Comment.Math.Univ.Carolin. 63,3 (2022) 329–349 329

The common division topology on N

José del Carmen Alberto-Domínguez, Gerardo Acosta, Maira Madriz-Mendoza

Abstract. A topological space X is totally Brown if for each n ∈ N\{1} and every nonempty open subsets U_1, U_2, . . . , U_n of X we have cl_X (U_1) ∩ cl_X (U_2) ∩ · · · ∩ cl_X (U_n) ≠ ∅. Totally Brown spaces are connected. In this paper we consider a topology τ_S on the set N of natural numbers. We then present properties of the topological space (N, τ_S ), some of them involve the closure of a set with respect to this topology, while others describe subsets which are either totally Brown or totally separated. Our theorems generalize results proved by P. Szczuka in 2013, 2014, 2016 and by P. Szyszkowska and M. Szyszkowski in 2018.

Keywords: arithmetic progression; common division topology; totally Brown space; totally separated space

Classification: 11B25, 54D05, 11A41, 11B05, 54A05, 54D10

1. Introduction

We denote by Z and N the sets of integers and of natural numbers, respectively. We define N_0 = N ∪ {0} and N_b = {n ∈ N: n ≥ b} for each b ∈ N. The symbol P denotes the set of prime numbers. We assume that P ⊂ N. Given nonzero integers a and b, the symbol ⟨a, b⟩ denotes the greatest common divisor of a and b. Note that ⟨a, b⟩ ∈ N.

In this paper we consider arithmetic progressions in both N and Z. Namely, for each a, b ∈ N we define

P (a, b) = {b + an: n ∈ N_0} = b + aN_0 and M(a) = {an: n ∈ N}.

If a ∈ N and b ∈ Z we also define

P_F (a, b) = {b + az : z ∈ Z} = b + aZ.

In both [8, page 663] and [9, page 179], S. W. Golomb showed that the family

B_G = {P (a, b): (a, b) ∈ N × N and ⟨a, b⟩ = 1}

DOI 10.14712/1213-7243.2022.022

330 J. C. Alberto-Domínguez, G. Acosta, M. Madriz-Mendoza

is a base for a topology τ_G on N. In [11] A. M. Kirch considered the family

B_K = {P (a, b) ∈ B_G : a is square-free},

which is a base for a topology τ_K on N so that τ_K ⊂ τ_G. In [1] the first two authors study properties of the spaces (N, τ_G) and (N, τ_K ). In this paper we consider a topology τ_S on N and present new properties of the space (N, τ_S ).

We divide the paper in four sections. After this Introduction in Section 2 we present notions and results on topological spaces. In Subsection 2.1 we consider the notion of a Brown space and of a totally Brown space, as well as properties different from the ones shown in [1, Section 3]. In Section 3 we present results on arithmetic progressions, different from the ones that appear in [1, Section 4].

In Section 4 we consider properties of the topological space (N, τ_S ). For example this space is totally Brown, not homogeneous and concerning its separation axioms it is T_D but not T 1_2 . In Subsection 4.1 we show that P (a, b) is totally separated when a ∈ N_2. In Subsection 4.2 we study the points at which (N, τ_S ) is either locally connected or connected im kleinen or almost connected im kleinen. In Subsection 4.3 we present results that involve the closure of an arithmetic progression with respect to (N, τ_S ). The important results of this subsection are Theorems 4.15, 4.16 and 4.17 since with them we can calculate in a simple way the closure in (N, τ_S ) of an arithmetic progression. In Subsection 4.4 we characterize in Theorem 4.24 the arithmetic progressions that are totally Brown in (N, τ_S ). It turns out that each arithmetic progression is either totally separated or totally Brown in (N, τ_S ). The same two possibilities occur in (N, τ_G), see [1, Corollary 5.15], but not in (N, τ_K ), since all arithmetic progressions are totally Brown in (N, τ_K ), see [1, Theorem 6.9].

2. Topological spaces

In this section we collect several notions, results and terminology from general topology that we use in the paper. The symbol |Z| denotes the cardinality of the set Z. If (X, τ) is a topological space and A ⊂ X, then the symbols cl_X (A) and int_X (A) denote the closure and the interior of A in (X, τ), respectively. If A ⊂ Y ⊂ X, then cl_Y (A) = Y ∩ cl_X (A). If we need to specify the topology τ on X we write cl_{(X,τ )}(A) and int_{(X,τ )}(A), respectively.

We say that x ∈ X is an indiscrete point of X if {U ∈ τ : x ∈ U} = {X}. The topological space (X, τ) is said to be

1) T_2 1_2 or Urysohn if for each x, y ∈ X with x ≠ y, there exist U, V ∈ τ so that x ∈ U, y ∈ V and cl_X (U) ∩ cl_X (V ) = ∅;

The common division topology on N 331

2) hereditarily disconnected if X does not contain any connected subset of cardinality larger than one;

3) totally separated if for each x, y ∈ X with x ≠ y, there exist U, V ∈ τ so that x ∈ U, y ∈ V , X = U ∪ V and U ∩ V = ∅;

4) connected im kleinen at x ∈ X if for each U ∈ τ with x ∈ U, there is a connected subset V of X such that x ∈ int_X (V ) ⊂ V ⊂ U;

5) almost connected im kleinen at x ∈ X if for each U ∈ τ with x ∈ U, there is a closed and connected subset V of X such that int_X (V ) ≠ ∅ and V ⊂ U;

6) locally connected at x ∈ X if for each U ∈ τ with x ∈ U, there is V ∈ τ connected so that x ∈ V ⊂ U; and locally connected if X is locally connected at each of its points;

7) homogeneous if for each x, y ∈ X, there exists a homeomorphism f :

X → X so that f(x) = y.

Urysohn spaces are also called completely Hausdorff spaces. By [6, Theorem 6.1.22, page 356] totally separated spaces are hereditarily disconnected. Being totally separated is hereditary. Though the notions are not equivalent, in the literature both totally separated spaces as well as hereditarily disconnected spaces have been called totally disconnected. If X is locally connected at x ∈ X, then X is connected im kleinen at x. A space which is connected im kleinen at some point y but not locally connected at y is shown in [14, Examples 119 and 120, page 139].

Let (X, τ) be a topological space and A ⊂ X. The derived set of A is

A^′ = {y ∈ X : for each U ∈ τ with y ∈ U we have A ∩ (U \ {y}) ≠ ∅}.

Note that cl_X (A) = A ∪ A^′. In [3, page 29] it is said that X is T_D if for each x ∈ X the derived set {x}^′ is closed in X. In [12, Definition 2.1, page 90] the set A is said to be g-closed if for each open subset U of X with A ⊂ U it follows that cl_X (A) ⊂ U. In [12, Definition 5.1, page 93] it is said that X is T 1_2 if every g-closed set is closed in X. In both [5] and [10] it is proved that X is T 1_2 if and only if for every x ∈ X the one-point-set {x} is either open or closed in X. It is known that

T_1 =⇒ T 1_2 =⇒ T_D =⇒ T_0 and that the reverse inclusions do not hold. For notions and results related with general topology and not given here, we refer the reader to [6].

