Comment.Math.Univ.Carolin. 33,3 (1992)551–555 551

A note on splittable spaces

Vladimir V. Tkachuk

Abstract. A space X is splittable over a space Y (or splits over Y ) if for every A ⊂ X there exists a continuous map f : X → Y with f^{−1}fA = A. We prove that any ndimensional polyhedron splits over R^{2n} but not necessarily over R^{2n−2}. It is established that if a metrizable compact X splits over R^n, then dim X ≤ n. An example of ndimensional compact space which does not split over R^{2n} is given.

Keywords: splittable, polyhedron, dimension

Classification: 54A25

The notion of splittability was introduced by A.V. Arhangel’skii [1]. A space X is splittable (or splits) over a space Y if for any A ⊂ X there exists a continuous map f : X → Y such that f^{−1}fA = A. Many results were obtained by A.V. Arhangel’skii and D.B. Shakhmatov ([1]–[3]) on spaces splittable over R^ω. The author had also written a paper [4] on this topic.

Recently, A.V. Arhangel’skii had shown that a compact space X splits over R iff it embeds in R. He also proved that any 1-dimensional polyhedron splits over R^2 so that not every compact space splittable over R^2 embeds in R^2. We prove here that any n-dimensional polyhedron splits over R^{2n} but not necessarily over R^{2n−2}. We establish also that there exists a compact space X_n ⊂ R^{2n+1} with dim X_n = n and not splittable over R^{2n}. Another result is Corollary 8 answering Question 2 and 3 in [1].

Notations and terminology. All spaces under consideration are Tychonoff ones. Given two spaces X and Y , denote by C(X, Y ) the set of all continuous functions from X to Y . The space R is the real line with its usual topology and 2 = {0, 1}. If x, y ∈ R^n then [x, y] = {tx+(1−t)y : 0 ≤ t ≤ 1} is the segment connecting x and y, |x−y| is its length. It is always clear from the context whether |·| denotes cardinality of some set or length of a segment. Of course, [x, y) = {tx + (1 − t)y : 0 < t ≤ 1} and (x, y) = {tx + (1 − t)y : 0 < t < 1}. The simplex in R^n with vertices a_0, . . . , a_k will be denoted by [a_0, . . . , a_k], then⟨T ⟩ = {t_0a_0 + · · · + t_ka_k : t_i > 0 for all i ∈ k + 1 and ∑_k

i=0 t_i = 1}. Let x ∈ R^n and A ⊂ R^n. Then con (x, A) = ⋃ {[x, a] : a ∈ A}.

Other notations are standard and can be found in [9].

1. Lemma. Given any spaces X and Y and an infinite cardinal k with d(X) ≤ k, (d is the density character), |Y | ≤ 2^k, suppose that ⋃ {X_s : s ∈ 2^k} ⊂ X, X_s ∩ X_t = ∅ if s ≠ t and no X_s can be continuously injected into Y . Then X does not split over Y .

Proof: Clearly, |C(X, Y )| ≤ 2^k, so let C(X, Y ) = {f_s : s < 2^k}. For any s < 2^k there is an x_s ∈ X such that |f^{−1}_s f_s(x_s)∩X_s| > 1 because f ↾ X is not an injection. Then the set A = {x_s : s < 2^k} witnesses non-splittability of X over Y . □

2. Example. For any natural n there exists an n-dimensional metrizable compact space X_n which does not split over R^{2n}.

Proof: Take any metrizable compact space Y_n with Y_n ↛ R^{2n} and dim Y_n = n. Then let X_n = 2^ω × Y . It is obvious that the family {{s} × Y_n : s ∈ 2^ω} satisfies the conditions of Lemma 1 for X = X_n, k = ω and Y = R^{2n}. Hence X_n does not split over R^{2n}. □

3. Example. There exists an n-dimensional compact polyhedron P_n which is not splittable over R^{2n−2}.

Proof: There exists an (n − 1)-dimensional compact polyhedron Y_n which does not embed in R^{2n−2}. Then P = Y_n ×[0, 1] is what was required, because the family {Y_n × {t} : t ∈ [0, 1]} satisfies the conditions of Lemma 1 for X = P_n, k = ω and Y = R^{2n−2}. □

