Comment.Math.Univ.Carolin. 32,1 (1991)129–153 129

Completely regular spaces

H. L. Bentley, E. Lowen-Colebunders

Dedicated to the memory of Zdeněk Frolík

Abstract. We conduct an investigation of the relationships which exist between various generalizations of complete regularity in the setting of merotopic spaces, with particular attention to filter spaces such as Cauchy spaces and convergence spaces. Our primary contribution consists in the presentation of several counterexamples establishing the divergence of various such generalizations of complete regularity. We give examples of: (1) a contigual zero space which is not weakly regular and is not a Cauchy space; (2) a separated filter space which is a z-regular space but not a nearness space; (3) a separated, Cauchy, zero space which is z-regular but not regular; (4) a separated, Cauchy, zero space which is μ-regular but not regular and not z-regular; (5) a separated, Cauchy, zero space which is not weakly regular; (6) a topological space which is regular and μ-regular but not z-regular; (7) a filter, zero space which is regular and z-regular but not completely regular; and, (8) a regular Hausdorff topological space which is z-regular but not completely regular.

Keywords: merotopic space, nearness space, Cauchy space, filter merotopic space, pretopological space, zero space, complete regularity, weak regularity, z-regularity, μ-regularity Classification: 54C30, 54C40, 54E17, 18B30

Introduction

During the last three decades, topologists have studied several categories, e.g., • Conv, the category of convergence spaces [F59]. • Mer, the category of merotopic spaces [K63].

• Fil, the category of filter merotopic spaces [K65], which is isomorphic to the category of grill-determined nearness spaces[BHR76].

• Chy, the category of Cauchy spaces [Ke68], [KR74], [LC89]. • Near, the category of nearness spaces [H74a], [H74b], [H88], [P88].

All of these categories contain Top, the category of all topological spaces (sometimes assuming a very weak separation axiom), as a subcategory.

After these categories had been defined and their fundamental properties explicated, topologists began extending various interesting subcategories of Top to the above larger categories. One of the most interesting subcategories of Top is the category of completely regular spaces. Perhaps the strongest reason for the importance of completely regular spaces is the fact that they are closely related to the real number system, but a secondary reason is that there are many equivalent ways of characterizing these spaces. However, in the larger categories mentioned above, the various formulations of complete regularity may not remain equivalent.

Our principal objective in this paper is to examine how various generalizations of complete regularity are related. In carrying out this investigation we will operate within the category Mer, a category which (essentially) contains all of the above mentioned categories.

In order to keep the exposition as brief as possible, we assume familiarity with merotopic spaces and nearness spaces (see, e.g., [H83] or [H88]), with convergence spaces and Cauchy spaces (see, e.g., [LC89]), and with the relationships that exist between all these (see, e.g., [BHL86]). We also assume familiarity with completely regular nearness spaces [BHO89]. However, we do present some of the basic definitions and fundamental results.

Recall that a merotopic space can have its structure given in any of four main ways: by means of the uniform covers, by means of the near collections, by means of the far collections, or by means of the micromeric (or Cauchy) collections. One should recall here that Katětov used the concept of a collection being micromeric as a primitive in his theory of merotopic spaces [K63], [K65]. Herrlich [H74b] has shown that the structure of a space can be determined by defining either of the four: the uniform covers, the far collections, the near collections, or the micromeric collections. For merotopic spaces, Katětov had earlier shown that the structure can be given equivalently either with uniform covers or with micromeric collections.

These notions are related as follows: A collection A of subsets of a space X is far in X provided the collection

{X \ A | A ∈ A}

is a uniform cover of X. A near collection is one which is not far. A collection is micromeric (or Cauchy) provided that sec A is a near collection, where sec is defined by the equation:

sec A = {B ⊂ X | B ∩ A ≠ ∅ for all A ∈ A}.

Every merotopic space has an underlying Čech closure space whose structure is determined by the closure operator cl_X defined by :

x ∈ cl_X A ⇐⇒ {{x}, A} is near in X.

In general, this closure operator fails to be idempotent. It is idempotent, and hence is a topological closure, provided the merotopic space is a nearness space, i.e., satisfies the axiom [H74a] of Herrlich:

cl_X A is near =⇒ A is near,

where

cl_X A = {cl_X A | A ∈ A}.

We can also say that for a micromeric collection A and for x ∈ X, A converges to x (and write A → x) provided that the collection A ∨ ẋ is micromeric^{1, 2}. This concept of convergence can be used to characterize the closure operator: We have that x ∈ cl_X A iff sec{A, {x}} → x.

There arises the functor T : Near → Top. Its image is not all of Top, rather it is the subcategory Top_S of all symmetric topological spaces^3, i.e., those which satisfy the axiom of Šanin [Š43]:

x ∈ cl_X {y} ⇐⇒ y ∈ cl_X {x}.

The functor T : Near → Top_S has a right inverse Top_S → Near which turns out to be a full embedding of Top_S as a bicoreflective subcategory of Near; we shall assume this embedding is an inclusion, an assumption which is tantamount to assuming that a symmetric topological space has its structure given by the set of open covers, i.e., a symmetric topological space is a nearness space whose uniform covers are precisely those covers which are refined by some open cover.

In this paper we are interested only in those topological spaces which are symmetric. Therefore, we shall shorten the terminology and when we say “topological space”, we always mean “symmetric topological space”. Moreover, we are interested only in merotopic spaces: when we say “space”, we mean “merotopic space”. Whenever X and Y are spaces, we shall use the notation Hom (X, Y ) to denote the set of all uniformly continuous maps f : X → Y .

We shall need to consider the separated nearness spaces. These have been defined by Herrlich in [H74b] and their properties explored in [BH78b] and [BH79]. The definition of these spaces is as follows. First, we say that a collection A of subsets of a merotopic space X is concentrated iff A is both near and micromeric. We then define a nearness space X to be separated provided that for any concentrated collection A, the collection

{B ⊂ X | {B} ∪ A is near }

is near (and hence is the unique maximal near collection containing A). Some motivation for this terminology lies in the fact that a T_1 topological space is separated iff it is Hausdorff.

Recall the definition of regularity [H74a] for merotopic spaces: A space X is said to be regular if for every uniform cover A of X, the collection^4

{B ⊂ X | B < A for some A ∈ A}

is a uniform cover of X.

1Here, ẋ denotes the principal filter generated by {x}.

2For collections A and B of subsets of X, A ∨ B denotes the collection of all A ∪ B with A ∈ A and B ∈ B, while A ∧ B denotes the collection of all A ∩ B with A ∈ A and B ∈ B.

3These spaces have also been called R_0 spaces and essentially T_1 spaces. 4B < A means {A, X \ B} is a uniform cover of X or, equivalently, for some uniform cover G of X, we have star (B, G) ⊂ A.

Every regular space is a separated nearness space. Our terminology is chosen with regard to the fact that a topological space is regular as a nearness space iff it is regular in the usual topological sense.

Regularity is a rather strong requirement on a nearness space. In many ways, regular spaces are as well-behaved as uniform spaces [BH79]. We now define a less stringent concept.

Definition 1. A space X is said to be weakly regular provided it satisfies the condition: Whenever A is a micromeric collection on X then so is cl_X A.

Proposition 2. If X is a nearness space then the following are equivalent:

(1) X is weakly regular.