2.1 Totally Brown spaces. Let X be a topological space. In [1, Definition 3.1] it is said that X is a Brown space if for every nonempty open subsets U and V of X, we have cl_X (U) ∩ cl_X (V ) ≠ ∅. The space X is totally Brown if for every

332 J. C. Alberto-Domínguez, G. Acosta, M. Madriz-Mendoza

n ∈ N_2 and each nonempty open subsets U_1, U_2, . . . , U_n of X we have

cl_X (U_1) ∩ cl_X (U_2) ∩ · · · ∩ cl_X (U_n) ≠ ∅.

Clearly totally Brown =⇒ Brown =⇒ connected.

In [1, Section 3] examples are given to show that the above implications are not reversible. The following properties are easy to show:

1) nondegenerate Brown spaces are not Urysohn; 2) nondegenerate Brown T_1 spaces are infinite.

In this subsection we present more properties of both Brown and totally Brown spaces. Let X be a topological space and Y ⊂ X. Then Y is totally Brown in X if and only if for every n ∈ N_2 and each nonempty open subsets O_1, O_2, . . . , O_n of Y we have Y ∩ cl_X (O_1) ∩ cl_X (O_2) ∩ · · · ∩ cl_X (O_n) ≠ ∅.

Similarly Y is Brown in X if and only if for every nonempty open subsets U and V of Y we have Y ∩ cl_X (U) ∩ cl_X (V ) ≠ ∅.

Theorem 2.1. If X contains an indiscrete point, then each nonempty closed subset of X is totally Brown in X. In particular, X is totally Brown.

Proof: Let x ∈ X be an indiscrete point of X. Then x ∈ cl_X (U) for every nonempty subset U of X. Let C be a nonempty closed subset of X. Fix n ∈ N_2 as well as n nonempty open subsets O_1, O_2, . . . , O_n of C. Then x ∈ C ∩cl_X (O_1)∩ cl_X (O_2) ∩ · · · ∩ cl_X (O_n), so C is totally Brown in X. □

Theorem 2.2. Let X be a topological space whose nonempty open sets are dense in X. Then each nonempty open set is totally Brown in X. In particular, X is totally Brown.

Proof: Let U be a nonempty open subset of X. Fix n ∈ N_2 as well as n nonempty open subsets O_1, O_2, . . . , O_n of U. For every i ∈ {1, 2, . . . , n} the set O_i is open in X so it is dense in X. Hence U ∩cl_X (O_1)∩cl_X (O_2)∩· · ·∩cl_X (O_n) = U ≠ ∅. This shows that U is totally Brown in X. □

If X is infinite and we consider the cofinite topology

τ_C = {∅} ∪ {U ⊂ X : |X \ U| < ℵ_0},

then any nonempty open subset of X is dense in (X, τ_C ), so by Theorem 2.2 each nonempty open subset of X is totally Brown in (X, τ_C ).

The following result presents a condition under which a union of Brown spaces is a Brown space.

The common division topology on N 333

Theorem 2.3. Let X be a topological space and {B_i : i ∈ I} be a family of Brown spaces in X. Assume that

(⋆) for each i, j ∈ I with i ≠ j if U and V are nonempty open subsets of B_i and B_j , respectively, then either cl_X (V ) ∩ cl_{Bi} (U) ≠ ∅ or cl_X (U) ∩ cl_{Bj} (V ) ≠ ∅.

Then B = ⋃ i∈I B_i is Brown in X.

Proof: Let O_1 and O_2 be two nonempty open subsets of B. Take open subsets U_1 and U_2 of X so that

O_1 = B ∩ U_1 = ⋃ i∈I (B_i ∩ U_1) and O_2 = B ∩ U_2 = ⋃ i∈I (B_i ∩ U_2).

Since both O_1 and O_2 are nonempty, there exist i, j ∈ I such that U = B_i∩ U_1 ≠ ∅ and V = B_j ∩ U_2 ≠ ∅. Clearly B_i, B_j ⊂ B, U ⊂ O_1 and V ⊂ O_2. If i = j then, using that U and V are nonempty open subsets of the Brown space B_i, we have B_i ∩ cl_X (U) ∩ cl_X (V ) ≠ ∅. Then

∅ ≠ B_i ∩ cl_X (U) ∩ cl_X (V ) ⊂ B ∩ cl_X (O_1) ∩ cl_X (O_2).

If i ≠ j then by (⋆) we can assume without loss of generality that cl_X (V ) ∩ cl_{Bi} (U) ≠ ∅. Hence

∅ ≠ cl_X (V ) ∩ cl_{Bi} (U) = B_i ∩ cl_X (U) ∩ cl_X (V ) ⊂ B ∩ cl_X (O_1) ∩ cl_X (O_2).

We deduce in both cases that B ∩ cl_X (O_1) ∩ cl_X (O_2) ≠ ∅, so B is Brown in X. □

3. Arithmetic progressions

In this section we present results on arithmetic progression that we use in the rest of the paper. For a, b ∈ Z, the symbol a|b means that b = ac for some c ∈ Z. If a, b ∈ Z and m ∈ N, the symbol a ≡ b (mod m) means that m|(a − b). Note that x ∈ P_F (a, b) if and only if a|(x−b), i.e., x ≡ b (mod a). Similarly x ∈ P (a, b) if and only if a|(x − b) and x ≥ b, i.e., x ≡ b (mod a) and x ∈ N_b. We also have P (a, b) ⊂ N_b, M(a) = P (a, a), M(1) = N and

P (a, b) = P_F (a, b) ∩ N_b.

Hence P (a, b) ⊂ P_F (a, b). We say that a ∈ N_2 is square-free if its standard prime decomposition is of the form

∏_k

i=1 p_i.

Given two arithmetic progressions in N the following result characterizes when one of these is contained in the other one.

334 J. C. Alberto-Domínguez, G. Acosta, M. Madriz-Mendoza

Theorem 3.1. Let a, b, c, d ∈ N. Then

(1) P (c, d) ⊂ P (a, b) if and only if a|c and d ∈ P (a, b).

In particular,

1) for each c ∈ P (a, b), we have P (a, c) ⊂ P (a, b); 2) P (ac, b) ⊂ P (a, b) ∩ P (c, b); 3) P (a^n, b) ⊂ P (a, b) for every n ∈ N; 4) if b, c ∈ M(a), then P (c, b) ⊂ M(a); 5) P (a, b) = P (c, d) if and only if a = c and b = d.

Proof: Assume first that P (c, d) ⊂ P (a, b). Then d, d + c ∈ P (a, b), so a|(d − b) and a|[(d + c) − b]. Hence a|[(d + c − b) − (d − b)], i.e., a|c. Now consider that a|c and d ∈ P (a, b). Then a|(d − b) and d ≥ b. If z ∈ P (c, d), then c|(z − d) and z ≥ d. Thus a|[(z − d) + (d − b)], i.e., a|(z − b) and z ≥ b. Then z ∈ P (a, b). This completes the proof of (1) and from this it is straightforward to show 1)–5). □

Theorem 3.2. Let a, b, c, d ∈ N be so that a|c and d ≡ b (mod a). Then P (c, d) ⊂ N ∩ P_F (a, b) and if a ≥ b, then N ∩ P_F (c, d) ⊂ P (a, b). In particular

P (a, b) = N ∩ P_F (a, b) if a ≥ b.

