Comment.Math.Univ.Carolin. 32,3 (1991)435–439 435

On absolute summability factors for |N, pn|k summability

Hüseyin Bor

Abstract. In this paper a theorem on |N, p_n|_k summability factors, which generalizes a theorem of Mishra and Srivastava [MS] on [C, 1]_k summability factors, has been proved.

Keywords: absolute summability, summability factors, infinite series Classification: 40D15, 40G99

1. Introduction. Let ∑_∞

0 a_n be a given infinite series with partial sums (s_n). By u^δ_n we denote the n-th Cesàro mean of order δ (δ > −1 and δ is real) of the sequence (s_n). The series ∑ a_n is said to be summable |C, δ|_k, k ≥ 1, if (see [F])

(1.1) ∞∑ n=1 n^{k−1}|u^δ_n − u^δ_{n−1}|^k < ∞.

Let (p_n) be a sequence of positive real constants such that

(1.2) P_n = n∑ u=0 p_u → ∞ as n → ∞.

The sequence-to-sequence transformation

(1.3) t_n = 1 P_n n∑ u=0 p_us_u

defines the sequence (t_n) of the (N, p_n) means of the sequence (s_n), generated by the sequence of coefficients (p_n) (see [H, p. 57]). The series ∑ a_n is said to be summable |N, p_n|_k, k ≥ 1, if (see [B])

(1.4) ∞∑ n=1 (P_n/p_n)^{k−1}|t_n − t_{n−1}|^k < ∞.

In the special case when p_n = 1 for all values of n, |N, p_n|_k summability is the same as |C, 1|_k summability.

Let K be a positive constant. If g > 0, then f = O(g) means |f| < K · g and f = o(g) means f/g → 0 (see [H, p. XVI]).

2. Mishra and Srivastava [MS] proved the following theorem for |C, 1|_k summability.

Theorem A. Let (X_n) be a positive non-decreasing sequence and be there sequences (β_n) and (λ_n) such that |Δλ_n| ≤ β_n,

(2.1) β_n → 0 as n → ∞,

(2.2) |λ_n|X_n = O(1) as n → ∞,

(2.3) ∞∑ n=1 nX_n|Δβ_n| < ∞.

(2.4) If (2.5) m∑ n=1 1 n |s_n|^k = O(X_n) as m → ∞,

then the series ∑ a_nλ_n is summable |C, 1|_k, k ≥ 1.

3. The aim of this paper is to generalize Theorem A for |N, p_n|_k summability. Now, we shall prove the following theorem.

Theorem. Let (X_n) be a positive non-decreasing sequence and the sequences (λ_n) and (β_n) are such that conditions (2.1)–(2.3) of Theorem A are satisfied. Furthermore, if ∞∑ n=1 P_nX_n|Δβ_n| < ∞,

(3.1) m∑ n=1 p_n P_n

|s_n|^k = O(X_m) as m → ∞,

(3.2) and 1 = O(p_n) as n → ∞

(3.3) then the series ∑ a_nλ_n is summable |N, p_n|_k, k ≥ 1.

Remark. It should be noted that if we take p_n = 1 for all values of n, then the conditions (3.1) and (3.2) will be reduced to the conditions (2.4) and (2.5), respectively. Also notice that in this case condition (3.3) is obvious. 4. We need the following lemma for the proof of our theorem. Lemma. Under the conditions of the theorem, we have P_nX_nβ_n = o(1) as n → ∞,

(4.1) ∞∑ n=1 p_nX_nβ_n < ∞,

(4.2) ∞∑ n=1 β_nX_n < ∞.

(4.3)

Proof: Since β_n → 0 as n → ∞, by (2.2), we have that

(4.4) β_n = ∞∑ u=n Δβ_u .

Since (X_nP_n) is increasing, we have

P_nX_nβ_n ≤ ∞∑ u=n P_u|Δβ_u|X_u < ∞,

by (3.1). Hence P_nX_nβ_n = o(1) as n → ∞.

Since (X_n) is increasing, using (4.4), we have that ∞∑ n=1 p_nX_nβ_n ≤ ∞∑ n=1 p_nX_n ∞∑ u=n |Δβ_u| = ∞∑ u=1 |Δβ_u| u∑ n=1 p_nX_n

≤ ∞∑ u=1 X_u|Δβ_u| u∑ n=1 p_n = ∞∑ u=1 P_uX_u|Δβ_u| < ∞,

by (3.1).

Finally, we have that ∞∑ n=1 X_nβ_n = O(1) ∞∑ n=1 p_nX_nβ_n < ∞,

by (3.3) and (4.2). This completes the proof of the lemma. □ 5. Proof of the theorem.

Let (T_n) be the (N, p_n) means of the series ∑ a_nλ_n. Then, by definition, we have T_n = 1 P_n n∑ u=0 p_u u∑ r=0 a_rλ_r = 1 P_n n∑ u=0 (P_n − P_{u−1})a_uλ_u .

Further, for n ≥ 1, we have

T_n − T_{n−1} = p_n P_nP_{n−1} n∑ u=1 P_{n−1}a_uλ_u .