(2) Every uniform cover of X is refined by a uniform cover consisting of closed sets (i.e., closed in the underlying topological space TX).

(3) Every far collection in X is corefined^5 by a far collection of open sets.

Proof: (1) =⇒ (2): Assume that X is weakly regular and let G be a uniform cover of X. It suffices to show that

H = {H ⊂ X | H is closed and H ⊂ G for some G ∈ G}

is a uniform cover of X. Assume that H is not a uniform cover of X. Then there exists a micromeric collection A such that for every A ∈ A and for every H ∈ H we have A ⊄ H. Since X is weakly regular, cl_X A is micromeric. Hence, for some G ∈ G and some A ∈ A we have cl_X A ⊂ G. But then cl_X A ∈ H and we have a contradiction.

(2) =⇒ (3): Let A be a far collection in X. Then G = {X \ A | A ∈ A} is a uniform cover of X and so, by (2), G is refined by some uniform cover H whose members are closed. Then the far collection B = {X \ H | H ∈ H} has open sets as members and B corefines A.

(3) =⇒ (1): Let A be micromeric and suppose that cl_X A is not. Then sec cl_X A is far and so, by hypothesis, it is corefined by some far collection B of open sets. Then sec B is not micromeric and therefore A ⊄ sec B. There exists A ∈ A with A /∈ sec B. It follows that there exists B ∈ B with B ∩ A = ∅. Since B corefines sec cl_X A, we have B ∈ sec cl_X A. Therefore, B ∩ cl_X A ≠ ∅. Since B is open, we have a contradiction. □

Proposition 3.

(1) Every regular space is weakly regular.

(2) A topological space is regular iff it is weakly regular.

Proof: (1): Observe first that in any nearness space X we have

B < A ⇐⇒ cl_X A < int_X B.

5A corefines B iff each member of A contains a member of B.

Let X be a regular space. Then X is a nearness space and we may establish the statement in Proposition 2 (2) to show that X is weakly regular. Let A be a uniform cover of X and let

B = {B ⊂ X | B < A for some A ∈ A}.

Then B refines cl_X B and cl_X B refines A. By regularity, B is a uniform cover of X and the proof of (1) is complete.

(2): Observe first that in any topological space X we have

B < A ⇐⇒ cl_X A ⊂ int_X B.

Let X be a weakly regular topological space. Let A be a uniform cover of X. We must show that B = {B ⊂ X | B < A for some A ∈ A}

is a uniform cover of X. X, being a topological space, is a nearness space. Hence int_X A is a uniform cover of X. By the statement in Proposition 2 (2), there exists a uniform cover H of X which refines int_X A with the members of H being closed sets. Then H ⊂ B and it follows that B is a uniform cover of X. □

Filter merotopic spaces

Filter merotopic spaces were defined by Katětov [K65] and were extensively studied in [R75] and [BHR76]. Here we shorten “filter merotopic space” to “filter space”.

A space X is said to be a filter space provided every micromeric collection M is corefined by some Cauchy filter F.

Every topological space is a filter space (even every subtopological^6 space is). We denote the category of all filter spaces by Fil. Fil is bicoreflective in Mer, and Fil is cartesian closed. For a description of its function space structure see [K65] or [BHR76]. Katětov proved that the function space structure of Fil is the one of continuous convergence. We let id : FX → X denote the Fil coreflection of a space X.

Several interesting subcategories of Fil were investigated in [BHL86]. Two of the most useful of these are the categories Conv_S (of symmetric convergence spaces) and Chy (of Cauchy spaces).

A Cauchy space is a filter space X which satisfies: If A and B are micromeric and if ∅ /∈ A ∧ B then A ∨ B is micromeric.

The category of all Cauchy spaces is denoted by Chy; it is bicoreflective in Fil. Cauchy spaces are precisely what Katětov called “Hausdorff filter merotopic spaces”. Cauchy spaces are usually defined using Cauchy filters only [KR74] instead of the more general micromeric collections. Nevertheless, there is no essential difference between these two approaches since isomorphic categories result [BHL86].

6A nearness space is said to be a subtopological space provided it is a subspace of some topological space.

A filter space X is called a C space provided that whenever A and B are micromeric in X and x ∈ X then we have

A → x and B → x =⇒ A ∨ B is micromeric.

A convergence space is a C space which satisfies the condition: For every micromeric collection A in X there exists x ∈ X such that A → x. The subcategory of Mer whose objects are the convergence spaces is denoted by Conv_S. We mentioned above that Cauchy spaces are defined usually in terms of axioms about filters. The same thing is true about convergence spaces. If Conv denotes the category of all convergence spaces in the sense of Fisher [F59], then Conv_S is isomorphic to that full subcategory of Conv whose objects are those convergence spaces satisfying the following symmetry axiom:

ẋ → y =⇒ x and y have the same convergent filters.

Between convergence spaces, a map f : X → Y is said to be continuous at x iff a filter F converges to x in X implies the filter^7 G = stack{f[F ] | F ∈ F} converges to f(x) in Y . It then follows that f : X → Y is uniformly continuous iff it is continuous at x for every x ∈ X. Because of this fact, we often omit the word “uniformly” in the phrase “uniformly continuous” when we are dealing with convergence spaces.

In the counterexamples which appear near the end of this paper, we have found it useful to define some spaces directly in terms of “neighborhoods” of points. Such spaces always turn out to be convergence spaces, in fact, even more special than convergence spaces: They are always pretopological spaces [C48], [BHL86], [LC89]. A pretopological space is a set X endowed with a “neighborhood filter system” B, i.e., to each x ∈ X is associated a filter B(x) such that the following two axioms are satisfied:

(N1) x ∈ ∩B(x) for each x ∈ X. (N2) B(x) is a filter on X for each x ∈ X.

A map f : (X_1, B_1) → (X_2, B_2) between pretopological spaces is said to be continuous at x provided

B_2 ( f(x) ) ⊂ stack {f[A] | A ∈ B_1(x)} .

We then say that f is continuous iff f is continuous at x for each x ∈ X. Each pretopological space (X, B) becomes a convergence space if, for a filter F on X and for x ∈ X, we define F → x iff B(x) ⊂ F. The resulting convergence spaces are precisely those which satisfy the convergence axiom:

∩{F | F → x} → x.

(The above informal description is actually a concrete isomorphism of categories.) One final remark about pretopological spaces: They are also isomorphic to the category of closure spaces (in the sense of Čech, i.e, without idempotency). For a proof of this isomorphism, see Section III.14.B of [Č66].

7stack A for a collection A denotes the collection of all supersets of members of A.

Completely regular spaces

Completely regular nearness spaces have been defined in a way that enables one to determine internally all completely regular extensions of topological spaces. The following definitions and results are taken from [BHO89].

The definition of complete regularity involves a slight modification of the definition of regularity.

A space X is said to be completely regular if for every uniform cover A of X, the collection

{B ⊂ X | B is completely within A for some A ∈ A}

is a uniform cover of X. That B is completely within A means that there exists a uniformly continuous map f : X → [0, 1] with f[B] ⊂ {0} and f[X \ A] ⊂ {1}. Here, [0, 1] is understood to carry its usual topological structure: the set of all covers refined by some open cover.

