Comment.Math.Univ.Carolin. 63,3 (2022) 269–276 269

Mersenne numbers as a difference of two Lucas numbers

Murat Alan

Abstract. Let (L_n)_{n≥0} be the Lucas sequence. We show that the Diophantine equation L_n − L_m = M_k has only the nonnegative integer solutions (n, m, k) = (2, 0, 1), (3, 1, 2), (3, 2, 1), (4, 3, 2), (5, 3, 3), (6, 2, 4), (6, 5, 3) where M_k = 2^k − 1 is the kth Mersenne number and n > m.

Keywords: Lucas number; Mersenne number; Diophantine equation; linear forms in logarithm

Classification: 11B39, 11J86, 11D61

1. Introduction

Let (F_n)_{n≥0} and (L_n)_{n≥0} be the Fibonacci and Lucas sequences given by F_0 = 0, F_1 = 1, L_0 = 2, L_1 = 1, F_{n+2} = F_{n+1} + F_n and L_{n+2} = L_{n+1} + L_n for n ≥ 0, respectively. Because of their interesting properties, these two sequences have been investigated from various point of view in many papers. Especially over the last decade products, sums and differences of these two sequences have been investigated by a number of authors, see for example [4], [5], [7], [9], [12], [13], [14]. We refer [10] for a detailed information on these sequences.

Recall that Mersenne numbers are the numbers of the form 2^k − 1, where k is a nonnegative integer. In [2], Mersenne numbers in a generalized Fibonacci numbers are found. In this study, we search the differences of two Lucas numbers which are Mersenne numbers. More precisely the aim of this paper is to prove the following theorem.

Theorem 1. The equation

(1) L_n − L_m = 2^k − 1, n > m,

has only the nonnegative integer solutions (n, m, k) ∈ {(2, 0, 1), (3, 1, 2), (3, 2, 1), (4, 3, 2), (5, 3, 3), (6, 2, 4), (6, 5, 3)}.

The proof of the above theorem mainly depends on two results one of them gives us a general lower bound for linear forms in logarithms and the other one

DOI 10.14712/1213-7243.2022.027

is a version of reduction method given in Baker–Davenport lemma, see [1]. We summarize these two results in the next chapter. It is worth to note that when it is needed we used the software Maple for all calculations and computations.

2. Preliminaries

It is well-known that all Lucas numbers L_n can be written as

L_n = α^n + β^n, n ≥ 0, where α := 1 + √ 5 2 and β := 1 − √ 5 2 are the roots of the equation x^2 − x − 1 = 0. This is the Binet formula of Lucas numbers. By using the Binet formula, one can see that,

(2) α^{n−1} ≤ L_n ≤ 2α^n

holds for all n > 0.

Lemma 2. If n ≡ m (mod 3) then L_n ≡ L_m (mod 2)

Proof: Assume that n ≡ m (mod 3). Assume also without loss of generality that n ≥ m and let n = m + 3k for some nonnegative integer k. Then the proof follows by induction on k, since L_{m+3} = L_{m+2} + L_{m+1} = 2L_{m+1} + L_m ≡ L_m (mod 2). □

Let η be an algebraic number of degree d with minimal polynomial

a_0x^d + a_1x^{d−1} + · · · + a_d = a_0 d∏ i=1 (X − η^{(i)}),

where the a_i’s are relatively prime integers with a_0 > 0 and the η^{(i)}’s are conjugates of η. The logarithmic height of η is defined by

h(η) = 1 d ( log a_0 + d∑ i=1 log(max{|η^{(i)}|, 1}) ) . In particular, for a rational number p/q with gcd(p, q) = 1 and q > 0, h(p/q) = log max{|p|, q}. The following properties are very useful for calculation of h(η):

∘ h(η ± γ) ≤ h(η) + h(γ) + log 2. ∘ h(ηγ^{±1}) ≤ h(η) + h(γ). ∘ h(η^s) = |s|h(η).

Theorem 3 (Matveev’s theorem, [11]). Assume that γ_1, . . . , γ_t are positive real algebraic numbers in a real algebraic number field K of degree d_K, b_1, . . . , b_t are rational integers, and Λ := γ^{b1}_1 · · · γ^{bt}_t − 1 is not zero. Then

|Λ| > exp ( − 1.4 · 30^{t+3} · t^{4.5} · d^2_K(1 + log d_K)(1 + log B)A_1 · · · A_t ) , where B ≥ max{|b_1|, . . . , |b_t|}, and A_i ≥ max{d_Kh(γ_i), | log γ_i|, 0.16} for all i = 1, . . . , t.

