Comment.Math.Univ.Carolin. 32,4 (1991)645–657 645

Operational quantities derived from the norm and generalized Fredholm theory

Manuel Gonzalez, Antonio Martinon

Abstract. We introduce and study some operational quantities associated to a space ideal A. These quantities are used to define generalized semi-Fredholm operators associated to A, and the corresponding perturbation classes which extend the strictly singular and strictly cosingular operators, and we study the generalized Fredholm theory obtained in this way. Finally we present some examples and show that the classes of generalized semi-Fredholm operators are non-trivial for several classical space ideals.

Keywords: semi-Fredholm operator, strictly singular operator, perturbation

Classification: 47A53, 47B10

0. Introduction.

Several operational quantities have been used to characterize the classes of operators of the classical Fredholm theory: upper semi-Fredholm operators, lower semi-Fredholm operators, compact operators, strictly singular operators and strictly cosingular operators. See, for example, [17], [18], [20], [21]. These quantities are defined in terms of the class of finite dimensional spaces.

In this paper we develop a Fredholm theory associated to a space ideal by means of some suitable operational quantities.

In Section 1 we present a survey of the main results of classical Fredholm theory. Then, in Section 2, we introduce and study some operational quantities associated to a space ideal A. These quantities are used in Section 3 to define generalized semi- Fredholm operators associated to A, and the corresponding perturbation classes which extend the strictly singular and strictly cosingular operators, and we study the generalized Fredholm theory obtained in this way. Finally, in Section 4, we present some examples and show that the classes of generalized semi-Fredholm operators are non-trivial for several classical space ideals.

Notations and preliminaries.

X, Y, Z are Banach spaces; X^∗ the dual space of X; B_X the closed unit ball of X; I_X the identity operator of X; L(X, Y ) the space of the operators (linear and

Supported in part by DGICYT Grant PB88–0417.

continuous) between X and Y ; n(T ) := ‖T ‖ the norm, N(T ) the kernel, R(T ) the range and T^∗ the dual of the operator T ∈ L(X, Y ). M, N, U, V are (closed) subspaces; J_M : M → X the inclusion of M in X; Q^U : X → X/U the quotient map.

The classes of operators which are used in classical Fredholm theory are defined below.

Definition 1. Let X, Y be Banach spaces and T ∈ L(X, Y ).

(1) T is an injection ⇐⇒ N(T ) = {0} and R(T ) is closed. (2) T is surjection ⇐⇒ R(T ) = Y .

(3) T is upper semi-Fredholm (T ∈ SF_+) ⇐⇒ dim(N(T )) < ∞ and R(T ) is closed.

(4) T is lower semi-Fredholm (T ∈ SF_−) ⇐⇒ R(T ) is closed and dim(Y/R(T )) < ∞.

(5) T is strictly singular (T ∈ SS) ⇐⇒ T J_M injection implies dim(M) < ∞. (6) T is strictly cosingular (T ∈ SC) ⇐⇒ Q^U T surjection implies dim(Y/U) < ∞.

1. The classical case.

Let F denote the class of all finite dimensional Banach spaces. For X an infinite dimensional Banach space, let S_F(X) be the set of subspaces M ⊂ X such that M /∈ F.

If T ∈ L(X, Y ), from the norm, n(T ) := ‖T ‖, we can derive the following operational quantities:

in_F(T ) := inf{n(T J_M ) : M ∈ S_F(X)}, sin_F(T ) := sup{in_F(T J_M ) : M ∈ S_F(X)}.

The quantity in_F was introduced by B. Gramsch (see [17]) and sin_F by M. Schechter [17].

Dually, for Y an infinite dimensional Banach space, let S^F(X) be the set of subspaces U ⊂ X such that X/U /∈ F. If T ∈ L(X, Y ), we can derive the quantities:

in^F(T ) := inf{n(Q^U T ) : U ∈ S^F(Y )},

sin^F(T ) := sup{in^F(Q^U T ) : U ∈ S^F(Y )}.

The operational quantities in^F and sin^F were introduced by L. Weis [20].

These quantities have been used to characterize the classes SF_+, SF_−, SS and SC, and to obtain some results of perturbation.