Every completely regular space is regular, and every uniform space is completely regular. Not every regular space is completely regular: An example is any regular topological space which is not completely regular. Not every completely regular space is uniform: An example is any completely regular topological space which is not paracompact.

The concept of complete regularity can be formulated in terms of the micromeric collections: A space X is completely regular if and only if it satisfies the following condition: Whenever A is a micromeric collection in X, then so is the collection

{B ⊂ X | A is completely within B for some A ∈ A}.

The underlying topological space TX of a completely regular space X is also completely regular (in the usual topological sense). A topological space is completely regular (as a merotopic space) if and only if it is completely regular as a topological space, in the usual sense.

A useful characterization of those subtopological spaces which are completely regular is that they are precisely the subspaces (in Mer) of the completely regular topological spaces [BHO89].

Creg, the full subcategory of Near whose objects are the completely regular spaces, is bireflective in Near.

Zero spaces

A classical result is that a topological space X is completely regular iff the set of zero sets of all real-valued continuous functions forms a base for the closed sets of X. In [BHO89] the analogous property for merotopic spaces was defined, arriving at a category called Zero.

The real line^8 as a topological space with the usual topology will be denoted by IR_t. Recall that Hom (X, IR_t) denotes, for any space X, the set of all uniformly

8The space IR_t, as well as IR with various other related nearness structures, was studied in [BH78a.]

continuous maps f : X → IR_t. The set of all bounded members of Hom (X, IR_t) is a ϕ-algebra (in the sense of [HJ61]). For any space X, we have

{Z(f) | f ∈ Hom (X, IR_t)} = {Z(f) | f ∈ Hom (X, IR_t) and f is bounded },

where we are using the usual notation:

Z(f) = {x ∈ X | f(x) = 0} coz (f) = {x ∈ X | f(x) ≠ 0}.

We shall use the customary notation:

Z(X) = {Z(f) | f ∈ Hom (X, IR_t)} coz (X) = {coz (f) | f ∈ Hom (X, IR_t)}.

Members of Z(X) are called zero sets and members of coz (X) are called cozero sets.

A space X is said to be a zero space provided that every far collection in X is corefined by a far collection consisting of zero sets.

The concept of being a zero space can be formulated either in terms of uniform covers or in terms of micromeric collections.

Proposition 4. For any space X, the following are equivalent:

(1) X is a zero space.

(2) Every uniform cover of X is refined by a uniform cover consisting of cozero sets of X.

(3) Every micromeric collection in X is corefined by a micromeric collection consisting of cozero sets.

Proof: The proof is analogous to the proof of Proposition 2. Use zero (cozero) sets where in the proof of Proposition 2 we used closed (open) sets. □

Every zero space is necessarily a nearness space and every completely regular space is a zero space. Not every zero space is completely regular. In fact, a zero space need not even be weakly regular (see Example 5). For topological spaces, however, recall that being a zero space is equivalent to being completely regular.

Zero, the full subcategory of Near whose objects are the zero spaces, is bireflective in Near. Additional information about zero spaces can be found in [BHO89].

If X is any space, then we have defined above a closure operator cl_X on X. At this time we are interested in a different closure operator on X which we shall denote by cl_{IR} (in spite of the fact that this notation seems contradictory). cl_{IR} denotes the closure operator on X which corresponds to the initial topology on X induced by the source ( f : X → IR_t ) f∈Hom (X,IR_t).

Proposition 5. Let X be a set and let F be a sublattice of the lattice of all maps X → IR with pointwise operations. Assume that the condition:

f ∈ F and g : IR_t → IR_t continuous =⇒ g ∘ f ∈ F is satisfied. Then {Z (f) | f ∈ F}

is a base for closed sets of the initial topology on X induced by the source ( f : X → IR_t ) f∈F .

Proof: The usual argument used in such theorems can be adapted. See, e.g., the proof of Proposition 1.5.8 of [E89], but write “min” where Engelking writes “max” since we have interchanged 0 and 1. □

Corollary 6. If X is a merotopic space then Z (X) is a base for closed sets for the topology corresponding to the closure operator cl_{IR}.

We remark that it follows from the above result that cl_X A ⊂ cl_{IR} A for every subset A of X. Indeed, the uniform continuity of a map f : X → IR_t implies the uniform continuity (=continuity since TX is topological) of f : TX → IR_t, and consequently Z(f) is closed in TX. Hence, every set which is closed with respect to the topology induced by the operator cl_{IR} is also closed in TX. Therefore, cl_X A ⊂ cl_{IR} A.

Proposition 7. If X is a zero space, then cl_X = cl_{IR}, i.e., the usual Čech closure operator of X as a merotopic space is actually a topological closure and it is the one corresponding to the initial topology on X induced by the source ( f : X → IR_t ) f∈Hom (X,IR_t).

Proof: We have already mentioned above that for any subset A of X, we have cl_X A ⊂ cl_{IR} A. To show the reverse inclusion, let x /∈ cl_X A. Then { A, {x} } is far in X so for some B ⊂ Z(X), B is far in X and B corefines { A, {x} }. For some B ∈ B, we have x /∈ B. Therefore, A ⊂ B. For some uniformly continuous map f : X → IR_t we have B = Z(f). B is closed with respect to the topology corresponding to the operator cl_{IR} and therefore cl_{IR} A ⊂ B. Hence, x /∈ cl_{IR} A and the proof is complete. □

Corollary 8. If X is a zero space then its underlying topology TX is completely regular.

Z-regular spaces

In this section, we consider a property which is not directly related to complete regularity, but is a slight variation on the definition of zero spaces.

Definition 9. A space X is said to be a z-regular space provided it satisfies the condition: Every far collection in X is corefined by a far collection consisting of cozero sets.

Proposition 10. For any space X, the following are equivalent:

(1) X is z-regular.

(2) Every uniform cover of X is refined by a uniform cover consisting of zero sets.

(3) Every micromeric collection in X is corefined by a micromeric collection consisting of zero sets.

Proof: The proof is analogous to the proofs of Propositions 1 and 4. □

Proposition 11.

(1) Every completely regular space is z-regular. (2) Every z-regular space is weakly regular.

Proof: (1): The proof is trivial from the definitions.

(2): See Proposition 16 below. □

The proofs of Propositions 12 and 13 below are straightforward textbook exercises.

Proposition 12. z-regularity is productive, hereditary, and summable in Mer.

Proposition 13. The category of z-regular spaces is bireflective in Mer. If X is any merotopic space, then its z-regular reflection is given by id : X → ZX, the identity map on the underlying sets, where we define:

A is a uniform cover of ZX iff A is refined by some uniform cover B of X such that B ⊂ Z(X).

Furthermore, Hom (X, IR_t) = Hom (ZX, IR_t). (Note that the notation is tricky: Z(X) denotes the collection of all zero subsets of X while ZX denotes the z-regular reflection of X.)

We remark that a z-regular space may fail to be a nearness space (Example 2) and a z-regular nearness space may fail to be regular (Example 3). Being a topological space doesn’t help much: a z-regular topological space may fail to be completely regular (Example 8)^9. Also, a zero space may fail to be z-regular (Example 4), and regularity doesn’t even help (J. Reiterman and J. Pelant have produced an example of a regular zero space which is not z-regular [Private communication - unpublished]).

