Comment.Math.Univ.Carolin. 33,1 (1992)73–77 73

On superpositionally measurable semi–Carathéodory multifunctions

Wojciech Zygmunt

Abstract. For multifunctions F : T × X → 2^Y , measurable in the first variable and semicontinuous in the second one, a relation is established between being product measurable and being superpositionally measurable.

Keywords: multifunctions, semi-Carathéodory multifunctions, product measurable, superpositionally measurable

Classification: 28B20

Introduction.

In various problems, one encounters a superposition of the type F ( t, G(t) ) , where F and G are, in general, multifunctions and where it is often required that the mentioned superposition is measurable for every measurable multifunction G. A multifunction of such a property is called superpositionally measurable. It is known that under suitable assumptions on the spaces T , X and Y , Carathéodory multifunction F : T × X → 2^Y , i.e. measurable in t and continuous in x, is superpositionally measurable (see [1], [6], [8], [11], [12]). Unfortunately, when F is semicontinuous (in some sense) in x, such a multifunction, henceforth called semi- Carathéodory, may not be already superpositionally measurable. In this note we discuss the connection between superpositional measurability and product measurability of semi-Carathéodory multifunctions.

Preliminaries.

Thus, given two arbitrary nonempty sets X , Y and denoting by 2^Y the family of all subsets of Y, by a multifunction Φ : X → 2^Y we mean a mapping Φ of a domain X and a range contained in 2^Y . Let Σ be a σ-field of subsets of X and let Y be a topological space. A multifunction Φ : X → 2^Y is said to be Σ-measurable (resp. weakly Σ-measurable) if the set Φ^−(A) = {x ∈ X : Φ(x) ∩ A ≠ ∅} belongs to Σ for every closed (resp. open) set A ⊂ Y. It is known (see [2], [3], [13]) that when (X , Σ) is a complete measurable space (i.e. there is a complete σ-finite measure defined on Σ) and Y is a Polish space (i.e. Y is separable and metrisable by a complete metric), then these two measurability concepts coincide for a closed values multifunction. Let X be a topological space, too. A multifunction Φ : X → 2^Y is said to be lower

The author wishes to express his gratitude to the referee for pointing out an error in the original version of this paper

(resp. upper) semicontinuous if the set Φ^−(A) is open (resp. closed) in X for every open (resp. closed) set A ⊂ Y.

Henceforth we use the following notations: (T, A) - is a complete measurable space; X - is Polish space;

B(X) - is a σ-field of Borel subsets of X; A ⊗ B(X) - is a product σ-field on T × X (i.e. the minimal σ-field containing all products A × B, with A ∈ A, B ∈ B(X));

Y - is a topological space.

Let us consider a multifunction F : T × X → 2^Y . F is called product measurable if it is A ⊗ B(X)-measurable and it is called superpositionally measurable if, for every A-measurable multifunction G : T → 2^X with nonempty closed values, a multifunction F_G : T → 2^Y defined by the superposition F_G(t) = F (t, G(t)) is A-measurable, where F (t, G(t)) denotes the sum of sets F (t, x) when x ∈ G(t). Further, we say that F is a lower (resp. upper) semi-Carathéodory multifunction if F (·, x) is A measurable for each fixed x ∈ X and F (t, ·) is lower (resp. upper) semicontinuous for each fixed t ∈ T .

Main results.

Theorem 1. Every product measurable multifunction F : T × X → 2^Y is superpositionally measurable.

Proof: Let a closed set A ⊂ Y and an A-measurable multifunction G : T → 2^X with nonempty closed values be given. In view of A ⊗ B(X)-measurability of F , the set F^−(A) = { (t, x) ∈ T × X : F (t, x) ∩ A ≠ ∅ } belongs to A ⊗ B(X). On the other hand, the assumptions on multifunction G imply A ⊗ B(X)-measurability of its graph, i.e. grG = { (t, x) ∈ T × X : x ∈ G(t) } ∈ A ⊗ B(X) (see [3, Theorem 3.5]).

Thus, { (t, x) ∈ T × X : F (t, x) ∩ A ≠ ∅, x ∈ G(t) } = F^−(A) ∩ grG ∈ A ⊗ B(X).

Hence, using the Projection Theorem, see [2, Theorem III. 23], [10, Theorem 4]), we obtain

F^−_G (A) = { t ∈ T : F_G(t) ∩ A ≠ ∅ } = { t ∈ T : F ( t, G(t) ) ∩ A ≠ ∅ } = = proj_T ( F^−(A) ∩ grG ) ∈ A which, in view of the optionality of A and G, means that the multifunction F is superpositionally measurable (here proj_T denotes the projection of T × X onto T ).