Theorem 2. Let X, Y be Banach spaces and T ∈ L(X, Y ).

(1) [17] If dim(X) = ∞, then (a) T ∈ SF_+(X, Y ) ⇐⇒ in_F(T ) > 0, (b) T ∈ SS(X, Y ) ⇐⇒ sin_F(T ) = 0. (2) [20] If dim(Y ) = ∞, then (a) T ∈ SF_−(X, Y ) ⇐⇒ in^F(T ) > 0, (b) T ∈ SC(X, Y ) ⇐⇒ sin^F(T ) = 0.

Theorem 3. Let X, Y be Banach spaces and T ∈ L(X, Y ).

(1) [17] If dim(X) = ∞, then

T ∈ SF_+ and sin_F(S) < in_F(T ) =⇒ T + S ∈ SF_+. (2) [20] If dim(Y ) = ∞, then

T ∈ SF_− and sin^F(S) < in^F(T ) =⇒ T + S ∈ SF_−.

2. A-operational quantities.

This is a rather technical section which will be basic for the remainder of the paper. We shall introduce and study some operational quantities associated to a space ideal A.

Recall that a space ideal A in the sense of [15] is a class of Banach spaces bigger than F, which is stable under isomorphisms, finite products and complemented subspaces. A is injective if every subspace of X ∈ A belongs to A, and A is surjective if every quotient of X ∈ A belongs to A.

S_A(X) will be the set of subspaces M ⊂ X such that M /∈ A; and S^A(X) the set of subspaces U ⊂ X such that X/U /∈ A. We shall denote also

A_d = {X : S_A(X) = ∅} and A^d = {X : S^A(X) = ∅}.

Note that in the case A injective we have A = A_d, and in the case A surjective we have A = A^d.

We shall need the notions of totally incomparable Banach spaces and totally coincomparable Banach spaces.

Definition 4. Let X, Y be Banach spaces.

(1) [16] X and Y are totally incomparable if Banach spaces isomorphic to a subspace of X and to a subspace of Y have finite dimension.

(2) [9] X and Y are totally coincomparable if Banach spaces isomorphic to a quotient of X and to a quotient of Y have finite dimension.

Given a space ideal A, we shall denote by A_i(A^c) the class of Banach spaces which are totally incomparable (coincomparable) with every space in A. It is proved in [3] that A_i is an injective space ideal, A^c is a surjective space ideal, and they verify A_i = A_{iii} and A^c = A^{ccc}. Moreover, X ∈ A_{ii}(A^{cc}) if and only if every infinite dimensional subspace (quotient) of X has an infinite dimensional subspace (quotient) in A. Note that F = F_{ii} = F^{cc}.

The A-operational quantities are defined as follows.

Definition 5. Let X, Y be Banach spaces and T ∈ L(X, Y ).

(1) If X /∈ A_d, then

in_A(T ) := inf{n(T J_M ) : M ∈ S_A(X)}, sin_A(T ) := sup{in_A(T J_M ) : M ∈ S_A(X)}.

(2) If Y /∈ A^d, then

in^A(T ) := inf{n(Q^U T ) : U ∈ S^A(Y )}, sin^A(T ) := sup{in^A(Q^U T ) : U ∈ S^A(Y )}.

Next we prove some inequalities between the A-operational quantities.

Proposition 6. Let X, Y be Banach spaces and T ∈ L(X, Y ).

(1) If X /∈ A_d, then (a) in_A(T ) ≤ sin_A(T ) ≤ n(T ), (b) A = A_{ii} =⇒ in_F(T ) ≤ in_A(T ) ≤ sin_A(T ) ≤ sin_F(T ). (2) If Y /∈ A^d, then (a) in^A(T ) ≤ sin^A(T ) ≤ n(T ), (b) A = A^{cc} =⇒ in^F(T ) ≤ in^A(T ) ≤ sin^A(T ) ≤ sin^F(T ).

Proof: (1a) Obviously in_A(T ) ≤ n(T ). Therefore, for every M ⊂ X, M /∈ A,

in_A(T ) ≤ in_A(T J_M ) ≤ n(T J_M ) ≤ n(T ),

and consequently in_A(T ) ≤ sin_A(T ) ≤ n(T ).