μ-regular spaces

We are interested in a notion of complete regularity defined for filter spaces by Katětov [K65]. In order to avoid confusion of terminology, we use the phrase “μ-regular space” in place of Katětov’s “completely regular filter space”.

Recall the closure operator cl_{IR} introduced in the above section on zero spaces.

9In this connection, note that Exercise 14.C.2 of [W70] is a misprint.

Definition 14. We say that a space X is μ-regular iff the condition:

A is micromeric in X =⇒ cl_{IR} A is micromeric in X.

Proposition 15. For any space X, the following are equivalent:

(1) X is μ-regular.

(2) Every micromeric collection in X is corefined by a micromeric collection consisting of sets which are closed with respect to the topology corresponding to the closure operator cl_{IR}.

(3) Every uniform cover of X is refined by a uniform cover consisting of sets which are closed with respect to the topology corresponding to the closure operator cl_{IR}.

(4) Every far collection in X is corefined by a far collection consisting of sets which are open with respect to the topology corresponding to the closure operator cl_{IR}.

Proof: The proof is analogous to the proofs of Propositions 1, 4, and 10. □

Proposition 16.

(1) Every z-regular space is μ-regular. (2) Every μ-regular space is weakly regular.

Proof: (1): Let X be a z-regular space and let A be micromeric in X. By Proposition 10, (1) =⇒ (3), A is corefined by some micromeric collection B of zero sets. It is enough to show that B corefines cl_{IR} A. Every B ∈ B is the zero set of some uniformly continuous map f : X → IR_t. Such an f is continuous with respect to the topology corresponding to cl_{IR}. Therefore, B is closed in that topology and the desired result follows.

(2): The result is immediate from the fact (observed after Corollary 6 above) that cl_X A ⊂ cl_{IR} A for every subset A of X. □

Proposition 17. If X is a zero space, then

X is μ-regular ⇐⇒ X is weakly regular.

Proof: This result follows immediately from the relation cl_{IR} = cl_X given in Proposition 7. □

The proofs of the following three propositions are straightforward exercises.

Proposition 18. The category of μ-regular spaces is bireflective in Mer. If X is any merotopic space, then its μ-regular reflection is given by id : X → MX, the identity map on the underlying sets, where we define:

A is micromeric in MX iff for some micromeric collection B in X we have cl_{IR} B corefines A.

Furthermore, Hom (X, IR_t) = Hom (MX, IR_t).

Proposition 19. The category of all μ-regular filter spaces is bireflective in Fil withid : X → FMX being the μ-regular filter reflection of a filter space X.

Proposition 20. The Fil coreflection of a μ-regular space is also μ-regular.

Examples

Example 1. A contigual^{10} zero space X which is not weakly regular and is not a Cauchy space. This example is due to J. Reiterman [Private communication - unpublished]; it is the first known example of this type.

The underlying set of X is the open segment ]0, 1[. The structure of X is obtained by refining the metric uniformity of the open segment ]0, 1[ by adding a single cover

G = { G_1, G_2 } where

G_1 = ]0, 1[ \ { 1 2n | n ∈ IN }

G_2 = ]0, 1[ \ { 1 2n + 1

| n ∈ IN } . Thus, basic uniform covers are of the form C_ϵ ∧G where C_ϵ is a finite cover of ]0, 1[ by open segments of length ϵ. Members of these covers are cozero with respect to the metric uniformity; thus they are cozero with respect to the space X for the latter has a structure which is (strictly) finer. It follows that X is a zero space. Since the basic uniform covers of X are open in the usual topology of the open segment ]0, 1[, the topology TX of X is the same as the usual topology of the open segment. Further, for every open set G, we have

cl G = cl (G ∩ G_i) (i = 1, 2).

Hence { cl G | g ∈ C_ϵ ∧ G } is refined by C_ϵ. It follows that G cannot be refined by any closed uniform cover of X; therefore, X is not weakly regular.

Clearly, X is contigual. The fact that every contigual space is subtopological (and hence is a filter space) follows from [H74a; Proposition 5.11]; for an short proof of this fact see [BH82; Proposition 2.4]. In the present example, X is a subspace of the topological space ]0, 1[ ∪ {ξ_1, ξ_2 } where a neighborhood base of ξ_1 consists of the sets {ξ_1} ∪ ( ]0, ϵ[ \ { 1 2n | n ∈ IN } ) ϵ > 0,

10A space is said to be contigual iff every uniform cover is refined by some finite uniform cover.

and where a neighborhood base of ξ_2 consists of the sets

{ξ_2} ∪ ( ]0, ϵ[ \ { 1 2n + 1

| n ∈ IN } ) ϵ > 0.

To show that X is not a Cauchy space, let

F = stack {F_ϵ | ϵ > 0} G = stack {G_ϵ | ϵ > 0} where

F_ϵ = ]0, ϵ[ \ { 1 2n | n ∈ IN}

G_ϵ = ]0, ϵ[ \ { 1 2n + 1

| n ∈ IN}.

Then F and G are Cauchy filters on X with ∅ /∈ F ∧ G but with F ∨ G not a Cauchy filter.

Example 2. Example 2 is the pretopological space X described in Example 3 below. It is a separated filter space which is a z-regular space but not a nearness space.

Example 3. A separated, Cauchy, zero space E which is z-regular but not regular. On the real line let α be an irrational number and let (α_j )_{j∈IN} be a strictly monotone decreasing sequence of irrationals converging to α. For j > 1 choose a sequence (q^j_n)_{n∈IN} of rationals in the interval ]α_j , α_{j−1}[ converging to α_j . For j = 1 choose a sequence (q^1_n)_{n∈IN} of rationals in the interval ]α_1, ∞[ converging to α_1. Let X = ( [α, ∞[ ∩ Q ) ∪ {α} ∪ {α_j | j ∈ IN} .

(Here Q denotes the set of all rational numbers.) A pretopological structure p is defined on X by means of the following neighborhood filters B(x) for x ∈ X:

B(q) =q̇ for q ∈ X ∩ Q B(α) = stack {F_n ∪ {α} ∪ { α_j | j ≥ n }, | n ∈ IN}

where F_n = ∞⋃ j=n {q^j_k | k ∈ IN}

B(α_j) = stack {]α_j − 1 n , α_j + 1 n [ ∩ X | n ∈ IN}.

Clearly (X, p) is Hausdorff.

We define a space (E, γ) by E = [α, ∞[ ∩ Q and γ is the merotopic subspace structure of (X, p). By the results in the paper [BHL86], it follows that (E, γ) is a separated Cauchy space. Since the minimal Cauchy filters have an open base, (E, γ) is a nearness space.

For each x ∈ X we let M(x) be the trace of B(x) on E. For every n and every m ≥ n there exists j such that

E \ F_m /∈ M(α_j ) and F_n /∈ M(α_j ).

It follows that

M(α) ≠ {B ⊂ E | A < B for some A ∈ M(α) } .

Hence, (E, γ) is not regular.

Next we show that (E, γ) is z-regular, and therefore also μ-regular and weakly regular. Let τ be the trace on X of the discrete rational extension topology of IR (every rational point is open). (X, τ) is metrizable and τ is a coarser structure than p. Therefore τ closed sets are τ zero sets and hence also p zero sets. So traces of τ closed sets are (E, γ) zero sets. Hence, each M(x) for x ∈ E has a base consisting of zero sets, and it follows that (E, γ) is z-regular.