In particular, we can see from Theorem 1 that both an upper and a lower semi- Carathéodory product measurable multifunction is superpositionally measurable. The converse implication holds only for the upper semi-Carathéodory multifunction. Namely, we have

Theorem 2. Every upper semi-Carathéodory superpositionally measurable multifunction is product measurable.

Proof: Let us first notice that superpositional measurability implies A-measurabil-ity of sets { t ∈ T : F (t, B) ∩ A ≠ ∅ } for each closed A ⊂ Y and B ⊂ X. Now, for every t ∈ T and each closed A ⊂ Y , let us put Φ_A(t) = { x ∈ X : F (t, x) ∩ A ≠ ∅ } . In virtue of the upper semicontinuity of F (t, ·), the set Φ_A(t) is closed in X. We claim that thus defined closed valued multifunction Φ_A : T → 2^X is A-measurable. Indeed, for every closed B ⊂ X, we have:

Φ^−_A(B) = { t ∈ T : Φ_A(t) ∩ B ≠ ∅ } = { t ∈ T : ⋁ x∈B x ∈ Φ_A(t) } = = { t ∈ T : ⋁ x∈B F (t, x) ∩ A ≠ ∅ } = { t ∈ T : F (t, B) ∩ A ≠ ∅ } ∈ A.

Thus, by [3, Theorem 3.5] its graph grΦ_A belongs to the σ-field A ⊗ B(X). But

F^−(A) = { (t, x) ∈ T × X : F (t, x) ∩ A ≠ ∅ } = { (t, x) ∈ T × X : x ∈ Φ_A(t) } = = grΦ_A ∈ A ⊗ B(X)

which completes the proof of product measurability of F . □

Example. In the case of the lower semi-Carathéodory multifunction the superpositional measurability does not generally imply the product measurability. In order to show it, we shall use the multifunction Φ : T × I → 2^R constructed by A. Kucia in her paper [4, Example]. Let I be the interval [0, 1], A — the σ-field on I generated by one-point sets, let (T, A) = (I, A). It is easy to see that (T, A) is complete measurable space and that a real-valued function φ : T → R is measurable if and only if φ is eventually constant, i.e. there exists a countable set N ⊂ I such that φ is constant on I \ N. Hence it follows, by “Castaing representation” theorem (see [2, Theorem III. 8]), that a multifunction G : T → 2^R with nonempty closed values is A-measurable if and only if G is eventually constant. The multifunction Φ is defined as follows:

Φ(t, x) = { {t} if |t − x| =^1_n for some positive integer n, or t = x, I in the other case.

A. Kucia showed that such a multifunction Φ is lower semi-Carathéodory and is not A ⊗ B(I) measurable (see [4, p. 240]). Here we shall prove that Φ is superpositionally measurable. To this end, let us first consider an arbitrary but fixed nonempty closed set B ⊂ I. Two cases are possible: 1^∘ B is countable, or 2^∘ B is uncountable. In the second case the following condition holds:

(∗) ∀_{t∈I} ∃_{x∈B} x ≠ t and x ≠ t ±^1_n for n = 1, 2, . . .

Indeed, otherwise there exists t̄ ∈ I such that for any x ∈ B we have x = t̄ or x = t̄ +^1_n or x = t̄ −^1_n for some n ∈ N. But then the set B must be countable, which is impossible.

Now let an A-measurable multifunction G : T → 2^I with nonempty closed values be given. There exist a nonempty closed set B ⊂ I and a countable set N ⊂ I such that G(t) = B for t ∈ I \ N. For every closed A ⊂ R let us denote N_A = {t ∈ N : Φ_G(t) ∩ A ≠ ∅} = {t ∈ N : Φ(t, G(t)) ∩ A ≠ ∅}. It is obvious that N_A ∈ A .

Now, if B = {b_1, b_2, . . . } then for every closed A ⊂ R we have

Φ^−_G(A) = {t ∈ T : Φ_G(t) ∩ A ≠ ∅} = {t ∈ I \ N : Φ_G(t) ∩ A ≠ ∅} ∪ N_A = = {t ∈ I \ N : Φ(t, B) ∩ A ≠ ∅} ∪ N_A = = ∞⋃ n=1 {t ∈ I \ N : Φ(t, b_n) ∩ A ≠ ∅} ∪ N_A ∈ A .

If B is uncountable then from (∗) and the definition of Φ we get Φ(t, B) = I for every t ∈ I \ N. Hence for every closed A ⊂ R we have

Φ^−_G(A) = {t ∈ T : Φ_G(t) ∩ A ≠ ∅} = {t ∈ I \ N : Φ_G(t) ∩ A ≠ ∅} ∪ N_A = = {t ∈ I \ N : Φ(t, B) ∩ A ≠ ∅} ∪ N_A = {t ∈ I \ N : I ∩ A ≠ ∅} ∪ N_A ∈ A

because {t ∈ I \ N : I ∩ A ≠ ∅} = { ∅ if I ∩ A = ∅, T \ N if I ∩ A ≠ ∅.