(1b) It is obvious that from F ⊂ A we obtain in_F ≤ in_A. In (1a) we show that in_A ≤ sin_A. Moreover, if M ⊂ X, M /∈ A = A_{ii}, then there exists N ⊂ M such that S_A(N) = S_F(N); consequently in_A(T J_M ) ≤ in_A(T J_N ) = in_F(T J_N ) ≤ sin_F(T J_M ) ≤ sin_F(T ), and taking the supremum over M we have that sin_A(T ) ≤ sin_F(T ).

(2) Analogously to (1). □

Proposition 7. Let X, Y be Banach spaces and S, T ∈ L(X, Y ).

(1) If X /∈ A_d, then (a) in_A(T + S) ≤ sin_A(T ) + in_A(S), (b) sin_A(S + T ) ≤ sin_A(S) + sin_A(T ). (2) If Y /∈ A^d, then (a) in^A(T + S) ≤ sin^A(T ) + in^A(S), (b) sin^A(S + T ) ≤ sin^A(S) + sin^A(T ).

Proof: (1) Analogously to (2).

(2a) Because n(T + S) ≤ n(T ) + n(S), we obtain

in^A(T + S) = inf{n(Q^U (T + S)) : U ∈ S^A(Y )} ≤

≤ inf{n(Q^U T ) + n(Q^U S) : U ∈ S^A(Y )} ≤

≤ inf{n(Q^U T ) : U ∈ S^A(Y )} + sup{n(Q^U S) : U ∈ S^A(Y )} ≤

≤ in^A(T ) + n(S).

The last inequality implies, being U ⊂ Y , Y/U /∈ A,

in^A(T + S) ≤ in^A(Q^U (T + S)) ≤ in^A(Q^U T ) + n(Q^U S) ≤ sin^A(T ) + n(Q^U S),

hence in^A(T + S) ≤ sin^A(T ) + in^A(S).

(2b) For U ⊂ Y , Y/U /∈ A, from (2a) we obtain

in^A(Q^U (T + S)) ≤ sin^A(Q^U T ) + in^A(Q^U S) ≤ sin^A(T ) + in^A(Q^U S).

Taking the supremum over U, we conclude sin^A(T + S) ≤ sin^A(T ) + sin^A(S). □

3. Generalized Fredholm theory.

In this section we introduce the classes SA_+ and SA_− of generalized semi- Fredholm operators, and the corresponding perturbation classes ASS and ASC which extend the strictly singular and strictly cosingular operators, and we study their properties.

Definition 8.

(1) SA_+(X, Y ) := L(X, Y ), if X ∈ A_d, := {T ∈ L(X, Y ) : in_A(T ) > 0}, if X /∈ A_d.

(2) SA_−(X, Y ) := L(X, Y ), if Y ∈ A^d, := {T ∈ L(X, Y ) : in^A(T ) > 0}, if Y /∈ A^d.

Note that SF_+ = SF_+ and SF_− = SF_−. However, the classes SA_+ and SA_− are empty in some cases.

Proposition 9. Let X, Y be Banach spaces.

(1) If A = A_{ii}, X /∈ A_d and Y ∈ A_d, then SA_+(X, Y ) = ∅. (2) If A = A^{cc}, X ∈ A^d and Y /∈ A^d, then SA_−(X, Y ) = ∅.

Proof: (1) Note that A_d = A = A_{ii}. Hence there exists M ∈ S_F(X) such that S_A(M) = S_F(M).

If in_A(T ) > 0, then in_A(T J_M ) = in_F(T J_M ) > 0; hence T J_M is an upper semi- Fredholm operator and then there exists N ∈ S_A(M) such that T J_N is an injection. Consequently T N ∈ S_A(Y ), hence S_A(Y ) ≠ ∅ and Y /∈ A_d.

(2) Note that A^d = A = A^{cc}. Hence there exists U ∈ S^F(Y ) such that S^A(Y/U) = S^F(Y/U).