Finally, we show that (E, γ) is a zero space. Since the neighborhood filters in (X, τ) of the rational points as well as every α_j have a base of τ cozero sets, then the neighborhood filters in (X, p) of each of those types of points have a base of p cozero sets, and it follows that the traces of the neighborhood filters in (E, γ) of each of those types of points have a base of γ cozero sets. So we need only show that M(α) has a γ cozero set base. Let n ∈ IN and consider the corresponding F_n ∈ M(α). A continuous map f̂_n : (X, p) → IR_t is defined as follows:

f̂_n(q^n_j ) = 1 j if j ≥ 1

f̂_n(q^{n+k}_j ) = 1 j + k if j ≥ 1 and k ∈ IN

f̂_n(x) = 0 elsewhere.

The restriction f_n of f̂_n is uniformly continuous (E, γ) → IR_t and F_n = f^{−1}_n ]0, ∞[. Therefore, F_n is a cozero set.

Example 4. A separated, Cauchy, zero space X which is μ-regular but not regular and not z-regular.

We let ω denote the first infinite ordinal, Ω the first uncountable ordinal, ωω the ordinal product, and Z = [0, ωω] × [0, Ω] the set theoretic product of the sets [0, ωω] and [0, Ω]. On Z we place a pretopological structure by defining filterbases for the neighborhood filters as follows:

S(α, β) = { {x} } if x = (α, β), and either β < Ω or α < ωω is a successor ordinal S(ωn, Ω) = {]δ, ωn]× ]γ, Ω] | δ < ωn and γ < Ω} for n < ω S(ωω, Ω) = {]δ, ωω] × {Ω} | δ < ωω} .

That is to say, the neighborhood filters are B(x) = stack S(x) for each x ∈ Z. We define X as the merotopic subspace of Z where

X = {(α, β) ∈ Z | β < Ω or α is a successor ordinal } .

Z is a strict completion of X in the sense of [L89], and so it follows that a map X → IR_t is uniformly continuous iff it has a continuous extension Z → IR_t. In order to show that X is not z-regular, consider the micromeric collection G = {( ]δ, ωω] × {Ω} ) ∩ X | δ < ωω } , which is the trace on X of the neighborhood filterbase S(ωω, Ω). Assuming X is z-regular, G is corefined by a micromeric collection P whose elements are zero sets of X. Since P is micromeric in X, it is also micromeric in Z. Therefore, there exists a neighborhood filter of some point of Z which corefines P. It is not difficult to see that such a point must in fact be (ωω, Ω). Therefore, we have that B(ωω, Ω) corefines P, which in turn corefines G. Let B =]0, ωω] × {Ω}. Then B ∈ B(ωω, Ω) and so there exist P ∈ P and G ∈ G with G ⊂ P ⊂ B. Since P is a zero set of X, there exists a uniformly continuous map f : X → IR_t such that f ≥ 0 and f^{−1}[{0}] = P . Let f̂ : Z → IR_t be the continuous extension of f. By definition of G, there exists δ < ωω such that G = ( ]δ, ωω] × {Ω} ) ∩ X.

There exists k < ω with δ < ωk. The sequence ( ωk + 1, Ω ) , ( ωk + 2, Ω ) , · · ·

converges to ( ω(k +1), Ω ) in Z. Since f̂(α, Ω) = 0 whenever α is a successor ordinal between ωk and ω(k + 1), it follows that f̂ ( ω(k + 1), Ω ) = 0. The continuity of f̂ : Z → IR_t implies that { [− 1 m , 1 m ] | m < ω } corefines {^ f[H] | H ∈ B ( ω(k + 1), Ω )} . Therefore we have

∀ m < ω ∃ δ_m < ω(k + 1) ∃ γ_m < Ω f̂ ( ]δ_m, ω(k + 1)] × ]γ_m, Ω] ) ⊂ [− 1 m , 1 m ]. Put γ = sup_n γ_n. Then γ < Ω. It follows that

∀ m < ω {ω(k + 1)} × ]γ, Ω] ⊂]δ_m, ω(k + 1)] × ]γ_m, Ω].

Therefore, ∀ m < ω f̂ ( {ω(k + 1)} × ]γ, Ω] ) ⊂ [− 1 m , 1 m ].

So finally we can conclude that

f̂({ω(k + 1)} × ]γ, Ω]) = {0}.

But ( {ω(k + 1)} × ]γ, Ω] ) ∩ X ⊂ P ⊂ B = ]0, ωω] × {Ω}.

Since ]γ, Ω] is not a subset of {Ω}, we have a contradiction.

To prove that X is a zero space, it suffices to show that the trace on X of each neighborhood filter of Z has a base of cozero sets. Each of the filters

B(α, β), β < Ω, B(α, β), α a successor ordinal, B(ωn, Ω), n < ω,

clearly has a base of cozero sets of Z: In each case, the sets in the defining filterbase are cozero sets as can be shown by using the characteristic function of each such set (i.e., the function which is 1 on the set and 0 off it). It follows, in each of the above three cases, that the traces on X have bases of cozero sets of X. Note that { ]ωn, ωω] × {Ω} | n < ω } is a base for B(ωω, Ω). Let n < ω and let M = ( ]ωn, ωω] × {Ω} ) ∩ X.

To show that M is a cozero set of X, we define h : Z → IR_t such that h is 0 at all points of Z except those of the form (α, Ω) where α is a successor ordinal with ωn < α. If n < k < ω and 0 < p < ω, we define h ( ωk + p, Ω ) = 1 k^p . Clearly, M = X ∩ coz (h), so the only thing left to check is the continuity of h : Z → IR_t. At each discrete point, h is trivially continuous. At (ωm, Ω) with m ≤ n, h is 0 on every basic neighborhood. Consider a point (ωm, Ω) with n < m. For ϵ > 0 we choose p < ω such that 1 (m − 1)^p < ϵ and we choose γ < Ω arbitrarily. Then h ( ]ω(m − 1) + p, ωm] × ]γ, Ω] ) ⊂ [−ϵ, ϵ],

and it follows that h is continuous at each point (ωm, Ω) with n < m. Finally, consider the point (ωω, Ω). For each ϵ > 0 we choose m with n < m < ω such that 1 m < ϵ. Then h ( ]ωm, ωω] × {Ω} ) ⊂ [−ϵ, ϵ], and it follows that h is continuous at (ωω, Ω). This completes the proof that X is a zero space.

Since X is a zero space, it is a nearness space. Therefore, the underlying closure operator is topological and, by Proposition 7, cl_X = cl_{IR}. Clearly, the trace on X of each basic neighborhood of points of Z are closed in X. It follows that X is a μ-regular space.

It remains to prove only that X is not a regular space. Let

M = { ( ]δ, ωω] × {Ω} ) ∩ X | δ < ωω} ,

i.e., M is the trace on X of the basic neighborhoods of (ωω, Ω). Clearly, it suffices to show that {S ⊂ X | M < S for some M ∈ M}

is not micromeric. For that purpose, it is sufficient to show that for every k with n < k < ω, we have ( ]ωk, ωω] × {Ω} ) ∩ X ≮ ( ]ωn, ωω] × {Ω} ) ∩ X.