Proof: Let z ∈ P (c, d). Then c|(z − d) and z ≥ d. Therefore a|(z − d) and a|(d − b), so a|[(z − d) + (d − b)], i.e., a|(z − b). Hence z ∈ N ∩ P_F (a, b). This shows the first part. Now assume that a ≥ b and take x ∈ N ∩ P_F (c, d). Then c|(x − d) and a|(d − b), so a|[(x − d) + (d − b)], i.e., a|(x − b). Hence x ∈ P_F (a, b). If x < b, then a, b − x ∈ N and since a|(b − x) we infer that a ≤ b − x < b, a contradiction to the fact that a ≥ b. Thus x ≥ b so x ∈ P_F (a, b) ∩ N_b = P (a, b). This completes the second part. Since a|a and b ≡ b (mod a), the third part follows from the first two. □

Corollary 3.3. Let a ∈ N_2 and b ∈ N be so that ⟨a, b⟩ = 1. Then

(2) N ∩ P_F (c, b) ⊂ N \ M(a) for each c ∈ M(a).

In particular, for every d ∈ N with d ≡ b (mod a) and each n ∈ N we have

(3) P (a^n, d) ⊂ N \ M(a).

Proof: Fix c ∈ M(a) and take z ∈ N ∩ P_F (c, b). If z ∈ M(a), then a|z, a|c and c|(z − b), so a|(z − b) which implies that a|[z − (z − b)], i.e., a|b contradicting the fact that ⟨a, b⟩ = 1. Then z ∈ N \ M(a). This shows (2). Now let n ∈ N and d ∈ N be so that d ≡ b (mod a). Since a|a^n and d ≡ b (mod a) by the first part of Theorem 3.2 and (2) we have P (a^n, d) ⊂ N ∩ P_F (a, b) ⊂ N \ M(a). □

The common division topology on N 335

The next result appears in [1, Theorem 4.7].

Theorem 3.4. Let k ∈ N_2, a_1, b_1, a_2, b_2, . . . , a_k, b_k ∈ N. Then the following conditions are equivalent. 1) ⋂_k i=1 P (a_i, b_i) ≠ ∅;

2) ⟨a_i, a_j ⟩|(b_i − b_j ) for each i, j ∈ {1, 2, . . . , k} with i ≠ j; 3) P (a_i, b_i) ∩ P (a_j , b_j ) ≠ ∅ for each i, j ∈ {1, 2, . . . , k} with i ≠ j.

Theorem 3.4 remains true if we replace P by P_F in 1) and 3), i.e., if we consider arithmetic progressions in Z. Hence if a, c ∈ N and b, d ∈ Z then (4) P_F (a, b) ∩ P_F (c, d) ≠ ∅ if and only if ⟨a, c⟩|(b − d), and if b, d ∈ N then (5) P (a, b) ∩ P (c, d) ≠ ∅ if and only if ⟨a, c⟩|(b − d).

As an application of Theorem 3.4 we obtain a simple proof of the following result, which is [17, Lemma 3.2, page 777].

Theorem 3.5. For each a, b ∈ N and c ∈ P (a, b) we have P (a, b) ∩ M(b) ∩ M(c) ≠ ∅.

Proof: Since ⟨a, c⟩ = ⟨a, b⟩ we have ⟨a, b⟩|(b − b), ⟨a, c⟩|(b − c) and ⟨b, c⟩|(b − c) so the result follows from Theorem 3.4. □ The next theorem is proved in [1, Theorem 4.14].

Theorem 3.6. Let a ∈ N_2 and assume that a =

∏_k i=1 p^{αi}_i is the standard prime decomposition of a. If b ∈ N, then

(6) P (a, b) = k⋂ i=1 P (p^{αi}_i , b) and M(a) = k⋂ i=1 M(p^{αi}_i ).

The following result is proved in [1, Theorem 4.20].

Theorem 3.7. Let a ∈ N_2, b ∈ N and x, y ∈ P (a, b) with x < y. Write x = am + b, y = an + b with 0 ≤ m < n. Then P (a, b) = U ∪ V , where

(7) U = m⋃ k=0 P (a^{n+1}, ak + b) and V =

a^n−1⋃

k=m+1

P (a^{n+1}, ak + b).

Moreover, x ∈ U, y ∈ V and the members of the family F = {P (a^{n+1}, ak + b): k ∈ {0, 1, . . . , a^n − 1}} are pairwise disjoint. In particular, U ∩ V = ∅.

336 J. C. Alberto-Domínguez, G. Acosta, M. Madriz-Mendoza

The next result is the Dirichlet theorem. A proof of it appears in [2, Chapter 7].

Theorem 3.8. Let a, b ∈ N be so that ⟨a, b⟩ = 1. Then the set P (a, b) ∩ P is infinite.

For each a ∈ N we define Θ(a) = {p ∈ P: p|a}.

Note that Θ(a) is finite and Θ(a) = ∅ if and only if a = 1. The proof of the following result is straightforward.

Proposition 3.9. For each a, b, c ∈ N we have:

1) Θ(ab) = Θ(a) ∪ Θ(b). In particular, for each n ∈ N, Θ(a^n) = Θ(a) and Θ(a^n) = {a} if and only if a ∈ P;

2) Θ(⟨a, b⟩) = Θ(a) ∩ Θ(b). In particular, Θ(a) ∩ Θ(b) = ∅ if and only if ⟨a, b⟩ = 1;

3) if d ∈ P (a, b) and Θ(a) ⊂ Θ(b), then Θ(a) ⊂ Θ(d); 4) if Θ(a) ⊂ Θ(c) and Θ(b) ⊂ Θ(c), then Θ(ab) ⊂ Θ(c).

For notions and results related with number theory that are not defined here, we refer the reader to [7].

4. The Szczuka space

In [15, Section 3, page 877] P. Szczuka (also known as P. Szyszkowska) consider the family B_S = {P (a, b): a, b ∈ N and Θ(a) ⊂ Θ(b)}

and show that it is a base for a topology τ_S in N. In [16, page 1009] P. Szczuka named τ_S the common division topology on N. We name the topological space (N, τ_S ) the Szczuka space. Clearly

τ_S = {∅} ∪ {U ⊂ N: for each b ∈ U there is P (a, b) ∈ B_S so that P (a, b) ⊂ U}.

Note that nonempty open subsets of (N, τ_S ) are infinite. Note also that, for each b ∈ N, the sets P (1, b) = N_b and M(b) = P (b, b) are open in (N, τ_S ). In [15, Propositions 3.1–3.2, pages 877–878] it is shown that (N, τ_S ) is a connected compact space so that every nonempty closed subset of it contains 1. The last assertion implies the following result (compare with [18, Lemma 3.1, page 93]).

The common division topology on N 337

Theorem 4.1. 1 is the only indiscrete point of (N, τ_S ).

Proof: Let U be an open subset of (N, τ_S ) so that 1 ∈ U. If U ≠ N, then N \ U is a nonempty closed subset of (N, τ_S ) that does not contains 1, contradicting [15, Proposition 3.1, page 877]. Hence 1 is an indiscrete point of (N, τ_S ). If a ∈ N_2, then M(a) is an open subset of (N, τ_S ) such that a ∈ M(a) and M(a) ≠ N, so a is not an indiscrete point of (N, τ_S ). □ Corollary 4.2. (N, τ_S ) is totally Brown. In particular, it is connected. Proof: The result follows from Theorems 2.1 and 4.1. □ Corollary 4.3. (N, τ_S ) is not homogeneous.