Finally we can see that Φ^−_G(A) belongs to A for every A-measurable multifunction G : T → 2^I with nonempty closed values and each closed set A ⊂ R, what completes the proof of the superpositional measurability of the multifunction Φ : T ×X → 2^R.

Conclusion.

It is known that many multifunctions F : T × X → 2^Y which describe the right hand of differential inclusions are exactly semi-Carathéodory multifunctions. Hence, it would also be useful to know if such multifunctions are superpositionally measurable. From Theorem 1 it follows that a multifunction F : T × X → 2^Y is superpositionally measurable, provided it is product measurable. However, in general, the semi-Carathéodory multifunction is not product measurable (see, for instance, [9, p. 31]). Below we give three most often recurring cases when the semi- Carathéodory multifunction is product measurable.

1. ([8, Theorem 3.3], [7, Proposition 2.3])

(T, A) is a measurable space, X is a separable metric space, Y is a metric space, F : T × X → 2^Y is an upper semi-Carathéodory multifunction with nonempty closed values and such that F (t, ·) is lower semi-continuous with respect to a Hausdorff topology.

2. ([8, Theorem 3.4])

(T, A) is a complete measurable space, X = Y is a separable reflexive Banach space, F : T × X → 2^X is a lower semi-Carathéodory multifunction with nonempty closed convex values and such that F (t, ·) is upper semicontinuous from X to X_ω, where X_ω denotes space X with weak topology.

3. ([14, Theorems 3 and 4])

(T, A, μ) is a measure space with a Hausdorff compact metric space T and a Borel σ-finite, regular and complete measure μ defined on A , X is a Polish space, Y — a separable metric space, F : T × X → 2^Y is a lower (resp. upper) semi-Carathéodory multifunction with nonempty closed values and such that the following condition — due to Scorza–Dragoni — is satisfied:

“for every ε > 0 there exists a closed subset T_ε of T , with μ(T \T_ε) < ε, such that F | | T_ε × X is lower (resp. upper) semi-continuous.”

References

[1] Appel J., The superposition operator in function spaces – a survey, Expo. Math. 6 (1988), 209–270.

[2] Castaing C., Valadier M., Convex analysis and measurable multifunctions, Lecture Notes in Math., vol. 580, Springer–Verlag, Berlin, 1977.

[3] Himmelberg C.J., Measurable relations, Fund. Math. 87 (1975), 53–72. [4] Kucia A., On the existence of Carathéodory selectors, Bull. Pol. Acad., Math. 32 (1984), 233–241.

[5] Lojasiewicz S.Jr., Some theorems of Scorza–Dragoni type for multifunctions with application to the problem of existence of solutions for differential multivalued equations, Mathematical Control Theory, Banach Cent. Publ., vol. 14, PWN – Polish Scientific Publishers, Warsaw, 1985, 625–643.

[6] Mordukhovich B.Š., Some properties of multivalued mappings and differential inclusions with an application to problems of the existence of solutions for optimal controls (in Russian), Izvestiya Akad. Nauk BSSR 1981, VINITI No. 5268–80.

[7] Nowak A., Random differential inclusions; measurable selection approach, Ann. Polon. Math.

49 (1989), 291–296.

[8] Papageorgiou N.S., On measurable multifunctions with applications to random multivalued equations, Math. Japonica 32 (1987), 437–464.

[9] , On multivalued evolution equations and differential inclusions in Banach spaces, Comment. Math. Univ. St. Pauli 36 (1987), 21–39.

[10] Sainte–Beuve M.F., On the extension of von Neumann–Aumann’s theorem, J. Funct. Anal.

17 (1974), 112–129.

[11] Spakowski A., On superpositionally measurable multifunctions, Acta Univ. Carol., Math.

Phys., No. 2, 30 (1989), 149–151.

[12] Tsalyuk V.Z., On superpositionally measurable multifunctions (in Russian), Mat. Zametki 43 (1988), 98–102.

[13] Wagner D.H., Survey of measurable selection theorems, SIAM J. Control Optim. 15 (1977), 859–903.

[14] Zygmunt W., The Scorza–Dragoni’s type property and product measurability of a multifunction of two variables, Rend. Acad. Naz. Sci., XL. Mem. Mat. 12 (1988), 109–115.

Instytut Matematyki UMCS, pl. M.Curie–Skłodowskiej 1, 20–031 Lublin, Poland

(Received May 29, 1990, revised June 3, 1991)