Comment.Math.Univ.Carolin. 32,4 (1991)781–783 781

A note on universal minimal dynamical systems

Sławomir Turek

Abstract. Let M(G) denote the phase space of the universal minimal dynamical system for a group G. Our aim is to show that M(G) is homeomorphic to the absolute of D^{2ω} , whenever G is a countable Abelian group.

Keywords: dynamical system, universal minimal dynamical system, Abelian group, absolute

Classification: 54H20

Let G be a group and X a compact space. We call an action of the group G on space X a homomorphism Φ from G into the group of homeomorphisms of X. The pair (X, G) is called a dynamical system and the space X a phase space of the system (X, G); we will write gx for Φ(g)(x), g ∈ G, x ∈ X.

A dynamical system (X, G) is called minimal if the set {gx : g ∈ G} is dense in X for each x ∈ X. The system (X, G) is minimal iff for each non-empty open set U ⊆ X there are g_1, . . . , g_n ∈ G such that g_1U ∪ · · · ∪ g_nU = X.

Let (X, G) and (Y, G) be dynamical systems and let φ : X → Y be a continuous map. If φ∘g = g ∘φ for any g ∈ G then φ is called a homomorphism of the system (X, G) into the system (Y, G). If in addition φ is a homeomorphism of spaces, then φ is called an isomorphism of dynamical systems.

The dynamical system (X, G) is called a universal minimal dynamical system for a group G if the following conditions hold:

(a) (X, G) is a minimal dynamical system, (b) if (Y, G) is a minimal dynamical system then there exists a homomorphism φ : (X, G) → (Y, G).

The well-known results of Ellis [4; 7.13, 7.16] say that for every group G there is a universal minimal dynamical system which is unique up to an isomorphism. The phase space of this system is homeomorphic to a closed subspace of the Čech–Stone compactification of the discrete space G. Let M(G) denote the phase space of the universal minimal dynamical system for a group G.

It was proved by van Douwen [3] that for every infinite Abelian group G πw(M(G)) > |G|, where πw(X) denotes π-weight of X. Balcar and Błaszczyk [1] have shown that if (X, G) is a minimal dynamical system and X is an extremally disconnected space and G is a countable group then X is homeomorphic to the absolute of the Cantor cube D^{πw(X)}. On the other hand, it is known (cf. van Douwen [3]) that M(G) has to be extremally disconnected. We will show that if G

782 S. Turek

is an Abelian group then πw(M(G)) = 2^{|G|}. Therefore M(G) is homeomorphic to the absolute of D^{2ω} , for every countable Abelian group G.

A continuous map φ : X → Y is semi-open if int φ(U) ≠ ∅ for every non-empty open set U ⊆ X.

The following lemma is known; see e.g. [6]. We will include its proof for completeness.

Lemma 1. Homomorphisms of minimal dynamical systems are semi-open and “onto”.

Proof: Let φ be a homomorphism of a minimal system (X, G) into a minimal system (Y, G). If x ∈ X then {gφ(x) : g ∈ G} is dense in Y . Hence φ(X) = φ(cl{gx : g ∈ G}) = cl φ({gx : g ∈ G}) = cl{φ(gx) : g ∈ G} = cl{gφ(x) : g ∈ G} = Y .

Let U be a non-empty open subset of X. Let us choose a non-empty open set V so that cl V ⊆ U. Since (X, G) is minimal, then there exist g_1, . . . , g_n from G such that g_1V ∪ · · · ∪ g_nV = X. Thus

Y = φ(X) = φ(g_1V ∪ · · · ∪ g_nV ) = φ(g_1V ) ∪ · · · ∪ (g_nV ) = = g_1φ(V ) ∪ · · · ∪ g_nφ(V )

and hence

∅ ≠ int φ(cl V ) ⊆ int φ(U). □ Lemma 2. If there exists a semi-open map of X onto Y , then πw(Y ) ≤ πw(X).

The proof of the above lemma is clear. □

Let G be an Abelian group and let Hom(G, T) denote the group of all homomorphisms from G into the circle group T = {z ∈ C : |z| = 1}. It is well known that Hom(G, T) is point-separating and the power of Hom(G, T) equals 2^{|G|}; see [5; 22.17, 24.47].

Let the homomorphism e : G → T^{Hom(G,T)} be defined by the formula:

e(g)(h) = h(g), for g ∈ G, h ∈ Hom(G, T).

The range e(G) is a subgroup of the compact topological group T^{Hom(G,T)}, where T^{Hom(G,T)} is regarded with the Tichonoff topology. Hence bG = cl(e(G)) is a compact topological group. The group bG is the so-called Bohr compactification of the (discrete) Abelian group G.

It is not hard to see that G acts on bG in the following way:

Φ(g)(x) = e(g) · x; g ∈ G, x ∈ bG.

Then (bG, G) forms a minimal dynamical system. Indeed, if x ∈ bG then f_x : bG → bG defined by f_x(y) = x · y, is a homeomorphism. Hence {gx : g ∈ G} = f_x(e(G)) is dense in bG.

The following lemma is known; see e.g. [2; 3.6. (ii)].

A note on universal minimal dynamical systems 783

Lemma 3. If X is a topological group then w(X) = πw(X).

For any locally compact Abelian group K, let K̂ denote the group of all the continuous homomorphisms of K into T, endowed with a compact-open topology. It is known that w(K) = w(K̂) and bK = (K̂)_d^, where X_d denotes a space X with a discrete topology; see [5; 24.14, 26.12].

Theorem. If G is an Abelian group then πw(M(G)) = 2^{|G|}.

Proof: Since (bG, G) is a minimal dynamical system, then there exists a homomorphism φ : (M(G), G) → (bG, G). Lemmas 1, 2 and 3 imply

w(bG) = πw(bG) ≤ πw(M(G)).

From the above remarks, we get

w(bG) = w((Ĝ)_d^) = w((Ĝ)_d) = |Ĝ| = | Hom(G, T)| = 2^{|G|},

because G is a discrete space.

The inequality πw(M(G)) ≤ 2^{|G|} follows from the fact that M(G) is homeomorphic to a closed subset of βG. □ The result of [1] leads to the following:

Corollary. If G is a countable Abelian group then M(G) is homeomorphic to the absolute of D^{2ω} .

References

[1] Balcar B., Błaszczyk A., On minimal dynamical systems on Boolean algebras, Comment.

Math. Univ. Carolinae 31 (1990), 7–11.

[2] Comfort W.W., Topological Groups, Handbook of set-theoretic topology, North–Holland, 1984, 1143–1260.

[3] van Douwen E.K., The maximal totally bounded group topology on G and the biggest minimal G-space, for Abelian groups G, Topology and its Appl. 34 (1990), 69–91.

[4] Ellis R., Lectures on Topological Dynamics, Benjamin, New York, 1969. [5] Hewitt E., Ross K.A., Abstract Harmonic Analysis I, Springer, Berlin, 1963. [6] van der Woude J., Topological Dynamix, Mathematisch Centrum, Amsterdam, 1982.

Instytut Matematyki Uniwersytetu Śla̧skiego, ul. Bankowa 14, Katowice, Poland

(Received August 23, 1991)