Proof: The image under a homeomorphism of an indiscrete point is an indiscrete point too, so no homeomorphism from (N, τ_S ) onto itself can map 1 onto 2. □

Concerning separation axioms, in [15, Proposition 3.3, page 878] it is shown that (N, τ_S ) is a T_0 space which is not T_1. Theorem 4.4. (N, τ_S ) is T_D but not T 1_2 .

Proof: Since nonempty open sets are infinite and nonempty closed sets contain 1, for any b ∈ N_2 the one-point-set {b} is neither open nor closed, so (N, τ_S ) is not T 1_2 . To show that (N, τ_S ) is T_D let a ∈ N. Let us assume that a ∈ N_2. We will prove that {a}^′ = {1}. Assume, by the way of contradiction, that c ∈ {a}^′ and c ≠ 1. Then c ≠ a. If 1 < c < a take n ∈ N so that a < c^n. Then P (c^n, c) is an open subset of (N, τ_S ) that contains c and a /∈ P (c^n, c) \ {c}. If a < c then M(c) is an open subset of (N, τ_S ) that contains c and a /∈ M(c) \ {c}. In any case we deduce that c /∈ {a}^′. This and Theorem 4.1 imply that {a}^′ = {1}. Since P (1, 2) ∈ B_S and N \ P (1, 2) = {1} the set {1} is closed in (N, τ_S ). Hence {a}^′ = {1} is closed in (N, τ_S ). Now assume that a = 1. Then {a}^′ = ∅ is closed in (N, τ_S ). This shows that (N, τ_S ) is T_D. □

By the proof of Theorem 4.4 if a ∈ N_2, then

cl_{(N,τS )}({a}) = {1, a} and cl_{(N,τS )}({1}) = {1},

so {1} is the only one-point-set which is closed in (N, τ_S ). Moreover, 1 is in the closure in (N, τ_S ) of every one-point-set, and then in every nonempty closed set.

In [13] a topological space X is said to be superconnected if it contains no disjoint nonempty open sets. Since P (9, 3), P (27, 6) ∈ B_S and ⟨9, 27⟩ = 9 do not divide 6 − 3 = 3, by (5) we have P (9, 3) ∩ P (27, 6) = ∅. Hence (N, τ_S ) is not superconnected in the sense of [13]. Indeed for any p_1, p_2 ∈ P \ {2} we have P (p^2_1, p_1), P (p^3_1, p_1p_2) ∈ B_S and, by (5),

P (p^2_1, p_1) ∩ P (p^3_1, p_1p_2) = ∅.

338 J. C. Alberto-Domínguez, G. Acosta, M. Madriz-Mendoza Combining 1) of Theorem 3.1 and 3) of Proposition 3.9 we obtain the following result.

Theorem 4.5. If P (a, b) ∈ B_S and c ∈ P (a, b), then P (a, c) ⊂ P (a, b) and Θ(a) ⊂ Θ(c). Hence P (a, c) ∈ B_S and

τ_S = {∅} ∪ {U ⊂ N: for each b ∈ U there is P (a, c) ∈ B_S so that b ∈ P (a, c) ⊂ U}.

Now we present two closed subsets of (N, τ_S ) that are important in order to determine properties related with the closure in (N, τ_S ) of an arithmetic progression.

Theorem 4.6. If a ∈ N_2 and b ∈ M(a), then for each n ∈ N the sets (N ∩ P_F (a^n, b)) ∪ (N \ M(a)) and P (a^n, b) ∪ (N \ M(a)) are closed in (N, τ_S ).

Proof: Fix n ∈ N and note that N \ ( M(a) \ (N ∩ P_F (a^n, b)) ) = (N \ M(a)) ∪ (N ∩ P_F (a^n, b)), so we will show that U = M(a) \ (N ∩ P_F (a^n, b)) is open in (N, τ_S ). Let z ∈ U. Then a|z and Θ(a^n) = Θ(a) ⊂ Θ(z), so P (a^n, z) is an open subset of (N, τ_S ) such that z ∈ P (a^n, z) ⊂ M(a). Since a^n ∤ (z − b), by (4), P (a^n, z) ∩ P_F (a^n, b) = ∅ so P (a^n, z) ⊂ U and then U is open in (N, τ_S ). Since N \ (M(a) \ P (a^n, b)) = (N \ M(a)) ∪ P (a^n, b) proceeding as before we show that M(a) \ P (a^n, b) is open in (N, τ_S ). □ The following result was observed in the proof of [18, Theorem 4.3, page 96].

Theorem 4.7. The family B_S = {P (a, b) ∈ B_S : b ≤ a} is a base for τ_S .

Proof: Let P (a, b) ∈ B_S with a < b and c ∈ P (a, b). By Theorem 4.5 P (a, c) ⊂ P (a, b) and P (a, c) ∈ B_S. Moreover 1 ≤ a < b ≤ c. Let p_c, k_c ∈ P be so that p_c|c and p^{kc}_c ≥ c. Since Θ(a) ⊂ Θ(c), applying 1) of Proposition 3.9, Θ(p^{kc}_c a) = {p_c} ∪ Θ(a) ⊂ {p_c} ∪ Θ(c) = Θ(c).

This shows that P (p^{kc}_c a, c) ∈ B_S and since c ∈ P (p^{kc}_c a, c) ⊂ P (a, c) ⊂ P (a, b),

The common division topology on N 339

we have P (a, b) = ⋃ c∈P (a,b)

P (p^{kc}_c a, c).

We have seen that each element of B_S is a union of members of B_S , so B_S is a base for τ_S . □

4.1 Totally separated subsets of the Szczuka space. By [1, Theorem 5.12] the members of the base B_S of τ_S are totally Brown in (N, τ_G). In particular such members are connected in (N, τ_G). Now we show that every P (a, b) ∈ B_S with a ∈ N_2 is totally separated in (N, τ_S ).

Theorem 4.8. Let a ∈ N_2 and b ∈ N be so that P (a, b) ∈ B_S . Then P (a, b) is totally separated in (N, τ_S ). In particular, P (a, b) is hereditarily disconnected.

Proof: Let x, y ∈ P (a, b) with x ≠ y. Assume, without loss of generality, that x < y. Write x = am + b, y = an + b with 0 ≤ m < n and consider the sets U and V defined in (7). By Theorem 3.7 we have P (a, b) = U ∪ V , U ∩ V = ∅, x ∈ U and y ∈ V . Fix k ∈ N_0. Since Θ(a) ⊂ Θ(b) and ak + b ∈ P (a, b), by 1) and 3) of Proposition 3.9 we have Θ(a^{n+1}) = Θ(a) ⊂ Θ(ak + b). Then both U and V are open in (N, τ_S ). □

Corollary 4.9. Let a, b ∈ N be such that ⟨a, b⟩ ≠ 1. Then P (a, b) is totally separated in (N, τ_S ).