Select any l with k < l < ω. Clearly ( ]ωn, ωω] × {Ω} ) ∩ X does not belong to the trace of B(ωl, Ω) on X. On the other hand, X \ ( ( ]ωk, ωω] × {Ω} ) ∩ X )

does not belong to the trace of B(ωl, Ω) on X either. It follows that { ( ]ωn, ωω] × {Ω} ) ∩ X , X \ ( ( ]ωk, ωω] × {Ω} ) ∩ X ) }

is not a uniform cover of X, and we are through.

Example 5. A separated, Cauchy, zero space X which is not weakly regular. Let X = IR with the following merotopic structure: A is micromeric in X iff either A is corefined by some point’s usual neighborhood filter in IR_t or A is corefined by the filterbase F = {F_n | n ∈ IN} where

F_n = ⋃ k≥n ] k − 1 2 , k + 1 2 [ . Since every point has an IR_t neighborhood disjoint from some member of F, X is clearly a Cauchy space, and since every equivalence class of Cauchy filters on X has a minimum (either an IR_t neighborhood filter or the filter generated by F) X is separated. We remark that the underlying closure operator of X as a merotopic space and the closure operator in the Conv_S coreflection of X both coincide with the closure operator of IR_t. Since {cl_X F | F ∈ F} is not corefined by F, the space X is not weakly regular.

It remains to be shown that X is a zero space. Let W(x) be the IR_t neighborhood filter of a point x. W(x) has a base consisting of cozero sets of IR_t, and, moreover, if f : IR_t → [0, 1] is continuous and coz f ⊂ ]x − ϵ, x + ϵ[ for some ϵ > 0, then there exists n_0 such that f is 0 on F_n for every n ≥ n_0. It follows that {f[F ] | F ∈ F} generates the filter ˙0 and hence f : X → [0, 1] is uniformly continuous. Thus, W(x) has a base consisting of cozero sets of X.

The proof will be complete if we can show that every member of F is a cozero set of X. Let n ∈ IN and let I_n = [n−^1_2 , n+^1_2 ] with the usual topology, i.e., as a subspace of IR_t. The open interval ]n −^1_2 , n +^1_2 [ is a cozero set in I_n. Let f : I_n → [0, 1] be continuous such that coz f = ]n −^1_2 , n +^1_2 [. We extend f to a continuous map f̃ : IR → [0, 1] in the following way:

f̃ = { 0, if x ≤ n −^1_2

f(x−l)

l+1 , if x ∈ I_{n+l} .

Clearly coz f̃ = F_n. In order to show that {f̃[F ] | F ∈ F} converges to 0, let ϵ > 0 and choose l_0 such that^1_{l0+1} < ϵ. Then f̃[I_{n+l}] ⊂ [0, ϵ] for every l ≥ l_0. Hence {f̃[F ] | F ∈ F} is corefined by the usual neighborhood filter of 0. It follows that f̃ : X → [0, 1] is uniformly continuous and therefore F_n is a cozero set of X. This completes the proof that X is a zero space.

Example 6. A topological space Z which is regular and μ-regular but not z-regular. This example is based on Example 17 of van Est and Freudenthal [vEF51]. Let Z = IR ∪ {ω}, where ω /∈ IR. Let IP denote the space of irrational numbers with the usual topology. Using Lemma 10 of [vEF51]] we can express IP as a pairwise disjoint union of a family (Y_n) of subspaces of IP where each Y_n is of the second category in every open set of IR. We establish the notation: If p_i denotes the i^{th} prime number, ρ > 0, and ξ ∈ Y_i, then we let

V_{ϱ pi} (ξ) = { s t | s ∈ Z, t = p^α_i for some α ∈ IN, and |ξ − s t | < 1 t < ϱ} .

We are using IN to denote the set of positive natural numbers, Z to denote the set of all integers, and Q to denote the set of all rational numbers. We make Z into a topological space by introducing the following neighborhoods:

(1) If q ∈ Q, then we take

{A ⊂ Z | q ∈ A}

as a neighborhood base at q, i.e., every rational point is to be a discrete point.

(2) If ξ ∈ IP with ξ ∈ Y_i, then we take as a neighborhood base at ξ the collection:

{V_{ϱ pi} (ξ) ∪ V_{ϱ pi+1} (ξ) ∪ {ξ} | ϱ > 0} .

(3) For each natural number n, we let H_n denote the set of all real numbers strictly greater than n and we define

W_n = {ω} ∪ ( H_n ∩ [(_∞ ⋃ i=n Y_i ) ∪ ⋃ { V_{1 pi} (ξ) | i ≥ n and ξ ∈ Y_i }]) . Then we let {W_n | n ≥ 1}

be a neighborhood base at ω.

The only non triviality arising in the proof that Z is a topological space is the demonstration that each W_n contains a neighborhood of each of its irrational points. Let ξ_0 ∈ Y_i for some i ≥ n. Then

V_{1 pi} (ξ_0) ∪ V_{1 pi+1} (ξ_0) ⊂ ⋃ {V_{1 pj} (ξ)j ≥ n and ξ ∈ Y_j } .

Indeed, let v = s p^α_{i+1}

∈ V_{1 pi+1} (ξ_0).

Using the density of Y_{i+1}, choose ξ ∈ Y_{i+1} between v and ξ_0. It follows that

v ∈ V_{1 pi+1} (ξ).

In order to show that Z is regular and T_1, we consider each kind of point in turn. For each rational point q, the set {{q}} is a neighborhood base of closed sets. Consider next a point ξ ∈ IP. If ξ ∈ Y_i, then the set

A = V_{ϱ pi} (ξ) ∪ V_{ϱ pi+1} (ξ) ∪ {ξ}

is open and closed in Z. It is clear that ω, any rational in Z \ A, or any ξ^′ ∈ Y_j for j /∈ { i − 1, i, i + 1 } all have a neighborhood contained in Z \ A. Suppose ξ^′ ∈ Y_j with j ∈ { i − 1, i, i + 1 } and with ξ^′ ≠ ξ. Let η = |ξ^′ − ξ|. Then A ∩ ] ξ^′ − η 2 , ξ^′ + η 2 [

is finite (perhaps empty). So there exists δ > 0 such that

V_{δ pj} (ξ^′) ∪ V_{δ pj+1} (ξ^′) ∪ {ξ^′} ⊂ Z \ A.

Thus we have established that every irrational point of Z has a neighborhood base of closed sets.

Finally, we consider the point ω. For every n there exists k such that W_k ⊂ cl_X W_k ⊂ W_n. Fix n and choose such a k with k ≥ n + 1. If z ∈ cl_X W_k and z /∈ W_k then z has to be an irrational point z = ξ with ξ ∈ Y_j for some j < k. Moreover, for all ϱ, we have ( V_{ϱ pj} (ξ) ∪ V_{ϱ pj+1} (ξ) ∪ {ξ} ) ∩ W_k ≠ ∅.

It follows that j ≥ k − 1. Hence j ≥ n. We have that ξ ∈ cl_X W_k. Hence ξ belongs to the usual closure of H_k and therefore ξ ∈ H_n. Finally we can conclude that ξ ∈ W_n. The proof that Z is regular and T_1 is finished.