If in^A(T ) > 0, then in^A(Q^U T ) = in^F(Q^U T ) > 0; hence Q^U T is a lower semi- Fredholm operator and then there exists V ∈ S^A(Y/U) such that Q^V Q^U T is a surjection. Consequently N(Q^V Q^U T ) ∈ S^A(X), hence S^A(X) ≠ ∅ and X /∈ A^d. □ The most important properties of the classes SA_+ and SA_− are given in the following result.

Theorem 10. Let X, Y be Banach spaces. (1) (a) SF_+ ⊂ SA_+.

(b) SA_+(X, Y ) is open in L(X, Y ). In fact, T ∈ SA_+(X, Y ), S ∈ L(X, Y ) and ‖S‖ < in_A(T ) =⇒ T + S ∈ SA_+. (c) T ∈ SA_+(X, Y ) =⇒ N(T ) ∈ A.

(2) (a) SF_− ⊂ SA_−.

(b) SA_−(X, Y ) is open in L(X, Y ). In fact,

T ∈ SA_−(X, Y ), S ∈ L(X, Y ) and ‖S‖ < in^A(T ) =⇒ T + S ∈ SA_−. (c) T ∈ SA_−(X, Y ) =⇒ Y/R(T ) ∈ A.

Proof: (1a) If X ∈ A_d, then it is obvious. If X /∈ A_d and T ∈ SF_+(X, Y ), then there exists M ⊂ X, dim(X/M) < ∞, such that T J_M is an injection. For every N ⊂ X, N /∈ A, we obtain that T J_{N∩M} is an injection, being N ∩ M /∈ A. If we put α := inf{‖T x‖ : x ∈ M, ‖x‖ = 1}, then we obtain 0 < α ≤ n(T J_{N∩M} ) ≤ n(T J_N ), and consequently in_A(T ) ≥ α > 0, hence T ∈ SA_+.

(1b) If X ∈ A_d, then it is obvious. Assume X /∈ A_d and T ∈ SA_+(X, Y ). From Proposition 7 (1) (a) we obtain, for every S ∈ L(X, Y ), in_A(T ) ≤ in_A(S + T ) + sin_A(S) ≤ in_A(S + T ) + n(S), and taking 0 < n(S) < in_A(T ) we have that in_A(T ) > 0 and in_A(S + T ) > 0, hence T ∈ SA_+ and S + T ∈ SA_+.

(1c) If X ∈ A_d, then N(T ) ∈ A. Let X /∈ A_d and N(T ) /∈ A. Then T J_{N(T )} = 0 and in_A(T ) = 0; hence T /∈ SA_+.

(2a) If Y ∈ A^d, then it is obvious. If Y /∈ A^d and T ∈ SF_−(X, Y ), then there exists U ⊂ Y, dim(U) < ∞ such that Q^U T is a surjection. For every V ⊂ Y , Y/V /∈ A, we obtain that Q^{U+V} T is a surjection, being Y/(U + V ) /∈ A. If we put

α := sup{ε > 0 : εB_{Y /U} ⊂ Q^U T B_X }, then we obtain 0 < α ≤ n(Q^{U+V} T ) ≤ n(Q^V T ), and consequently in^A(T ) ≥ α > 0, hence T ∈ SA_−.

(2b) If Y ∈ A^d, then it is obvious. Assume Y /∈ A^d and T ∈ SA_−(X, Y ). From Proposition 7 (2) (a) we obtain, for every S ∈ L(X, Y ),

in^A(T ) ≤ in^A(S + T ) + sin^A(S) ≤ in^A(S + T ) + n(S), and taking 0 < n(S) < in^A(T ) we have that in^A(S + T ) > 0 and consequently S + T ∈ SA_−.

(2c) If Y ∈ A^d, then Y/R(T ) ∈ A. Let Y /∈ A^d and Y/R(T ) /∈ A. Then Q^{R(T )}T = 0 and in^A(T ) = 0; hence T /∈ SA_−. □

We have the following algebraic properties.

Proposition 11. Let X, Y, Z be Banach spaces and T ∈ (X, Y ), S ∈ L(Y, Z).

(1) ST ∈ SA_+ =⇒ T ∈ SA_+. (2) ST ∈ SA_− =⇒ S ∈ SA_−.