Proof: Since ⟨a, b⟩ ≠ 1, by 2) of Proposition 3.9 there exists p ∈ Θ(a) ∩ Θ(b). Then P (a, b) ⊂ M(p). Now, since M(p) ∈ B_S by Theorem 4.8 the set M(p) is totally separated in (N, τ_S ). Hence P (a, b) is totally separated in (N, τ_S ). □

By Theorem 4.8 it follows that M(a) = P (a, a) ∈ B_S is totally separated in (N, τ_S ) for each a ∈ N_2. The next result is [18, Theorem 3.2, page 93]. Using Theorem 4.8 we present a simple proof.

Theorem 4.10. If f : (N, τ_S ) → (N, τ_S ) is a continuous and nonconstant function, then f(1) = 1.

Proof: Let a = f(1) and assume, by the way of contradiction, that a ∈ N_2. We claim that

(8) f(N) ⊂ M(a).

Since M(a) = P (a, a) is an open subset of (N, τ_S ) that contains a = f(1), by the continuity of f, there is an open subset U of (N, τ_S ) so that 1 ∈ U and f(U) ⊂ M(a). Since by Theorem 4.1 the point 1 is indiscrete in (N, τ_S ), we have U = N. Hence f(N) ⊂ M(a) and (8) holds.

340 J. C. Alberto-Domínguez, G. Acosta, M. Madriz-Mendoza

Since (N, τ_S ) is connected and f is continuous, by (8), f(N) is a connected subset of M(a), which by Theorem 4.8 is hereditarily disconnected. This implies that f is constant, a contradiction. Hence a = 1 and then f(1) = 1. □

From Theorem 4.10 it follows that (N, τ_S ) has the fixed point property, i.e., for each continuous function f : (N, τ_S ) → (N, τ_S ) there is b ∈ N so that f(b) = b.

4.2 Local connectedness. Now we study the points at which the space (N, τ_S ) is either locally connected or connected im kleinen or almost connected im kleinen. If A ⊂ Y ⊂ N we denote by int_N(A) the interior of A in (N, τ_S ) and by int_Y (A) the interior of A in the subspace Y of (N, τ_S ).

Theorem 4.11. Let a, b ∈ N be such that P (a, b) ∈ B_S . Hence

1) if a ∈ N_2, then P (a, b) is neither connected im kleinen nor almost connected im kleinen at each of its points;

2) if a = 1, then P (a, b) is neither connected im kleinen nor almost connected im kleinen at each point c ∈ P (a, b) \ {1}.

Proof: To show 1) fix a ∈ N_2 and assume that P (a, b) is either connected im kleinen or almost connected im kleinen at c ∈ P (a, b). By Theorem 4.5 we have P (a, c) ∈ B_S and P (a, c) ⊂ P (a, b). Since P (a, c) is an open subset of P (a, b) that contains c, there is a connected subset C of P (a, c) so that int_{P (a,b)}(C) ≠ ∅. Hence int_N(C) ≠ ∅ and since nonempty open subsets of (N, τ_S ) are infinite, the set C is infinite. This contradicts the fact that, by Theorem 4.8, P (a, c) is hereditarily disconnected. Therefore 1) holds.

To show 2) assume that a = 1 and that P (a, b) = N_b is either connected im kleinen or almost connected im kleinen at c ∈ P (a, b) \ {1}. Then M(c) is an open subset of P (a, b) that contains c, so there is a connected subset D of M(c) so that int_{P (a,b)}(C) ≠ ∅. Hence int_N(D) ≠ ∅ and since nonempty open subsets of (N, τ_S ) are infinite, the set D is infinite. This contradicts the fact that, by Theorem 4.8, M(c) is hereditarily disconnected. □

Corollary 4.12. The space (N, τ_S ) is locally connected at 1 and neither connected im kleinen nor almost connected im kleinen at each point c ∈ N_2. In particular, (N, τ_S ) is not locally connected.

Proof: By Theorem 4.1, 1 is an indiscrete point of the connected space (N, τ_S ), so (N, τ_S ) is locally connected at 1. Since N = P (1, 1) the rest of the proof follows from 2) of Theorem 4.11. □

4.3 The closure in the Szczuka space. We present in this subsection several results that involve the closure of an arithmetic progression with respect to the

The common division topology on N 341

Szczuka space. If A ⊂ N we denote by cl_N(A) the closure of A in (N, τ_S ). In [16, Remark 3.3, page 1010] it is mentioned that cl_N(P (1, b)) = N for every b ∈ N.

Now we show that the closure in (N, τ_S ) of each arithmetic progression contains infinitely many prime numbers.

Theorem 4.13. If a ∈ N_2 and b ∈ N, then (9) ⋂ p∈Θ(a)

(N \ M(p)) ⊂ cl_N(P (a, b)).

In particular, (10) P \ Θ(a) ⊂ cl_N(P (a, b)).

Proof: Let c be in the left side of (9) and U be a nonempty open subset of (N, τ_S ) so that c ∈ U. Then there is d ∈ N with Θ(d) ⊂ Θ(c) so that P (d, c) ⊂ U. If ⟨d, a⟩ ≠ 1, then for some p ∈ P we have p|d and p|a. Note that p ∈ Θ(a) ∩ Θ(c) so c ∈ M(p) contradicting the choice of c. Then ⟨d, a⟩ = 1, so ⟨d, a⟩|(c − b). This implies, by (5), that ∅ ≠ P (d, c) ∩ P (a, b) ⊂ U ∩ P (a, b).

Hence c ∈ cl_N(P (a, b)) and (9) holds. The inclusion (10) follows from (9) and the fact that

P \ Θ(a) ⊂ {z ∈ N: ⟨z, p⟩ = 1 for each p ∈ Θ(a)} = ⋂ p∈Θ(a)

(N \ M(p)).

□ If a = 1, then Θ(a) = ∅ and cl_N(P (a, b)) = N, so the inclusion (10) is valid for each a ∈ N.

Theorem 4.14. Let a, b, c, d ∈ N be so that a|c and d ≡ b (mod a). Then (11) N ∩ P_F (c, d) ⊂ cl_N(P (a, b)). In particular (12) N ∩ P_F (a^n, b) ⊂ cl_N(P (a, b)) for each n ∈ N. Proof: Note that if a ≥ b then, by the second part of Theorem 3.2, N ∩ P_F (c, d) ⊂ cl_N(N ∩ P_F (c, d)) ⊂ cl_N(P (a, b)).

342 J. C. Alberto-Domínguez, G. Acosta, M. Madriz-Mendoza

We will show that inclusion (11) holds independently of the relation between a and b. Let z ∈ N ∩ P_F (c, d) and U be a nonempty open subset of (N, τ_S ) so that z ∈ U. Then there is q ∈ N with Θ(q) ⊂ Θ(z) so that P (q, z) ⊂ U. Note that c|(z − d), ⟨q, a⟩|a and a|c. Then ⟨q, a⟩|(z − d). From a|(d − b) and ⟨q, a⟩|a we infer that ⟨q, a⟩|(d − b). Hence ⟨q, a⟩|[(z − d) + (d − b)], i.e., ⟨q, a⟩|(z − b). This implies, by (5), that ∅ ≠ P (q, z) ∩ P (a, b) ⊂ U ∩ P (a, b),

so z ∈ cl_N(P (a, b)) and (11) is satisfied. The inclusion (12) follows from (11) and the facts that b ≡ b (mod a) and a|a^n for every n ∈ N. □

The following result generalizes [16, Lemma 3.2, page 1009].