Using Abel’s transformation, we get that

T_n − T_{n−1} = p_n P_nP_{n−1} n−1∑ u=1 Δ(P_{u−1}λ_u)s_u + p_ns_nλ_n

P_n = − p_n P_nP_{n−1} n−1∑ u=1 p_us_uλ_u

+ p_n P_nP_{n−1} n−1∑ u=1 P_us_uΔλ_u + p_ns_nλ_n

P_n

= T_{n,1} + T_{n,2} + T_{n,3}, say. To complete the proof of the theorem, by Minkowski’s inequality for k ≥ 1, it is sufficient to show that ∞∑ n=1 (P_n/p_n)^{k−1}|T_{n,r}|^k < ∞, for r = 1, 2, 3.

Now, applying Hölder’s inequality with the indices k and k^′, where^1_k +^1_{k′} = 1, we have that

m+1∑ n=2 (P_n/p_n)^{k−1}|T_{n,1}|^k ≤ m+1∑ n=2 p_n P_nP^k_{n−1}

{_{n−1} ∑ u=1 p_u|s_u| |λ_u|

}_k

≤ m+1∑ n=2 p_n P_nP_{n−1}

{_{n−1} ∑ u=1 p_u|s_u|^k|λ_u|^k } × { 1 P_{n−1} n−1∑ u=1 p_u

}_{k−1}

= O(1) m∑ u=1 p_u|s_u|^k|λ_u|^k ∑ n=u+1

m + 1 p_n P_nP_{n−1}

= O(1) m∑ u=1 p_u P_u

|s_u|^k|λ_u|^k .

Since |λ_n| = O(1/X_n) = O(1), by (2.3), we have that

m+1∑ n=2 (P_n/p_n)^{k−1}|T_{n,1}|^k = O(1) m∑ u=1 p_u P_u

|s_u|^k|λ_u| |λ_u|^{k−1}

= O(1) m∑ u=1 p_u P_u

|s_u|^k|λ_u| = O(1) m−1∑ u=1 Δ|λ_u| u∑ r=1 p_r P_r

|s_r|^k + O(1)|λ_m| m∑ u=1 p_u P_u

|s_u|^k

= O(1) m−1∑ u=1 |Δλ_u|X_u + O(1)|λ_m|X_m = O(1) m−1∑ u=1 β_uX_u + O(1)|λ_m|X_m = O(1)

as m → ∞, by virtue of (2.1), (2.3), (3.2) and (4.3).

Using the conditions (2.1), (3.3) and applying Hölder’s inequality as in T_{n,1}, we have that

m+1∑ n=2 (P_n/p_n)^{k−1}|T_{n,2}|^k ≤ m+1∑ n=2 p_n P_nP^k_{n−1}

{_{n−1} ∑ u=1 P_u|Δλ_u| |s_u|

}_k

≤ m+1∑ n=2 p_n P_nP^k_{n−1}

{_{n−1} ∑ u=1 P_uβ_u|s_u|

}_k

= O(1) m+1∑ n=2 p_n P_nP^k_{n−1}

{_{n−1} ∑ u=1 p_uP_uβ_u|s_u|

}_k

= O(1) m+1∑ n=2 p_n P_nP_{n−1}

{_{n−1} ∑ u=1 (P_uβ_u)^kp_u|s_u|^k } × { 1 P_{n−1} n−1∑ u=1 p_u

}_{k−1}

= O(1) m∑ u=1 (P_uβ_u)^kp_u|s_u|^k m+1∑

n=u+1

p_n P_nP_{n−1}

= O(1) m∑ u=1 (P_uβ_u)^k p_u P_u

|s_u|^k .

Since P_nβ_n = O(1/X_n) = O(1), by (4.1), we have

m+1∑ n=2 (P_n/p_n)^{k−1}|T_{n,2}|^k = O(1) m∑ u=1 (P_uβ_u)^{k−1}P_uβ_u p_u P_u

|s_u|^k

= O(1) m∑ u=1 P_uβ_u p_u P_u

|s_u|^k = O(1) m−1∑ u=1 Δ(P_uβ_u) u∑ r=1 p_r P_r

|s_r|^k

+ O(1)P_mβ_m m∑ u=1 p_u P_u

|s_u|^k

= O(1) m−1∑ u=1 |Δ(P_uβ_u)|X_u + O(1)P_mβ_mX_m = O(1) m−1∑ u=1 P_u|Δβ_u|X_u

+ O(1) m−1∑ u=1 p_{u+1}β_{u+1}X_u + O(1)P_mβ_mX_m = O(1) as m → ∞,

by virtue of (3.1), (3.2), (4.1) and (4.2). Finally, as in T_{n,1}, we get that m∑ n=1 (P_n/p_n)^{k−1}|T_{n,3}|^k = m∑ n=1 p_n P_n

|λ_n|^k|s_n|^k = O(1) as m → ∞.

Therefore, we get that m∑ n=1 (P_n/p_n)^{k−1}|T_{n,r}|^k = O(1) as m → ∞, for r = 1, 2, 3.

This completes the proof of the theorem. □

References

[B] Bor H., On |N, p_n|_k summability factors of infinite series, Tamkang Jour. Math. 16 (1), (1985), 13–20.

[F] Flett T.M., On an extension of absolute summability and some theorems of Littlewood and Paley, Proc. London Math. Soc. 7 (1957), 113–141.

[H] Hardy G.H., Divergent Series, Oxford, 1949.

[MS] Mishra K.N., Srivastava R.S.L., On absolute Cesàro summability factors of infinite series, Portugaliae Math. 42 (1), (1983–1984), 53–61.

Department of Mathematics, Erciyes University, Kayseri 38039, Turkey

mailing address: P.K. 213, Kayseri 38002, Turkey

(Received January 3, 1991, revised May 13, 1991)