Proof: (1) If X ∈ A_d, it is obvious. If X /∈ A_d, then we obtain

0 < in_A(ST ) ≤ n(ST J_M ) ≤ n(S) n(T J_M ),

hence 0 < in_A(ST ) < n(S) in_A(T )

and we obtain the result.

(2) Analogously to (1). □

Remark 12. We do not know if the following implications are true:

S, T ∈ SA_+ =⇒ ST ∈ SA_+, S, T ∈ SA_− =⇒ ST ∈ SA_−;

that is, if the classes SA_+ and SA_− are semigroups.

Next we introduce the perturbation classes ASS and ASC which extend the strictly singular operators and strictly cosingular operators, respectively.

Definition 13. Let X, Y be Banach spaces.

(1) ASS(X, Y ) := L(X, Y ), if X ∈ A_d, := {T ∈ L(X, Y ) : sin_A(T ) = 0}, if X /∈ A_d.

(2) ASC(X, Y ) := L(X, Y ), if Y ∈ A^d, := {T ∈ L(X, Y ) : sin^A(T ) = 0}, if Y /∈ A^d.

Note that FSS = SS and FSC = SC. In the following theorem, we give the most important properties of the classes ASS and ASC.

Theorem 14. Let X, Y be Banach spaces.

(1) (a) ASS(X, Y ) is closed in L(X, Y ).

(b) I_X ∈ ASS ⇐⇒ X ∈ A_d.

(c) If A = A_{ii}, then ASS(X, Y ) = {T ∈ L(X, Y ) : T J_M injection =⇒ M ∈ A_d} and ASS is an operator ideal that includes the strictly singular

operators.

(2) (a) ASC(X, Y ) is closed in L(X, Y ).

(b) I_X ∈ ASC ⇐⇒ X ∈ A^d.

(c) If A = A^{cc}, then ASC(X, Y ) = {T ∈ L(X, Y ) : Q^U T surjection =⇒ Y/U ∈ A^d} and ASC is an operator ideal that includes the strictly cosingular operators.

Proof: (1a) We show that L(X, Y ) \ ASS(X, Y ) is open in L(X, Y ). If X ∈ A_d, then it is obvious. Let X /∈ A_d and T /∈ ASS(X, Y ); from Proposition 7 (1) (b) we have that

0 < sin_A(T ) ≤ sin_A(S + T ) + sin_A(S) ≤ sin_A(S + T ) + n(S),

and taking 0 < n(S) < sin_A(T ) we obtain sin_A(S + T ) > 0. Hence S + T /∈ ASS.

(1b) If X /∈ A_d, then sin_A(I_X ) = 1, hence I_X /∈ ASS. Moreover, if X ∈ A_d, then ASS(X, X) = L(X, X), hence I_X ∈ ASS.

(1c) If X ∈ A_d, then it is obvious. Suppose X /∈ A_d. If there exists a subspace M ⊂ X, M /∈ A, such that T J_M is an injection, then T J_M is an upper semi- Fredholm operator, hence

0 < in_F(T J_M ) ≤ in_A(T J_M ),

and consequently sin_A(T ) > 0. Hence T /∈ ASS.

Conversely, if sin_A(T ) > 0, then there exists a subspace M ⊂ X, M /∈ A, such that in_A(T J_M ) > 0. From A = A_{ii} we have that there exists N ⊂ M such that S_A(N) = S_F(N) and, consequently,

0 < in_A(T J_M ) ≤ in_A(T J_N ) = in_F(T J_N );

hence T J_N is an upper semi-Fredholm operator and T J_P is an injection, for some P ∈ S_A(N). From sin_A ≤ sin_F (Proposition 6 (1) (b)), we obtain SS ⊂ ASS.

(2a) We show that L(X, Y ) \ ASC(X, Y ) is open in L(X, Y ). If Y ∈ A^d, then it is obvious. Let Y /∈ A^d and T /∈ ASC(X, Y ); from Proposition 7 (2) (b) we have that

0 < sin^A(T ) ≤ sin^A(S + T ) + sin^A(S) ≤ sin^A(S + T ) + n(S),

and taking 0 < n(S) < sin^A(T ) we obtain sin^A(S + T ) > 0. Hence S + T /∈ ASC.