Theorem 4.15. Let a, b, c ∈ N be so that b ≡ c (mod a). Then

(13) cl_N(N ∩ P_F (a, c)) = cl_N(P (a, b)).

In particular, cl_N(P (a, b)) = cl_N(P (a, c)) and if b ∈ M(a), then cl_N(P (a, b)) = cl_N(M(a)).

Proof: Since a|a and b ≡ c (mod a) by Theorem 3.2 we have P (a, b) ⊂ N ∩ P_F (a, c). Taking closures in (N, τ_S ), the right side of (13) is a subset of its left side. Since a|a and c ≡ b (mod a) by (11) we have N ∩ P_F (a, c) ⊂ cl_N(P (a, b)). Hence the left side of (13) is a subset of its right side. This shows (13). Now, since b ≡ b (mod a) and b ≡ c (mod a) applying (13) two times we have

cl_N(P (a, b)) = cl_N(N ∩ P_F (a, b)) = cl_N(P (a, c)).

Now assume that b ∈ M(a). Then b ≡ a (mod a) and by (13)

cl_N(P (a, b)) = cl_N(N ∩ P_F (a, a)) = cl_N(M(a)). □ Let a, b, c ∈ N be so that c ∈ P (a, b). Then b ≡ c (mod a) and P (a, c) ⊂ P (a, b). The inclusion might be proper but, by Theorem 4.15, cl_N(P (a, c)) = cl_N(P (a, c)).

The following result generalizes [16, Theorem 3.4, page 1010] since we do not use the condition c ≤ p^n as claimed in [16].

Theorem 4.16. Let p ∈ P and b, c ∈ N. For each n ∈ N so that b ≡ c (mod p^n) we have

(14) cl_N(P (p^n, b)) = (N ∩ P_F (p^n, c)) ∪ (N \ M(p)).

The common division topology on N 343

In particular,

1) if ⟨p, b⟩ = 1, then cl_N(P (p^n, b)) = N \ M(p); 2) if p|b, then cl_N(P (p, b)) = N; 3) P (2, 1) is closed in (N, τ_S );

4) for each q ∈ P we have cl_N(M(q)) = N and if P (q, b) ∈ B_S, then cl_N(P (q, b)) = N.

Proof: Fix n ∈ N and let C = (N ∩ P_F (p^n, c)) ∪ (N \ M(p)).

Clearly Θ(p^n) = {p} and p^n|(c − b). Then, by (9) and (11) we have N \ M(p) ⊂ cl_N(P (p^n, b)) and N ∩ P_F (p^n, c) ⊂ cl_N(P (p^n, b)).

Hence the right side of (14) is contained in its left side. To show the reverse inclusion we divide the proof in two cases. Assume first that p|c. Then by Theorem 4.6, C is closed in (N, τ_S ) and, by Theorem 3.2, P (p^n, b) ⊂ N ∩ P_F (p^n, c) ⊂ C.

Then the left side of (14) is contained in its right side. Now assume that p ∤ c. Then ⟨p, c⟩ = 1 and since b ≡ c (mod p), by (3), we have P (p^n, b) ⊂ N \ M(p). Since N \ M(p) is closed in (N, τ_S ) we get cl_N(P (p^n, b)) ⊂ N \ M(p) ⊂ C.

Hence (14) holds.

To show 1) assume that ⟨p, b⟩ = 1. Then ⟨p^n, b⟩ = 1 and, by (2), N ∩ P_F (p^n, b) ⊂ N \ M(p) so, by (14), we have cl_N(P (p^n, b)) = (N ∩ P_F (p^n, b)) ∪ (N \ M(p)) = N \ M(p).

This shows 1). To show 2) assume that p|b. Then b ≡ p (mod p) and by (14) cl_N(P (p, b)) = (N ∩ P_F (p, p)) ∪ (N \ M(p)) = P (p, p) ∪ (N \ M(p)) = M(p) ∪ (N \ M(p)) = N.

This shows 2). Since ⟨2, 1⟩ = 1 by 1) we have cl_N(P (2, 1)) = N \ M(2) = P (2, 1), so 3) holds. To show 4) let q ∈ P. Since q|q, by 2), cl_N(M(q)) = cl_N(P (q, q)) = N.

344 J. C. Alberto-Domínguez, G. Acosta, M. Madriz-Mendoza

Now assume that P (q, b) is open in (N, τ_S ). Then {q} = Θ(q) ⊂ Θ(b) so q|b and by 2) cl_N(P (q, b)) = N. This shows 4). □

In [4] a topological space X is said to be superconnected if it is connected and every subset which contains a nonempty open subset is open. Note that P (4, 2) ∈ B_S and, by (14)

cl_N(P (4, 2)) = (N ∩ P_F (2^2, 2)) ∪ (N \ M(2)) = P (4, 2) ∪ P (2, 1).

Hence cl_N(P (4, 2)) is a nonempty proper closed subset of (N, τ_S ) that contains a nonempty open set. Since (N, τ_S ) is connected, cl_N(P (4, 2)) is not open. Hence (N, τ_S ) is not superconnected in the sense of [4].

Now we show that when the intersection of finitely many arithmetic progressions in N is nonempty, the closure in (N, τ_S ) of such intersection is the intersection of the closures of the arithmetic progressions. By [1, Theorems 5.9 and 6.3] the equality (15) holds in both (N, τ_G) and (N, τ_K ).

Theorem 4.17. Let a_1, b_1, a_2, b_2, . . . , a_k, b_k ∈ N be so that

⋂_k i=1 P (a_i, b_i) ≠ ∅.

Then

(15) cl_N

(_k⋂ i=1 P (a_i, b_i) ) = k⋂ i=1 cl_N(P (a_i, b_i)).

Proof: Clearly the left side of (15) is contained in its right side, so to show the reverse inclusion let b be a member in the right side of (15) and U be an open subset of (N, τ_S ) so that b ∈ U. Take a ∈ N with Θ(a) ⊂ Θ(b) and P (a, b) ⊂ U. Then

(16) P (a, b) ∩ P (a_i, b_i) ≠ ∅ for each i ∈ {1, 2, . . . , k}.

Since

⋂_k i=1 P (a_i, b_i) ≠ ∅, by Theorem 3.4, we have

(17) P (a_i, b_i) ∩ P (a_j , b_j ) ≠ ∅ for each i, j ∈ {1, 2, . . . , k} with i ≠ j.

Combining (16) and (17) we infer, applying again Theorem 3.4, that

P (a, b) ∩

(_k⋂ i=1 P (a_i, b_i) ) ≠ ∅,

so U ∩ ( ⋂_k i=1 P (a_i, b_i) ) ≠ ∅ and then b is in the left side of (15). □

Now we write some consequences of Theorem 4.17. The following result appears in [16, Theorem 3.5, page 1011] with a very different proof.

The common division topology on N 345

Theorem 4.18. If a ∈ N_2 and a =

∏_k i=1 p^{αi}_i is the standard prime decomposition of a, then

(18) cl_N(P (a, b)) = k⋂ i=1 cl_N(P (p^{αi}_i , b)).