4. Theorem. Let P be an n-dimensional compact polyhedron. Then P splits over R^{2n}.

Proof: Denote by a_1, . . . , a_k the vertices of P . Let {S_1, . . . , S_r} be the set of all (n − 1)-dimensional simplexes from P nd let μ = {T_1, . . . , T_m} be some set of its n-dimensional ones. Take any hyperplane H ⊂ R^{2n} and let b_1, . . . , b_k be some points generally positioned in H. Define a polyhedron Q_{n−1} in the following way: the vertices of Q_{n−1} are b_1, . . . , b_k and a simplex [b_{i1} , . . . , b_{il} ], l ≤ n belongs to Q_{n−1} iff the simplex [a_{i1} , . . . , a_{il} ] belongs to P . If P_{n−1} is the union of all ≤ (n − 1)-dimensional simplexes, then the simplicial map f : P_{n−1} → Q_{n−1} defined by f(a_i) = b_i is a homeomorphism because H is isomorphic to R^{2n−1}. Pick any D ∈ R^{2n} \ H. □

5. Lemma. There exist m sets L_1, . . . , L_m and a continuous map

g = g(f, D) : P_{n−1} ∪ T_1 ∪ · · · ∪ T_m → R^{2n}

with the following properties:

(1) L_i is a subset of R^{2n}_D , where the last set is the component of R^{2n} \ H containing D, i = 1, . . . , m;

(2) L_i is homeomorphic to ⟨T_i⟩, i = 1, . . . , m; (3) L_i ∩ L_j = {D} if i ≠ j; (4) g ↾ P_{n−1} = f;

(5) g ↾ (P_{n−1} ∪ T_i) is a homeomorphism onto Q_{n−1} ∪ L_i.

Proof of the lemma: Let R = con (D, Q_{n−1}), R_i = con (D, f(S_i)), i = 1, . . . , r. The set R being compact, there is a sphere (in R^{2n}) containing it. Pick any E ∈ R^{2n}_D outside this sphere and not belonging to any of (2n−1)-dimensional planes, spanned in R^{2n} by some 2n points from the set {b_1, . . . , b_k, D}.

We are going to construct a continuous function q : R → [0, 1) such that

q^{−1}(0) = Q_{n−1} ∪ {D}; (6) if x ∈ R \ (Q_{n−1} ∪ {D}) and y ∈ (x, E) ∩ R, then q(x) <

|x − y| |y − E| . (7) To do that let W_i = {x ∈ R : (x, E) ∩ R_i ≠ ∅}. For each x ∈ R and each i, there is at most one point in (x, E) ∩ R_i, for otherwise E would belong to the n-dimensional plane spanned by R_i. Put for x ∈ R_i:

r_i(x) =

|x − y| |y − E| where y ∈ (x, E) ∩ R_i, and r_i(D) = 0.

Let us prove that dom r_i = W_i ∪ {D} is a closed subset of R. It suffices to show that dom r_i ∩ R_j is closed for each j. If R_i ∩ R_j ∩ H ≠ ∅ then, owing to the choice of E, dom r_i ∩ R_j = {D}. Suppose R_i ∩ R_j ∩ H = ∅, hence R_i ∩ R_j = {D}. Let x ∈ R_j \ dom r_i. Then (x, E) ∩ R_i = ∅ and [x, E] ∩ R_i = ∅ as well. Since [x, E] is compact and R_i is closed, the distance between these sets is positive, say ε, and whenever |z − x| < ε then clearly [z, E] ∩ R_i = ∅. Since r_i is continuous, there exists a continuous q_i : R → [0, 1) with q^{−1}(0) = Q_{n−1} ∪ {D} and q_i(x) < r_i(x) for all x ∈ W_i \ (Q_{n−1} ∪ {D}). Now it suffices to put

q(x) = min{q_i(x) : i = 1, . . . , r}.