In [6, Lemma 5 (a)], A. Dujella and A. Pethő give a version of the reduction method based on the Baker–Davenport lemma, see [1]. The following lemma is from [3, Lemma 4] which is a variation of [6, Lemma 5 (a)] and it is useful for reducing some upper bounds on the variables. For a real number θ, we put ‖θ‖ = min{|θ − n|: n ∈ Z}, the distance from θ to the nearest integer.

Lemma 4. Let M be a positive integer, let p/q be a convergent of the continued fraction of the irrational γ such that q > 6M, and let A, B, μ be some real numbers with A > 0 and B > 1. If ε := ‖μq‖ − M‖γq‖ > 0, then there is no solution to the inequality

0 < |uγ − v + μ| < AB^{−w},

in positive integers u, v and w with

u ≤ M and w ≥ log(Aq/ε) log B .

3. Proof of Theorem 1

Proof of Theorem 1: Assume that the equation (1) holds. A quick computation with Maple shows that the equation (1) has the solutions (n, m, k) ∈ {(2, 0, 1), (3, 1, 2), (3, 2, 1), (4, 3, 2), (5, 3, 3), (6, 2, 4), (6, 5, 3)} in nonnegative integers in the range 0 ≤ m < n ≤ 200. If n − m = 1 and m ≠ 0 or n − m = 2 , then the equation (1) turns into the equations L_{m−1} = 2^k − 1 and L_{m+1} = 2^k − 1, respectively. All solutions of these two equations only come from the equalities L_1 + 1 = 2, L_2 + 1 = 2^2 and L_4 + 1 = 2^8, see [4], which corresponds already known solutions (n, m, k) ∈ {(3, 2, 1), (4, 3, 2), (6, 5, 3)} and (n, m, k) ∈ {(2, 0, 1), (3, 1, 2),

(5, 3, 3)} of (1). Also, by Lemma 2, the case n − m = 3 is clearly false. So we will take n − m ≥ 4 and n > 200.

From (1), we may get a relation between variables n and k for future reference. Indeed from (1) and (2) we have that

2^{k−1} ≤ 2^k − 1 = L_n − L_m < L_n ≤ 2α^n < 2^{n+1},

and hence we observe that

(3) k < n + 2.

Using Binet formula for Lucas sequences we rewrite equation (1) as

α^n + β^n − L_m = 2^k − 1, α^n − 2^k = L_m − β^n − 1.

So | | |1 −

2^k α^n | | | < L_m α^n + |β|^n α^n + 1 α^n < 2α^m α^n + 1 α^{2n} + 1 α^n < 4 α^{n−m} . Hence we have that

(4) |Λ_1| := | |1 −

2^k α^n | | < 4 α^{n−m} . Now we may apply Theorem 3 to the left side of the inequality (4) with η_1 := 2, η_2 := α and b_1 := k, b_2 := −n. Clearly η_1, η_2 ∈ K = Q( √ 5), and hence we take d_K = 2, the degree of the number field K. Since α^n ≠ 2^k ∈ Z for n > 0, we see that Λ_1 is nonzero. Further since h(η_1) = log 2 and h(η_2) = (1/2) log α, we take A_1 = 2 log 2, A_2 = log α. By (3) we know that k < n + 2, so we take

B := max{|b_i|} = max{k, n} < n + 2.

Now we are ready to apply Theorem 3 to the inequality (4) and we get that

log |Λ_1| > −1.4 × 30^5 × 2^{4.5} × 2^2(1 + log 2)(1 + log (n + 2))2 log 2 · log α,

which implies that

(5) log |Λ_1| > 3.48 × 10^9(1 + log (n + 2)).

On the other hand, from (4), we know that

(6) log |Λ_1| < log 4 − (n − m) log α.

From (5) and (6) we find that

(7) n − m < 7.24 × 10^9 × (1 + log (n + 2)).