(2b) If X /∈ A^d, then sin^A(I_X ) = 1, hence I_X /∈ ASC. Moreover, if X ∈ A^d, then ASC(X, X) = L(X, X), hence I_X ∈ ASC.

(2c) If Y ∈ A^d, then it is obvious. Suppose Y /∈ A^d. If there exists a subspace U ⊂ Y, Y/U /∈ A, such that Q^U T is a surjection, then Q^U T is a lower semi-Fredholm operator, hence 0 < in^F(Q^U T ) ≤ in^A(Q^U T ),

and consequently sin^A(T ) > 0. Hence T /∈ ASC.

Conversely, if sin^A(T ) > 0, then there exists a subspace U ⊂ Y , Y/U /∈ A, such that in^A(Q^U T ) > 0. From A = A^{cc} we have that there exists V ⊃ U such that S^A(Y/V ) = S^F(Y/V ) and, consequently,

0 < in^A(Q^U T ) ≤ in^A(Q^V T ) = in^F(Q^V T );

hence Q^V T is a lower semi-Fredholm operator and Q^W T is a surjection, for some W ⊃ V , Y/W /∈ A. From sin^A ≤ sin^F (Proposition 6 (2) (b)), we obtain SC ⊂ ASC. □

Remark 15. In the cases A = A_{ii} and A = A^{cc}, the classes ASS and ASC coincide with classes considered by several authors. Taking the equalities of Theorem 14 (1) (c), (2) (c) as definitions, the classes ASS and ASC have been studied in [4], [19]; it is showed in [4], [14] that if A = A_{ii}, then ASS is an operator ideal, and if A = A^{cc}, then ASC is an operator ideal.

Remark 16. It is not known in general if the classes ASS and ASC are operator ideals. Moreover, we do not know if for every space ideal A it is verified SS ⊂ ASS and SC ⊂ ASC. But it is true that the class of the compact operators C_0 verifies C_0 ⊂ ASS and C_0 ⊂ ASC, for every space ideal A. In fact, assume X /∈ A_d and T ∈ C_0(X, Y ); it results for every M ∈ S_A(X) that T J_M ∈ C_0(M, Y ) and consequently for every ε > 0 there exists a finite codimensional subspace N of M (hence N ∈ S_A(X)) such that n(T J_N ) < ε [6, III. 2.3]; hence in_A(T J_M ) = 0 for every M ∈ S_A(X), and sin_A(T ) = 0. Analogously, we can prove that C_0 ⊂ ASC based on the following fact: if dim(Y ) = ∞, T ∈ C_0(X, Y ) and ε > 0, then there exists a finite dimensional subspace U of Y such that n(Q^U T ) < ε [5, 21].

Finally, we give two properties about the perturbation of the classes SA_+ and SA_− by the classes ASS and ASC.

Theorem 17.

(1) SA_+ is invariant by ASS : T ∈ SA_+ and S ∈ ASS =⇒ T + S ∈ SA_+. (2) SA_− is invariant by ASC : T ∈ SA_− and S ∈ ASC =⇒ T + S ∈ SA_−.

Proof: From Proposition 6 (1) (a), (2) (a) we obtain the following inequalities:

in_A(T ) ≤ in_A(S + T ) + sin_A(S), in^A(T ) ≤ in^A(S + T ) + sin^A(S).

It is immediate to prove the statements. □

4. Examples and remarks.

Let M, N be subspaces of X. The gap between M and N (see [13], for example) is defined by δ(M, N) := sup{dist(m, N) : m ∈ M, ‖m‖ = 1}.

We shall need also the following concept of stability.

Definition 18 [1]. Let A be a space ideal.

A is stable ⇔ ( there exists α > 0 such that

N ∈ A and δ(M, N) < α ⇒ M ∈ A ) . It is proved in [1] that the stability can be characterized in terms of quotients:

A is stable ⇔ ( there exists α > 0 such that

X/M ∈ A and δ(M, N) < α ⇒ X/N ∈ A ) .