We next prove that Z is μ-regular. Note that since Z is a topological space, μ-regularity means the following: Let Z^′ be the completely regular reflection of Z. Then Z is μ-regular if and only if the following condition is satisfied: For every z ∈ Z and for every V a neighborhood of z in Z, there is a neighborhood U of z in Z such that cl_Z′ U ⊂ V .

First, let z = q ∈ Q. Since {q} is open and closed in Z, the characteristic function χ_{{q}} : Z → IR_t is continuous. Hence {q} is closed in Z^′.

Secondly, let z = ξ ∈ IP with say ξ ∈ Y_i. We have already proved above that

A = V_{ϱ pi} (ξ) ∪ V_{ϱ pi+1} (ξ) ∪ {ξ}

is open and closed in Z. So χ_A : Z → IR_t is continuous and hence A is closed in Z^′. Thirdly, let z = ω and let W_k be a basic neighborhood of z. Since we already proved that Z is regular, it suffices to show that cl_Z′ W_k = cl_Z W_k. Let z ∈ cl_Z′ W_k and suppose that z /∈ W_k. Then z ∈ IR, i.e., z ≠ ω. In order to prove that z ∈ cl_Z W_k, we show that the neighborhood filters of z in Z and Z^′ coincide. As before, note that for q ∈ Q we have that χ_{{q}} : Z → IR_t is continuous and hence {q} is open in Z^′, while for ξ ∈ IP and A as above, χ_A : Z → IR_t is continuous and hence A is open in Z^′. This concludes the proof that Z is μ-regular.

We show that Z is not z-regular. If n ≥ 2 and W_n is a basic neighborhood of ω, then there is no continuous function f : Z → IR_t and k ≥ n such that W_k ⊂ Z(f) ⊂ W_n. Indeed, it follows from the results in [vEF51] that the fact that f equals zero on Y_k ∩ H_k implies that it also takes the value zero on some points outside W_n. (Note: The fact that Z is not completely regular has been proved on page 366 of [vEF51]: Y_1 is closed and Z cannot be separated from ω by a continuous function.

Example 7. A filter, zero space X which is regular, and z-regular but not completely regular.

Let Z be the topological space defined in Example 5 above and let X be the rational numbers as a nearness subspace of Z. Clearly, X is a filter nearness space which is regular. Also X is not completely regular.

In order to show that X is a zero space, it suffices to show that the trace on X of any neighborhood filter of Z has a base consisting of cozero sets. Since for rational points q the set { q } is open and closed, the characteristic function χ_{{q}} : Z → IR_t is

continuous. Hence the restriction f = ( χ_{{q}}|X ) : X → IR_t is uniformly continuous and we have { q } = coz f.

The same argument is used for the trace of the neighborhood filter of an irrational point ξ: Any set A = V_{ϱ pi} (ξ) ∪ V_{ϱ pi+1} (ξ) ∪ {ξ}

is open and closed in Z and hence the characteristic function χ_A : Z → IR_t is continuous. Therefore the restriction f = (χ_A|X) : X → IR_t is uniformly continuous and we have A = coz f.

Consider next the trace of the neighborhood filter of ω. It has as a base

{W_n ∩ X | n ∈ IN}.

We show that for every n, the set W_n ∩ X is a cozero set in X. Notice that

W_n ∩ X = H_n ∩ ⋃ {V_{1 pi} (ξ) | i ≥ n and ξ ∈ Y_i} .

Let n be fixed. Let h : Z → IR_t be the function defined as follows: h takes the value 0 everywhere except on W_n ∩ X. For q ∈ W_n ∩ X with q =^s_t (^s_t in irreducible form), and with t = p^α_i for some α and for some i ≥ n, we define h(q) =^1_t . We show that h is continuous. Clearly, h is continuous at every rational point. Let ξ be irrational and select i so that ξ ∈ Y_i. Let ϵ > 0. Choose ϱ < ϵ and consider the neighborhood A = V_{ϱ pi} (ξ) ∪ V_{ϱ pi+1} (ξ) ∪ {ξ}.

Let^s_t ∈ A (^s_t in irreducible form).If^s_t /∈ W_n then h(^s_t ) = 0. If^s_t ∈ W_n then h(^s_t ) =^1_t , and since^s_t ∈ A it follows that |ξ −^s_t | <^1_t < ϱ, and hence h(^s_t ) < ϵ. So we can conclude that h[A] ⊂ [−ϵ, ϵ[, therefore h is continuous at each irrational point. In order to show that h is continuous at ω, let ϵ > 0 and choose m such that m ≥ n and^1_{pm} < ϵ. It suffices to show that h[W_m) ⊂ [−ϵ, ϵ[. Let q be rational, q ∈ W_m. Then there exist i ≥ m and ξ ∈ Y_i such that q ∈ V_{1 pi} (ξ), and consequently q =^s_t (in irreducible form) where s ∈ Z and t = p^α_i for some α ∈ IN with |ξ −^s_t | <^1_t . Hence we have h( s t ) = 1 t = 1 p^α_i ≤ 1 p^α_m < 1 p_m

< ϵ.

This completes the proof that h is continuous.

It follows that f = h | X : X → IR_t is uniformly continuous. Moreover, W_n ∩ X = coz f. The proof that X is a zero space is complete.

In order to show that X is a z-regular space, we show that the trace on X of the neighborhood filters of each point of Z has a base of zero sets. For rational q ∈ Z and for irrational ξ ∈ Z, a proof analogous to what we did above can be given. So consider the point ω ∈ Z. Fix n. Define a function h : Z → IR_t by letting h take the value 0 everywhere except at points in the set X \ (W_n ∩ X). For any point s t ∈ X \ (W_n ∩ X), (^s_t in irreducible form) let h(^s_t ) =^1_t . As before, it can be shown that h is continuous at each rational and at each irrational point. For the continuity at ω, note that if ϵ > 0 and m ≥ n then h|W_n = 0 and therefore h[W_m] ⊂ [−ϵ, ϵ[. Finally, W_n ∩ X = Z(h|X).

Example 8.

A regular Hausdorff topological space X which is z-regular but not completely regular. This example (the first known of its type, we believe) is due to M.E. Rudin [Private communication - unpublished].

Let IP denote the set of all irrational numbers in the open segment ]0, 1[. Let K be the intersection of IP and the standard Cantor set, let H = IP \ K, and let h : K → H be a homeomorphism. Since K is order isomorphic to IP and H is the union of countably many disjoint intervals from IP, we can assume each of the H intervals is the image under h of a K interval having a rational endpoint. Let

D = ]0, 1[^2 \ {(x, x) | x is rational}

and topologize D by:

(1) Each (x, y) with x ≠ y is isolated.

(2) A basic neighborhood of (x, x) for x ∈ H is of the form [(x, x) , (x + ϵ, x)[ for some ϵ > 0.

(3) A basic neighborhood of (x, x) for x ∈ K is of the form [(x, x) , (x, x − ϵ)[ for some ϵ > 0.

For each n ∈ IN, let D_n be a copy of D (with the topology described above). Let Y be the quotient space of the disjoint union of the D_n’s with each (x, x) from the K of D_n identified with ( h(x), h(x) ) from the H of D_{n+1}.