Now we rewrite equation (1) in the Binet formula as

α^n + β^n − α^m − β^m = 2^k − 1, α^n − α^m − 2^k = −β^n + β^m − 1, α^n(1 − α^{m−n}) − 2^k = −β^n + β^m − 1.

So from the last equation above we write | | |1 −

2^k α^n(1 − α^{m−n}) | | | < 1 α^n(1 − α^{m−n})

(|β|^n + |β|^m + 1) < 3 α^n , where we used the fact that |β|^n + |β|^m + 1 < 2.01 and (1 − α^{m−n})^{−1} < 1.4 for m ≥ 0, n ≥ 200 and n − m ≥ 3. So

(8) |Λ_2| := | | |1 −

2^k α^n(1 − α^{m−n}) | | | < 3 α^n . Let η_1 := 2, η_2 := α, η_3 := (1 − α^{m−n})^{−1} and b_1 := k, b_2 := −n, b_3 := 1. Since η_1, η_2 and η_3 are elements of the quadratic number field K = Q( √ 5), we take d_K = 2, the degree of the number field K. Since h(η_1) = log 2, h(η_2) = (1/2) log α and h(η_3) = h((1 − α^{m−n})^{−1}) = h(1 − α^{m−n})

≤ |m − n|h(α) + log 2 = n − m 2 log α + log 2 we take

A_1 = 2 log 2, A_2 = log α and A_3 = (n − m) log α + 2 log 2.

By (3), k < n + 2, so we take

B := max{|b_i|} = max{n, k, 1} < n + 2.

Note that Λ_2 is nonzero. Indeed if it were zero then we would have that α^n − α^m = 2^k. Conjugating in K, we get that β^n − β^m = −2^k and adding these two equation we get that L_n − L_m = 0, which is false since n > m. Thus we apply Theorem 3 to Λ_2 given in (8) and we get that (9) log (|Λ_2|) > − 1.4 · 30^6 · 3^{4.5} · 2^2(1 + log 2)(1 + log(n + 2)) × 2 log 2 · log α · ((n − m) log α + 2 log 2).

On the other hand, from (8), we know that

(10) log |Λ_2| < log 3 − n log α.

Combining (9) and (10) we get that

(11) n < 1.35 · 10^{12} × (1 + log(n + 2)) × ((n − m) log α + 2 log 2).

From the inequality (11) together with (7), it follows that

(12) n < 1.8 · 10^{25}.

Now we use the theory of continued fractions to reduce the upper bound on n−m. More precisely we show that n − m < 137. To this end, assume that n − m ≥ 137. Let (13) Γ_1 := k log 2 − n log α

so that |Λ_1| := | exp (Γ_1) − 1| < 4 α^{n−m} < 1 2 , and hence we get that |Γ_1| < 8 α^{n−m} . So from (13), we write | | | log α log 2 − k n | | | < 8 nα^{n−m} log 2 . Since 2.8 · 10^{28} < α^{137} log 2, we have the inequality

16n < 16 · 1.8 · 10^{25} < 2.9 · 10^{26} < α^{137} log 2 ≤ α^{n−m} log 2.

Thus we write | | | log α log 2 − k n | | | < 8 nα^{n−m} log 2 < 1 2n^2 , which means that k/n is a convergent of continued fractions of irrational τ := log α/log 2, say p_k/q_k. Since p_k and q_k are relatively prime integers we get that q_k ≤ n < 1.8 × 10^{25}. Let [a_0, a_1, a_2, a_3, a_4, . . .] = [0, 1, 2, 3, 1, . . .] be the continued fraction expansion of τ. By Maple, we see that k ≤ 56 and max{a_i} = 134 for i = 1, 2, . . . , 56. Thus, from the well known property of continued fractions [8, Theorem 163], we write 1 136n^2 < 1 (a_k + 2)n^2 < | | | log α log 2 − k n | | | < 8 nα^{n−m} log 2 , which means 2.7 · 10^{25} < α^{137} log 2 136 · 8 ≤ α^{n−m} log 2 136 · 8

< n, a contradiction since n < 1.8 × 10^{25}. So we conclude that n − m < 137. By substituting this upper bound for n − m into (11) we get that

(14) n < 1.35 · 10^{12} × (1 + log(n + 2)) × (137 log α + 2 log 2),

which implies that

(15) n < 4 · 10^{15}. Let (16) Γ_2 := k log 2 − n log α − log (1 − α^{m−n})

so that |Λ_2| := | exp Γ_2 − 1| < 3 α^n < 1 2 . Then |Γ_2| < 6 α^n . So, from (16),

