. Since the identity mapping id : □_{α∈A}X_α → ∏ α∈A X_α is a continuous bijection, it follows from Proposition 4.1 that the space ∏ α∈A X_α is Brown. □

Theorem 4.3. Let X_α, α ∈ A, be an infinite system of Brown Hausdorff topological spaces. Then the product □_{α∈A}X_α is Brown Hausdorff.

Proof: Apply Proposition 4.1 and the known fact that the product of Hausdorff spaces with the box topology is also Hausdorff. □

We get immediately

Corollary 4.4. Any product X^α, where X is the Bing space, see [2], the Golomb space, see [5], the Kirch space, see [10], the Lawrence space, see [13], or the Ritter space, see [16], with the box topology is connected. (Recall that all these spaces X are Hausdorff and Brown.)

5. Box products of countable connected Urysohn spaces

Remark 5.1. Since the Roy space R, see [17], and the Vought space V , see [19], two countable connected Urysohn spaces, have regular non-isolated points, the products R^{ℵ0} and V^{ℵ0} with the box topology can be decomposed into continuum many disjoint nonempty open subsets by Proposition 2.2 (the case of DOFproperty).

The following proposition is evident.

Proposition 5.2. Each countable connected homogeneous Hausdorff space has no regular points.

In [18] (cf. [8]) it was suggested a way to produce countable connected Urysohn homogeneous spaces, and hence (by Proposition 5.2) without regular points.

Example 5.3. Let X be any connected countable Urysohn space, see [7], [8], [9], [14], [17], [19]. For each positive integer i consider a copy X_i of X with two distinct points p_i, q_i in X_i. In the topological sum ⨁ i∈N X_i identify points q_i and p_{i+1} for every i ≥ 1. Denote the quotient space by X_ω and the quotient mapping by pr. Note that the space X_ω is countable connected and Urysohn. Moreover, if X does not have regular points then neither does X_ω.

Proposition 5.4. The space X_ω possesses the IOF-property.

Proof: Let U_i and V_i be open neighborhoods of p_i and q_i in X_i with disjoint closures. Put O_1 = pr(X_1 \ Cl_{X1} V_1). Then for each positive integer i ≥ 2 put

O_i = pr((X_1 ⊕ · · · ⊕ X_i) \ Cl_{Xi} V_i).

Note that all O_i are open subsets of X_ω such that ∅ ≠ O_1 ⊂ Cl_X O_i � O_{i+1} for each i = 1, 2 . . . and ⋃ i∈N O_i = X_ω. Indeed, pr(p_1) ∈ O_1, hence O_1 ≠ ∅. Then for each integer i ≥ 2 we have

Cl_{Xω} O_i ⊆ pr((X_1 ⊕ · · · ⊕ X_i) \ V_i) ⊆ O_{i+1}.

Moreover, pr(q_i) ∈ O_{i+1} \ Cl_{Xω} O_i and ⋃ i∈N O_i ⊇ ⋃ i∈N pr(X_1 ⊕ · · · ⊕ X_i) = X_ω.

Hence, the space X_ω possesses the IOF-property. □

Example 5.5. Let us extend the space X_ω by a point p as follows. In the union X_ω ∪ {p} a base at the point p consists of the sets {p} ∪ ( X_ω \ ⋃ i≤k prX_i ) , k = 1, 2, . . . For the points of the part X_ω we take any base from the space X_ω. Denote the new space by X^+_ω . It is easy to see that the space X^+_ω is countable connected Urysohn, and the point p is a regular point of X^+_ω .

Corollary 5.6. The product (X_ω)^{ℵ0} ((X^+_ω )^{ℵ0} , respectively) with the box topology can be decomposed into continuum many disjoint nonempty open subsets.

Proof: Apply Proposition 5.4 and Proposition 2.2 (for both cases). □

In the end one can ask

Question 5.7. Are there countable connected Urysohn spaces X_i, i = 1, 2, . . . , such that the product □_{i=1,2,...}X_i is connected?

In connection to the question above it would be interesting to precise what examples from [7], [8], [9], [14] do not have regular points.

Acknowledgement. The author thanks the referee for his/her valuable remarks.

References

[1] Acosta G., Madriz-Mendoza M., Dominguez J. D. C. A., Brown spaces and the Golomb topology, Open Acc. J. Math. Theor. Phy. 1 (2018), no. 6, 242–247.

[2] Bing R. H., A connected countable Hausdorff space, Proc. Amer. Math. Soc. 4 (1953), 474. [3] Chatyrko V. A., Karassev A., The (dis)connectedness of products in the box topology, Questions Answers Gen. Topology 31 (2013), no. 1, 11–21.

[4] Chatyrko V. A., Nyagahakwa V., Vitali selectors in topological groups and related semigroups of sets, Questions Answers Gen. Topology 33 (2015), no. 2, 93–102.

[5] Golomb S. W., A connected topology for integers, Amer. Math. Monthly 66 8 (1959), no. 8, 663–665.

[6] Halimskiĭ E. D., The topologies of generalized segments, Dokl. Akad. Nauk SSSR 189 (1969), 740–743.

[7] Hewitt E., On two problems of Urysohn, Ann. of Math. 47 (1946), no. 3, 503–509. [8] Jones F. B., Stone A. H., Countable locally connected Urysohn spaces, Colloq. Math. 22 (1971), 239–244.

[9] Kannan V., Rajagopalan M., On countable locally connected spaces, Colloq. Math. 29 (1974), 93–100, 159.

[10] Kirch A. M., A countable connected, locally connected Hausdorff space, Amer. Math.

Monthly 76 (1969), 169–171.

[11] Knight C. J., Box topologies, Quart. J. Math. Oxford Ser. (2) 15 (1964), 41–54. [12] Kong T. Y., Kopperman R., Meyer P. R., A topological approach to digital topology, Amer.

Math. Monthly 98 (1991), no. 10, 901–917.

[13] Lawrence L. B., Infinite-dimensional countable connected Hausdorff spaces, Houston J. Math. 20 (1994), no. 3, 539–546.

[14] Miller G. G., Countable connected spaces, Proc. Amer. Math. Soc. 26 (1970), 355–360. [15] Munkres J. R., Topology, Prentice Hall, Upper Saddle River, 2000.

[16] Ritter G. X., A connected locally connected, countable Hausdorff space, Amer. Math.

Monthly 83 (1976), no. 3, 185–186.

[17] Roy P., A countable connected Urysohn space with a dispersion point, Duke Math. J. 33 (1966), 331–333.

[18] Shimrat M., Embedding in homogeneous spaces, Quart. J. Math. Oxford Ser. (2) 5 (1954), 304–311.

[19] Vought E. J., A countable connected Urysohn space with a dispersion point that is regular almost everywhere, Colloq. Math. 28 (1973), 205–209.

V. A. Chatyrko:

Department of Mathematics, Linköping University, Universitetsvägen, 581 83 Linköping, Sweden

E-mail: vitalij.tjatyrko@liu.se

(Received August 6, 2020, revised October 14, 2020)