Let M_i = con (D, f(T_i \ ⟨T_i⟩), i = 1, . . . , m. It is clear that M_i is homeomorphic to T_i. Define an injective continuous map s_i : M_i → R^{2n}_D in the following way: if x ∈ M_i then find the point y ∈ [x, E) with

|x − y| |y − E| = q(x) i + 1

and put s_i(x) = y.

Evidently, s_i is a homeomorphism. Let L_i = s_i(M_i \ f(T_i \ ⟨T_i⟩)). We are going to define the map g = g(f, D) and verify (1)–(5). Take any homeomorphism u_i : T_i → M_i with u_i ↾ (T_i \ ⟨T_i⟩) = f. Then let g(x) be equal to f(x) if x ∈ P_{n−1} and to s_i(u_i(x)) for x ∈ T_i \ P_{n−1}, i = 1, . . . , m.

Only (3) needs to be verified.

Let x ∈ M_i \ ({D} ∪ Q_{n−1}), y ∈ M_j \ ({D} ∪ Q_{n−1}). If g(x) = g(y) then x, y and E are linearly dependent. We may assume without loss of generality that y ∈ [x, E]. There are two possibilities: x = y, and x ≠ y.

If x = y then

|x − g(x)| |g(x) − E| = q(x) i + 1 and |x − g(y)| |g(y) − E| = q(y) j + 1 = q(x) j + 1 ≠ q(x) i + 1 , so that g(x) ≠ g(y), which is a contradiction.

If x ≠ y and x ∈ R_{t1} , y ∈ R_{t2} , R_{t1} ∩ R_{t2} ∩ Q_{n−1} ≠ ∅ then it is impossible that y ∈ [x, E] — a contradiction.

If R_{t1} ∩ R_{t2} ∩ Q_{n−1} = ∅ then |x − g(x)| |g(x) − E| < |x − y| |y − E| and therefore g(x) ∈ [x, y) while g(y) ∈ [y, E) and g(x) ≠ g(y) — a contradiction again and we established (3) together with our lemma. □

We have all we need to split P over R^{2n}. Let A ⊂ P . Pick a point D_1 ∈ R^{2n} \ (H ∪ R^{2n}_D ). Let T_1, . . . , T_m, T_{m+1}, . . . , T_{m1} be all n-dimensional simplexes of P numerated in such a way that A ∩ ⟨T_i⟩ ≠ ∅, i = 1, . . . , m, (P \ A) ∩ ⟨T_i⟩ ≠ ∅, i = m + 1, . . . , m_1. Using Lemma 5 find the sets L_1, . . . , L_{m1} and maps g = g(f, D) and g_1 = g(f, D_1) such that

L_i ⊂ R^{2n}_D , i = 1, . . . , m, L_i ⊂ R^{2n}_D , i = m + 1, . . . , m_1; (8) L_i is homeomorphic to ⟨T_i⟩, i = 1, . . . , m_1; (9) L_i ∩ L_j = {D}, i ≠ j, j ∈ 1, . . . , m;

(10) L_i ∩ L_j = {D}, i = j, i, j ∈ m + 1, . . . , m_1;

(11) g ↾ P_{n−1} = g_1 ↾ P_{n−1} = f;

(12)

g ↾ (P_{n−1} ∪ T_i) is a homeomorphism onto Q_{n−1} ∪ L_i, i = 1, . . . , m;

(13)

g ↾ (P_{n−1} ∪ T_i) is a homeomorphism onto Q_{n−1} ∪ L_i, i = m + 1, . . . , m_1;

(14)

Pick some points c_1, . . . , c_{m1} with c_i ∈ A∩⟨T_i⟩, i = 1, . . . , m, c_i ∈ (P \A)∩⟨T_i⟩, i = m+1, . . . , m_1 and the points d_1, . . . , d_{m1} with g(d_i) = D, i = 1, . . . , m, g_1(d_i) = D_1, i = m + 1, . . . , m_1 (observe that automatically d_i ∈ ⟨T_i⟩ for each i). Let G = g ∪ g_1. Then G is a continuous map, G : P → R^{2n}. There exists a homeomorphism h : P → P with h ↾ P_{n−1} = id_{Pn−1} and h(c_i) = d_i, i = 1, . . . , m_1. The map F = G ∘ h separates A from P \ A, because |F^{−1}(x)| = 1 if x /∈ {D, D_1} and F^{−1}(D) = {c_1, . . . , c_m} ⊂ A, F^{−1}(D_1) = {c_{m+1}, . . . , c_{m1} } ⊂ P \ A, and our theorem is proved. □ 6. Proposition. Let X be a compact space and X = X_1 ∪ X_2 where X_1 ∩ X_2 = ∅ and any compact K ⊂ X_i is scattered (i = 1, 2). Assume that X splits over a space Y with dim Y ≤ n. Then dim X ≤ n.