Proof: The result follows from the first part of (6) and (15). □

In the proof of [1, Theorems 5.10 and 6.4] it is shown that equality (18) is valid in both (N, τ_G) and (N, τ_K ). The following result was proved differently in the second part of [16, Theorem 3.6, page 1012].

Theorem 4.19. Let a, b ∈ N_2 be such that a is square-free and a|b. Then P (a, b) and M(a) are open subsets of (N, τ_S ) so that cl_N(P (a, b)) = N = cl_N(M(a)).

Proof: Clearly P (a, b) and M(a) are open subsets of (N, τ_S ). By the last part of Theorem 4.15, cl_N(P (a, b)) = cl_N(M(a)). Let a =

∏_k i=1 p_i be the standard prime decomposition of a. For each i ∈ {1, 2, . . . , k} we have p_i|b so by 2) of Theorem 4.16, cl_N(P (p_i, b)) = N. Then by the first part of (6) and (15),

cl_N(P (a, b)) = cl_N

(_k⋂ i=1 P (p_i, b) ) = k⋂ i=1 cl_N(P (p_i, b)) = N.

Alternatively we can use the second part of (6), (15) and 4) of Theorem 4.16, to deduce that cl_N(M(a)) = N. □

In the following result we calculate the closure in (N, τ_S ) of an arithmetic progression P (a, b) with a ∈ N_2.

Theorem 4.20. Let a ∈ N_2 and b, c ∈ N so that b ≡ c (mod a). If a =

∏_k i=1 p^{αi}_i is the standard prime decomposition of a, then

(19) cl_N(P (a, b)) = k⋂ i=1 [(N ∩ P_F (p^{αi}_i , c)) ∪ (N \ M(p_i))].

Proof: For each i ∈ {1, 2, . . . , k} we have p^{αi}_i |a so b ≡ c (mod p^{αi}_i ). Hence, by (14) and (18)

cl_N(P (a, b)) = k⋂ i=1 cl_N(P (p^{αi}_i , b)) = k⋂ i=1 [(N ∩ P_F (p^{αi}_i , c)) ∪ (N \ M(p_i))]. □

346 J. C. Alberto-Domínguez, G. Acosta, M. Madriz-Mendoza

Let a ∈ N_2 and assume that a =

∏_k i=1 p^{αi}_i is the standard prime decomposition of a. Given b ∈ N since b ≡ b (mod a) by (19) we have

(20) cl_N(P (a, b)) = k⋂ i=1 [(N ∩ P_F (p^{αi}_i , b)) ∪ (N \ M(p_i))].

Let A_b be the set of c ∈ N so that c ≤ a and for each i ∈ {1, 2, . . . , k} either ⟨p_i, c⟩ = 1 or c ≡ b (mod p^{αi}_i ). Take x ∈ cl_N(P (a, b)) and choose n ∈ N_0 and c ∈ N such that x = an + c and c ≤ a. Given i ∈ {1, 2, . . . , k} by (20) either x ∈ P_F (p^{αi}_i , b) or x ∈ N \ M(p_i). Since an ≡ 0 (mod p^{αi}_i ) in the first case we infer that c ≡ b (mod p^{αi}_i ) and, in the second case, we get ⟨p_i, c⟩ = 1. This shows that c ∈ A_b and x ∈ P (a, c), so cl_N(P (a, b)) ⊂ ⋃ c∈A_b

P (a, c).

Now take z ∈ ⋃ c∈A_b P (a, c). Then z ∈ N and there exist c ∈ Ab and m ∈ N0

such that z = am + c. Given i ∈ {1, 2, . . . , k} since c ∈ A_b either ⟨p_i, c⟩ = 1 or c ≡ b (mod p^{αi}_i ). In the first case z ∈ N \ M(p_i) and, in the second case, using that am ≡ 0 (mod p^{αi}_i ) we get z ∈ P_F (p^{αi}_i , b). Then, by (20), z ∈ cl_N(P (a, b)) and then ⋃

c∈A_b

P (a, c) ⊂ cl_N(P (a, b)).

In this way we obtain the following result that was proved differently in the first part of [16, Theorem 3.6, page 1012].

Theorem 4.21. Let a ∈ N_2 and assume that a =

∏_k i=1 p^{αi}_i is the standard prime decomposition of a. Then, for each b ∈ N, (21) cl_N(P (a, b)) = ⋃ c∈A_b

P (a, c).

By (21) the right side of (20) is the union of finitely many arithmetic progressions in N, all with the same common difference of successive members. When ⟨a, b⟩ = 1 we can simplify the right side of (20).

Theorem 4.22. Let a ∈ N_2 and assume that a =

∏_k i=1 p^{αi}_i is the standard prime decomposition of a. Then for each b ∈ N with ⟨a, b⟩ = 1 we have

(22) cl_N(P (a, b)) = k⋂ i=1 (N \ M(p_i)).

Proof: Since ⟨a, b⟩ = 1 we have ⟨p^{αi}_i , b⟩ = 1 for every i ∈ {1, 2, . . . , k} so, by (2), N ∩ P_F (p^{αi}_i , b) ⊂ N \ M(p_i) and then

(23) (N ∩ P_F (p^{αi}_i , b)) ∪ (N \ M(p_i)) = N \ M(p_i).

Equality (22) follows from (20) and (23). □

The common division topology on N 347

Let a ∈ N_2 and assume that a =

∏_k i=1 p^{αi}_i is the standard prime decomposition of a. For each b ∈ N let C_b be the set of c ∈ N so that c ≤ a and for each i ∈ {1, 2, . . . , k} we have ⟨p_i, c⟩ = 1. Reasoning as in the proof of Theorem 4.21, using (22) instead, we obtain the following result.

Theorem 4.23. Let a ∈ N_2 and assume that a =

∏_k i=1 p^{αi}_i is the standard prime decomposition of a. Then for each b ∈ N with ⟨a, b⟩ = 1 we have

cl_N(P (a, b)) = ⋃ c∈C_b

P (a, c).

4.4 Totally Brown subsets of the Szczuka space. In this subsection we characterize the arithmetic progressions P (a, b) that are totally Brown in (N, τ_S ). In [15, Theorem 3.4, page 878] it is shown that P (a, b) is connected in (N, τ_S ) if and only if ⟨a, b⟩ = 1. From the results that we have seen, the proof of 2) implies 3) in the next result is simpler than the one presented in [15, Theorem 3.4, page 878].

Theorem 4.24. Let a, b ∈ N. Then the following assertions are equivalent:

1) P (a, b) is totally Brown in (N, τ_S ); 2) P (a, b) is Brown in (N, τ_S ); 3) P (a, b) is connected in (N, τ_S ); 4) ⟨a, b⟩ = 1.

In particular, P (a, b) ∈ B_S is totally Brown in (N, τ_S ) if and only if a = 1.