Theorem 19. Assume A is stable. Let X, Y be Banach spaces and T ∈ L(X, Y ) such that R(T ) is closed. Then

(1) N(T ) ∈ A =⇒ T ∈ SA_+, (2) Y/R(T ) ∈ A =⇒ T ∈ SA_−.

Proof: Because R(T ) is closed, T defines an isomorphism of X/N(T ) onto R(T ). Hence there exists c > 0 such that, for every x ∈ X,

c dist(x, N(T )) ≤ ‖T x‖.

(1) If M /∈ A, then δ(M, N(T )) ≥ α for some α > 0, and there exists m ∈ M, ‖m‖ = 1, such that dist(m, N(T )) ≥ α; hence ‖T m‖ ≥ cα. From this we obtain n(T J_M ) ≥ cα, hence in_A(T ) ≥ cα > 0.

(2) If Y/U /∈ A, then δ(R(T ), U) ≥ α for some α > 0, and there exists y ∈ R(T ), ‖y‖ = 1, such that dist(y, U) ≥ α. Let x such that T x = y. We obtain

c dist(x, N(T )) ≤ ‖y‖ = 1.

We take x such that ‖x‖ and 1/c are sufficiently near and ‖Q^U T x‖ ≥ α/2. Hence ‖Q^U T ‖ ≥ cα and consequently in^A(T ) ≥ cα > 0. □

As examples of stable space ideals A for which the above theorem holds we have: reflexive Banach spaces, spaces containing no copies of l_1, separable spaces, superreflexive spaces, B-convex spaces, quasireflexive spaces (see [1]). However, for the class of all Banach spaces such that every infinite dimensional subspace contains a copy of l_2, A = (l_2)_{ii}, the above result is not true:

Proposition 20. Suppose A = (l_2)_{ii}. There exists a Banach space X containing a subspace U isometric to l_2 such that the associated quotient map Q^U : X → X/U does not belong to SA_+.

Proof: The following construction is based on [11]. Given 1 < p < ∞, we define the (nonlinear map)

A_p : (x_i) ∈ l_2 −→ ( |x_i|^{2/p} sgn(x_i) ) ∈ l_p.

A_p is an isometric bijection.

Taking 1/p + 1/q = 1, it is not difficult to show that the space

X_p := l_p × l_2 with the norm ‖(y, x)‖ := sup{(A_qz)(y) + z(x) : z ∈ l_2, ‖z‖ = 1} is a Banach space, and the subspaces U_p := {0}×l_2 and M_p := l_p ×{0} are isometric to l_2 and l_p, respectively. Moreover, if J_p is the inclusion of M_p into X_p and Q_p is the quotient map from X_p onto X_p/U_p, then ‖Q_pJ_p‖ ≤ 2(2 − p)/p.

We take a sequence 1 < p_1 < · · · < p_n < · · · < 2 with lim p_n = 2. Then we define X := (X_{p1} ⊕ · · · ⊕ X_{pn} ⊕ . . . )_{l2} and we consider the subspaces U := (U_{p1} ⊕ · · · ⊕ U_{pn} ⊕ . . . )_{l2} and M_n := (⊕{0} ⊕ · · · ⊕ {0} ⊕ M_{pn} ⊕ {0} ⊕ . . . )_{l2} .

Then, U and M_n are isometric to l_2 and l_{pn} , respectively. Moreover, ‖Q_U J_{Mn} ‖ ≤ 2(2 − p_n)/p_n. Consequently lim ‖Q_U J_{Mn} ‖ = 0.

Now, since M_n /∈ l^{ii}_2 = A, we conclude in_A(Q_U ) = 0; i.e. Q_U /∈ SA_+. □ Finally, we show the relation between the tauberian operators and the class SR_+, where R is the class of all reflexive spaces.

Recall that T ∈ L(X, Y ) is tauberian [12] when T^{∗∗−1} J_Y (Y ) = J_X (X), where J_X is the canonical inclusion of X in X^{∗∗}.

Proposition 21. The class SR_+ is properly contained in the class of tauberian operators.