(17) 0 < | | |k log 2 log α

− n − log (1 − α^{m−n})

log α | | | < 6 α^n log α . Now we take

M := 4 · 10^{15} + 2 > n + 2 > k and τ := log 2 log α . Then, in the continued fraction expansion of τ, we take q_{50}, the denominator of the 50th convergent of τ, which exceeds 6M. Now with the help of Maple we calculate ε_{n−m} := ‖μ_{n−m}q_{50}‖ − M‖τq_{50}‖ for each n − m ∈ {4, . . . , 137} where

μ_{n−m} := − log (1 − α^{m−n}) log α

, q_{50} = 9041151586240430787539

and we get that

0.000012 < ε_{n−m} for all n − m ∈ {4, . . . , 137}

except for n − m = 6, since for n − m = 6, ε_6 < 0. So we need to handle this case separately. But, from Lemma 2, this is not the case. So n − m ≠ 6.

276 M. Alan

Let A := 6/log α, B := α and ω := n . Thus from Lemma (4) we get that the inequality (17) has no solution for n > log (Aq_{50}/0.000012) log B

≥ 133.8.

So we get that n < 134 which is a contradiction since n > 200. This completes the proof. □

References

[1] Baker A., Davenport H., The equations 3x^2 − 2 = y^2 and 8x^2 − 7 = z^2, Quart. J. Math.

Oxford Ser. (2) 20 (1969), 129–137.

[2] Bravo J. J., Gómez C. A., Mersenne k-Fibonacci numbers, Glas. Matemat. Ser. III 51(71), (2016), no. 2, 307–319.

[3] Bravo J. J., Luca F., On a conjecture about repdigits in k-generalized Fibonacci sequences, Publ. Math. Debrecen 82 (2013), no. 3–4, 623–639.

[4] Bravo J. J., Luca F., Powers of two as sums of two Lucas numbers, J. Integer Seq. 17 (2014), no. 8, Article 14.8.3, 12 pages.

[5] Demirtürk Bitim B., On the Diophantine equation L_n −L_m = 2·3^a, Period. Math. Hungar.

79 (2019), no. 2, 210–217.

[6] Dujella A., Pethő A., A generalization of a theorem of Baker and Davenport, Quart. J.

Math. Oxford Ser. (2) 49 (1998), no. 195, 291–306.

[7] Erduvan F., Keskin R., Nonnegative integer solutions of the equation F_n − F_m = 5^a, Turkish J. Math. 43 (2019), no. 3, 1115–1123.

[8] Hardy G. H., Wright E. M., An Introduction to the Theory of Numbers, The Clarendon Press, Oxford University Press, New York, 1979.

[9] Kebli S., Kihel O., Larone J., Luca F., On the nonnegative integer solutions to the equation F_n ± F_m = y^a, J. Number Theory 220 (2021), 107–127.

[10] Koshy T., Fibonacci and Lucas Numbers with Applications, Pure and Applied Mathematics (New York), Wiley-Interscience, New York, 2001.

[11] Matveev E. M., An explicit lower bound for a homogeneous rational linear form in the logarithms of algebraic numbers. II, Izv. Ross. Akad. Nauk Ser. Mat. 64 (2000), no. 6, 125–180 (Russian); translation in Izv. Math. 64 (2000), no. 6, 1217–1269.

[12] Normenyo B. V., Luca F., Togbé A., Repdigits as sums of four Fibonacci or Lucas numbers, J. Integer Seq. 21 (2018), no. 7, Art. 18.7.7, 30 pages.

[13] Şiar Z., Keskin R., On the Diophantine equation F_n − F_m = 2^a, Colloq. Math. 159 (2020), no. 1, 119–126.

[14] Trojovský P., On the order of appearance of the difference of two Lucas numbers, Miskolc Math. Notes 19 (2018), no. 1, 641–648.

M. Alan:

Yildiz Technical University, Faculty of Arts and Sciences, Mathematics Department, Davutpasa Campus, 34210, Esenler, Istanbul, Turkey

E-mail: alan@yildiz.edu.tr

(Received June 12, 2021, revised September 2, 2021)