Our space is X = Y ∪ {p}, p being just an extra point we throw in. A basic open neighborhood of p in X is of the form

{p} ∪ ( D_n \ diagonal of D_n ) ∪ ⋃ m>n D_m

for some n ∈ IN. Pictorially: | |H_1 D_1 K_1 | | | |H_2 D_2 K_2 | | | |H_3 D_3 K_3 | | | |H_4 D_4 · · · p.

Note that Y is an open subspace of X. It is not difficult to see that X is a regular Hausdorff space with every point except p having a clopen neighborhood base and with p having a zero set neighborhood base. Hence X is z-regular. But since p cannot be separated from H_1 by any continuous real-valued map, X is not completely regular.

The following table summarizes the properties of our counterexamples.

compl. zero reg. z-reg. μ-reg. weak. separ. fil. near. reg. reg.

Ex. 1 − + − − − − + + + Ex. 2 − − − + + + + + − Ex. 3 − + − + + + + + + Ex. 4 − + − − + + + + + Ex. 5 − + − − − − + + + Ex. 6 − − + − + + + + + Ex. 7 − + + + + + + + + Ex. 8 − − + + + + + + +

Figure 1 Table of properties of counterexamples + means has the property; − means does not have it

The following diagrams make visible the relationships which exist between the properties we have been considering. These diagrams exhibit all relationships which hold, except those obtained by transitivity.

The first diagram exhibits the relationships which hold when we assume that we are dealing only with topological spaces. Remarks for the topological case:

• Regular does not imply μ-regular. See Example 2 of [BM76]. • μ-regular does not imply z-regular. See Example 1 of [BM76]. • z-regular does not imply completely regular. See Example 8 above, due to M.E. Rudin.

Completely regular ←→ zero space ↓ z-regular ↓ μ-regular ↓ regular ←→ weakly regular

Diagram 1. The topological case.

The second diagram is for general merotopic spaces (not assuming the space to be a nearness space). Remarks:

• If a space is either completely regular, a zero space, or regular then it is necessarily a nearness space.

• a z-regular space, and therefore also a μ-regular space or a weakly regular space, need not be a nearness space (our Example 2 is such a space).

Completely regular

� � � � � � � � � � regular zero space z-regular � μ-regular � � � � � �

� � � � weakly regular

Diagram 2. The general merotopic space case.

In the third diagram we assume that the spaces under consideration are weakly regular.

Completely regular

� � � � � � � � � � regular zero space z-regular � μ-regular � � � � Diagram 3. The weakly regular case.

In our last diagram, we assume that the spaces under consideration are regular. Remarks for the regular case:

• Zero does not imply z-regular. J. Reiterman and J. Pelant have an example [Private communication - unpublished].

• z-regular does not imply zero (see Example 8 above due to M.E. Rudin). Completely regular

� � � � � zero space z-regular � μ-regular � � � � Diagram 4. The regular case.

References

[BH78a] Bentley H.L., H. Herrlich H., The reals and the reals, Gen. Topol. Appl. 9 (1978), 221–232.

[BH78b] Bentley H.L., Herrlich H., Completion as reflection, Comment. Math. Univ. Carolinae 19 (1978), 541–568.

[BH79] Bentley H.L., Herrlich H., Completeness for nearness spaces, In: Topological Structures II, part 1, Math. Centre Tracts 115, Amsterdam, 1979, 29–40.

[BH82] Bentley H.L., Herrlich H., The coreflective hull of the contigual spaces in the category of merotopic spaces, In: Categorical Aspects of Topology and Analysis, Lect. Notes in Math. 915, Springer-Verlag, Berlin, 1982, 16–26.

[BHL86] Bentley H.L., Herrlich H., Lowen-Colebunders E., Convergence, J. Pure Appl. Algebra, to appear.

[BHO89] Bentley H.L., Herrlich H., Ori R.G., Zero sets and complete regularity for nearness spaces, In: Categorical Topology and its Relations to Analysis, Algebra and Combinatorics, Prague, Czechoslovakia, 22–27 August 1988, Ed. Jiří Adámek and Saunders MacLane, World Scientific Publ. Co., Singapore, 1989, 446–461.

[BHR76] Bentley H.L., Herrlich H., Robertson W.A., Convenient categories for topologists, Comment. Math. Univ. Carolinae 17 (1976), 207–227.

[BM76] Butzmann H.P., Müller B., Topological C-embedded spaces, General Topol. and its Appl. 6 (1976), 17–20.

[Č66] Čech E., Topological Spaces, Revised edition by Z. Frolík and M. Katětov, Publ. House of the Czechoslovak Acad. of Sci., Prague, and Interscience Publ., London, 1966.

[C48] Choquet G., Convergences, Ann. Univ. Grenoble Sect. Sci. Math. Phys. (NS) 23 (1948), 57–112.

[E89] Engelking R., General Topology, Heldermann Verlag, Berlin, 1989. [F59] Fisher H.R., Limesräume, Math. Ann. 137 (1959), 269–303.

[HJ61] Henriksen M., Johnson D.G., On the structure of a class of archimedean lattice-ordered algebras, Fund. Math. 50 (1961), 73–94.

[H74a] Herrlich H., A concept of nearness, Gen. Topol. Appl. 4 (1974), 191–212. [H74b] Herrlich H., Topological structures, In: Topological Structures I, Math. Centre Tracts 52, 1974, 59–122.

[H83] Herrlich H., Categorical topology 1971-1981, In: General Topology and its Relations to Modern Analysis and Algebra V, Proceedings of the Fifth Prague Topological Symposium 1981, Heldermann Verlag, Berlin, 1983, 279–383.

[H88] Herrlich H., Topologie II: Uniforme Räume, Heldermann Verlag, Berlin, 1988. [K63] Katětov M., Allgemeine Stetigkeitsstrukturen, Proc. Intern. Congr. Math. Stockholm 1962 (1963), 473–479.

[K65] Katětov M., On continuity structures and spaces of mappings, Comment. Math. Univ. Carolinae 6 (1965), 257–278.

[Ke68] Keller H., Die Limes-uniformisierbarkeit der Limesräume, Math. Ann. 176 (1968), 334–341.

[KR74] Kent D., Richardson G., Regular completions of Cauchy spaces, Pacific J. Math. 51 (1974), 483–490.

[LC89] Lowen-Colebunders E., Function Classes of Cauchy Continuous Maps, Marcel Dekker, Inc., New York, 1989.

[P88] Preuß G., Theory of Topological Spaces, D. Reidel Publ. Co., Dordrecht, 1988. [R75] Robertson W.A., Convergence as a Nearness Concept, Thesis, Carleton University, Ottawa, 1975.

[Š43] Šanin N., On separation in topological spaces, Dok. Akad. Nauk SSSR 38 (1943), 110–113.

[vEF51] van Est W.T., Freudenthal H., Trennung durch stetige Funktionen in topologischen Räume, Proc. Kon. Ned Ak. v. Wet., Ser A, 54 (1951), 359–368.

[W70] Willard S., General Topology, Addison-Wesley Publ. Co., Reading, 1970.

University of Toledo, 2801 West Bancroft Street, Toledo, OH 43606, USA

Departement Wiskunde, Vrije Universiteit Brussel, Pleinlaan 2, B–1050 Brussel, Belgium

(Received May 17, 1990, revised November 23, 1990)