Proof: Let T ∈ SR_+(X, Y ). For every compact operator T ∈ L(X, Y ) we have that T + K belongs to SR_+ (Remark 15 and Proposition 16), hence N(T + K) is reflexive; consequently T is tauberian [10]. Moreover, SR_+ is open, but the class of tauberian operators is not [2]. □ Remark 22. If we consider for T ∈ L(X, Y ) the quantities [15] j(T ) := inf{‖T x‖ : ‖x‖ = 1}, the injection modulus of T , and q(T ) := sup{ε > 0 : εB_Y ⊂ T B_X },

656 M. Gonzalez, A. Martinon

the surjection modulus of T , we have that j(T ) > 0 if and only if T is an injection and q(T ) > 0 if and only if T is a surjection [15].

From j and q several authors have derived some operational quantities: sj_F [17], sq^F [21], isj_F and isq^F [14]. These quantities characterize the classes of Fredholm theory in a similar manner as the quantities considered in Section 2.

Analogously, we could define the operational quantities isj_A, isq^A, sj_A and sq^A. The associated classes of operators have been studied in [8], [14].

References

[1] Alvarez J.A., Alvarez T., Gonzalez M., The gap between subspaces and perturbation of non semi-Fredholm operators, Bull. Austral. Math. Soc., to appear.

[2] Alvarez T., Gonzalez M., Some examples of tauberian operators, Proc. Amer. Math. Soc. 111 (1991), 1023–1027.

[3] Alvarez T., Gonzalez M., Onieva V.M., Totally incomparable Banach spaces and three-space Banach space ideals, Math. Nachrichten 131 (1987), 83–88.

[4] , Characterizing two classes of operator ideals, Contribuciones Matematicas Homenaje Prof. Plans, Univ. Zaragoza (1990), 7–21.

[5] Fajnshtejn A.S., On measures of noncompactness of linear operators and analogs of the minimal modulus for semi-Fredholm operators (in Russian), Spektr. Teor. Oper. 6 (1985), 182–185, Zbl. 634#47010.

[6] Goldberg S., Unbounded Linear Operators, McGraw Hill, 1966.

[7] Gonzalez M., Martinon A., Operational quantities and operator ideals, XIV Jornadas Hispano Lusas de Mat. (Univ. La Laguna, 1989), Univ. La Laguna, 1990, 119–124.

[8] , A generalization of semi-Fredholm operators, preprint.

[9] Gonzalez M., Onieva V.M., On incomparability of Banach spaces, Math. Z. 192 (1986), 581– 585.

[10] , Characterizations of tauberian operators, Proc. Amer. Math. Soc. 108 (1990), 399– 405.

[11] Kadets M.I., Note on the gap between subspaces, Funct. Anal. Appl. 9 (1975), 156–157. [12] Kalton N.J., Wilansky A., Tauberian operators in Banach spaces, Proc. Amer. Math. Soc.

57 (1976), 233–240.

[13] Kato T., Perturbation theory for linear operators, Springer-Verlag, 1980. [14] Martinon A., Cantidades operacionales en teoría de Fredholm (Thesis), Univ. La Laguna, 1989.

[15] Pietsch A., Operator ideals, North-Holland, 1980.

[16] Rosenthal H.P., On totally incomparable Banach spaces, J. Funct. Anal. 4 (1969), 167–175. [17] Schechter M., Quantities related to strictly singular operators, Indiana Univ. Math. J. 21 (1972), 1061–1071.

[18] Sedaev A.A., The structure of certain linear operators (in Russian), Mat. Issled. 5 (1970), 166–175, MR 43#2540, Zbl. 247#47005.

[19] Stephani I., Operator ideals generalizing the ideal of strictly singular operators, Math. Nachrichten 94 (1980), 29–41.

[20] Weis L., Über striktly singuläre und striktly cosinguläre Operatoren in Banachräumen (Dissertation), Univ. Bonn, 1974.

[21] Zemánek J., Geometric characteristics of semi-Fredholm operators and their asymptotic behaviour, Studia Math. 80 (1984), 219–234.

Departamento de Matemáticas, Facultad de Ciencias, Universidad de Cantabria, 39071 Santander, Spain

Departamento de Análisis Matemático, Facultad de Matemáticas, Universidad de La Laguna, 38271 La Laguna, Tenerife, Spain

(Received July 23, 1991)