Proof: We have seen that totally Brown spaces are Brown and that Brown spaces are connected, so 1) implies 2) and 2) implies 3). Now assume 3). If ⟨a, b⟩ ≠ 1 by Corollary 4.9, P (a, b) is totally separated in (N, τ_S ). Hence P (a, b) is not connected in (N, τ_S ). This shows that 3) implies 4). Now assume 4). Fix n ∈ N_2 as well as n nonempty open subsets O_1, O_2, . . . , O_n of P (a, b). For each i ∈ {1, 2, . . . , n} let U_i be an open subset of (N, τ_S ) so that O_i = P (a, b) ∩ U_i and take b_i ∈ O_i. Then there exists a_i ∈ N such that Θ(a_i) ⊂ Θ(b_i) and P (a_i, b_i) ⊂ U_i. For every i ∈ {1, 2, . . . , n}, by (10),

(24) P \ Θ(a_i) ⊂ cl_N(P (a_i, b_i)) and P (a, b) ∩ P (a_i, b_i) ≠ ∅.

Since A =

⋃_n i=1 Θ(a_i) is finite and by Theorem 3.8 the set P (a, b) ∩ P is infinite, there exists p ∈ (P (a, b) ∩ P) \ A. Then, by (24),

p ∈ P (a, b) ∩

(_n⋂ i=1 (P \ Θ(a_i)) ) ⊂ P (a, b) ∩

(_n⋂ i=1 cl_N(P (a_i, b_i)) ) .

348 J. C. Alberto-Domínguez, G. Acosta, M. Madriz-Mendoza

Hence, by (15),

∅ ≠ P (a, b) ∩

(_n⋂ i=1 cl_N(P (a_i, b_i)) ) = P (a, b) ∩

(_n⋂ i=1 [cl_N(P (a, b)) ∩ cl_N(P (a_i, b_i))] )

= P (a, b) ∩

(_n⋂ i=1 cl_N(P (a, b) ∩ P (a_i, b_i)) ) ⊂ P (a, b) ∩

(_n⋂ i=1 cl_N(O_i) ) . This shows that P (a, b) is totally Brown in (N, τ_S ). Therefore 4) implies 1). With this the equivalence between assertions 1)–4) is complete. Now assume that P (a, b) ∈ B_S. Then Θ(a) ⊂ Θ(b). If P (a, b) is totally Brown in (N, τ_S ) then, by 1) implies 4), ⟨a, b⟩ = 1 so by 2) of Proposition 3.9,

∅ = Θ(⟨a, b⟩) = Θ(a) ∩ Θ(b) = Θ(a).

Then a = 1. Conversely, if a = 1 then ⟨a, b⟩ = 1 and by 4) implies 1) the set P (a, b) is totally Brown in (N, τ_S ). □

Corollary 4.25. For each a, b ∈ N the arithmetic progression P (a, b) is either totally separated or totally Brown in (N, τ_S ).

Proof: If ⟨a, b⟩ = 1, by Theorem 4.24, P (a, b) is totally Brown in (N, τ_S ). If ⟨a, b⟩ ≠ 1, by Corollary 4.9, P (a, b) is totally separated in (N, τ_S ). □

By [1, Corollary 5.15] the same two possibilities mentioned in Corollary 4.25 are satisfied in (N, τ_G). However, by [1, Theorem 6.9], each arithmetic progression P (a, b) is totally Brown in (N, τ_K ).

It is worth to compare Corollary 4.12 with the comment previous to [15, Corollary 3.5, page 879] in which it is said that due to the equivalence between 3) and 4) of Theorem 4.24 “we can easily see that every base of the topology τ_S contains some disconnected arithmetic progression”. And due to this in [15, Corollary 3.5, page 879] it is claimed that (N, τ_S ) is not locally connected.

Acknowledgement. The authors are grateful to the anonymous referee for his/her suggestions that helped to improve the paper.

References

[1] Alberto-Domínguez J. C., Acosta G., Delgadillo-Piñón G., Totally Brown subsets of the Golomb space and the Kirch space, Comment. Math. Univ. Carolin. 63 (2022), no. 2, 189–219.

[2] Apostol T. M., Introduction to Analytic Number Theory, Undergraduate Texts in Mathematics, Springer, New York, 1976.

[3] Aull C. E., Thron W. J., Separation axioms between T_0 and T_1, Nederl. Akad. Wetensch.

Proc. Ser. A 65 = Indag. Math. 24 (1962), 26–37.

The common division topology on N 349

[4] Dontchev J., On superconnected spaces, Serdica 20 (1994), no. 3–4, 345–350. [5] Dunham W., T_{1/2}-spaces, Kyungpook Math. J. 17 (1977), no. 2, 161–169. [6] Engelking R., General Topology, Sigma Series in Pure Mathematics, 6, Heldermann Verlag, Berlin, 1989.

[7] Fine B., Rosenberger G., Number Theory. An Introduction via the Density of Primes, Birkhäuser/Springer, Cham, 2016.

[8] Golomb S. W., A connected topology for the integers, Amer. Math. Monthly 66 (1959), 663–665.

[9] Golomb S. W., Arithmetica topologica, General Topology and Its Relations to Modern Analysis and Algebra, Proc. Sympos., Praha, 1961, Academic Press, New York, Publ. House Czech. Acad. Sci., Praha, 1962, pages 179–186 (Italian).

[10] Jha M. N., Separation axioms between T_0 and T_1, Progr. Math. (Allahabad) 11 (1977), no. 1–2, 1–4.

[11] Kirch A. M., A countable, connected, locally connected Hausdorff space, Amer. Math.

Monthly 76 (1969), 169–171.

[12] Levine N., Generalized closed sets in topology, Rend. Circ. Mat. Palermo (2) 19 (1970), 89–96.

[13] Nanda S., Panda H. K., The fundamental group of principal superconnected spaces, Rend.

Mat. (6) 9 (1976), no. 4, 657–664.

[14] Steen L. A., Seebach J. A., Jr., Counterexamples in Topology, Dover Publications, Mineola, New York, 1995.

[15] Szczuka P., Connections between connected topological spaces on the set of positive integers, Cent. Eur. J. Math. 11 (2013), no. 5, 876–881.

[16] Szczuka P., The closures of arithmetic progressions in the common division topology on the set of positive integers, Cent. Eur. J. Math. 12 (2014), no. 7, 1008–1014.

[17] Szczuka P., Properties of the division topology on the set of positive integers, Int. J. Number Theory 12 (2016), no. 3, 775–785.

[18] Szyszkowska P., Szyszkowski M., Properties of the common division topology on the set of positive integers, J. Ramanujan Math. Soc. 33 (2018), no. 1, 91–98.

J. C. Alberto-Domínguez:

División Académica de Ciencias Básicas, Av Universidad s/n, Magisterial, Universidad Juárez Autónoma de Tabasco, C. P. 86690, Cunduacán, Tabasco, México

E-mail: jcad040688@gmail.com

G. Acosta:

Instituto de Matemáticas, Universidad Nacional Autónoma de México, Av. Universidad 3004, Copilco Universidad, Coyoacán, Ciudad Universitaria, D. F. 04510, México

E-mail: gacosta@matem.unam.mx

M. Madriz-Mendoza:

Instituto Tecnológico Autónomo de México, Departamento de Matemáticas, Río Hondo 1, Altavista, Álvaro Obregón, 01080 Ciudad de México, México

E-mail: maira.madriz@itam.mx

(Received March 9, 2021, revised December 18, 2021)