Proof: Take a continuous f : X → Y with f^{−1}f(X_1) = X_1. If y ∈ Y then f^{−1}(y) is a compact subset of some X_i (i = 1, 2) and is thus scattered. Hence dim f^{−1}(y) = 0 for every y ∈ f(X). But dim X ≤ dim f(X) + dim f ≤ n [10] and the proof is over. □ 7. Corollary. If a compact space X is splittable over R^n, then dim X ≤ n. Proof: The space X must be metrizable [3]. It is widely known (see e.g. [5]) that metrizable compact spaces satisfy the assumptions of Proposition 6, so our proof is over. □ This corollary answers Questions 2 and 3 in [1].

8. Corollary (ACP^#). If X is a compact space splittable over a space Y then dim X ≤ dim Y . (The definition of ACP^# can be found in [5]).

9. Corollary. If X is a metrizable compact space splittable over a space Y then dim X ≤ dim Y .

10. Example. Compactness is essential in 7–9, for there exist infinite-dimensional second countable spaces which can be injectively mapped in R [6].

11. Proposition. If X is an infinite extremally disconnected compact space splittable over a space Y then βω → Y .

Proof: It is true in ZFC (see [7]) that X = X_1 ∪ X_2, X_1 ∩ X_2 = ∅ and every compact K ⊂ X is finite (i = 1, 2). Pick a continuous map f : X → Y with f^{−1}f(X_i) = X_i. The space βω embeds in X and f ↾ βω has finite point-inverses, so that βω → f(βω) [8] and our proposition is proved.

12. Corollary. If βω splits over a space Y then βω embeds in Y . □ References

[1] Arhangel’skii A.V., A general concept of splittability of a topological space (in Russian), in:

Proceedings of the Fifth Tyraspol Symposium on General Topology and its Applications, Kishinev, Shtiintsa, 1985, 8–10.

[2] Arhangel’skii A.V., Shakhmatov D.B., Splittable spaces and questions of functions approximations (in Russian), in: Proceedings of the Fifth Tyraspol Symposium on General Topology and its Applications, Kishinev, Shtiintsa, 1985, 10–11.

[3] , On pointwise approximation of arbitrary functions by countable families of continuous functions (in Russian), Trudy Seminara I.G. Petrovskogo 13 (1988), 206–227.

[4] Tkachuk V.V., Approximation of R^X with countable subsets of C_p(X) and calibers of the space C_p(X), Comment. Math. Univ. Carolinae 27 (1986), 267–276.

[5] Bregman Yu.H., Šapirovskii B.E., Šostak A.P., On partition of topological spaces, Časopis pro pěstování mat. 109 (1984), 27–53.

[6] Mazurkiewicz S., Sur les problèmes κ et λ de Urysohn, Fund. Math. 10 (1927), 311-319. [7] Tkachuk V., Remainders over discrete spaces — some applications (in Russian), Vestnik MGU, Mat., Mech., no. 4, 1990, 18–21.

[8] Malyhin V.I., βN is prime, Bull. Acad. Polon. Sci., Ser. Mat. 27 (1979), 295–297. [9] Engelking R., General Topology, PWN, Warszawa, 1977.

[10] Skljarenko E.G., A theorem on maps, lowering dimension (in Russian), Bull. Acad. Polon.

Sci., Ser. Mat. 10 (1962), 429–432.

Department of Mechanics and Mathematics, Section of General Topology and Geometry, Moscow State University, 119899 Moscow, Russia

(Received May 6, 1991, revised April 21, 1992)