Comment.Math.Univ.Carolin. 34,1 (1993)55–61 55

Quasilinear degenerate elliptic variational inequalities with discontinuous coefficients

Salvatore Bonafede

Abstract. We obtain an existence theorem for the problem (0.1) where the coefficients a_{ij} (x, s) satisfy a degenerate ellipticity condition and hypotheses weaker than the continuity with respect to the variable s.

Keywords: degenerate elliptic variational inequalities, pseudomonotone operators

Classification: 35J85, 35J70

0. Introduction.

In this paper we consider the variational inequalities (the obstacle problem)

(0.1) u ∈ K ∫ Ω m∑ 1 ij a_{ij}(x, u) ∂u ∂x_j

∂(v − u) ∂x_i dx ≥ ⟨f, v − u⟩, ∀ v ∈ K

where Ω is a bounded open subset of R^m, f ∈ H^{−1}(ν^{−1}, Ω), and the coefficients a_{ij} (x, s) satisfy the ellipticity condition m∑ 1 ija_{ij} (x, s)ξ_iξ_j ≥ ν(x) m∑ 1 iξ^2_i a.e. (x, s) ∈ Ω × R, ∀ ξ ∈ R^m

with ν(x), ν^{−1}(x) having integrability hypotheses Murty-Stampacchia’s kind (see e.g. [9]). Existence results for variational inequality (0.1) have been established in [7] and in [8] but all the results require that the coefficients a_{ij}(x, s) be Carathéodory’s functions. The aim of this paper is to prove an existence theorem for the (0.1) (see n. 3) working on the coefficients hypotheses weaker than the continuity with respect to the variable s; as a particular case we obtain existence results for the quasilinear elliptic degenerate equations of the type:

(0.2) { − ∑_m

1 ij ∂ ∂x_i ( a_{ij}(x, u)^{∂u}_{∂xj} ) = f in Ω

u ∈ H^1_0 (ν, Ω) .

We can find similar results, in non-degenerate case, in [10] and in [2], while we get an existence result, concerning the problem (0.2), in [5] where the coefficients a_{ij} (x, s) are Carathéodory’s functions and f has a polynomial growth.

1. Function spaces.

Let R^m be the Euclidean m-space with generic point x = (x_1, x_2, . . . , x_m), Ω a bounded open subset of R^m. The notation mis_x will indicate in the sequel the Lebesgue measure m-dimensional.

Hypothesis 1.1. Let ν(x) be a positive function defined on Ω; there exist two real numbers σ ∈]0, 1[ and g >^m_2 such that:

ν(x) ∈ L^{1+σ}(Ω), 1 ν(x)

∈ L^g(Ω).

H^1(ν, Ω) denotes the space of the functions u ∈ L^2(Ω), which derivatives (in distributional sense on Ω)^{∂u}_{∂xi} (i = 1, 2, . . . , m) are functions such that √ ν^{∂u}_{∂xi} belongs to L^2(Ω).

H^1(ν, Ω) is a Hilbert space with respect to the norm:

‖u‖_1 = (∫ Ω ( |u|^2 + m∑ 1 iν(x) | | ∂u ∂x_i | |^2) dx

)_{1/2} .

H^1_0 (ν, Ω) is the closure of C^∞_0 (Ω) in H^1(ν, Ω).

If γ(x) is a positive measurable function in Ω and p is a real number greater than or equal to 1, L^p_γ (Ω) denotes the space of the measurable functions ω(x) in Ω such that:

‖ω(x)‖_{p,γ,Ω} = (∫ Ω γ(x)|ω(x)|^p dx

)_{1/2}

< +∞.

H^{−1}(ν^{−1}, Ω) denotes, finally, the dual space of H^1_0 (ν, Ω).

2. Hypotheses, problems and results.

Hypothesis 2.1. The coefficients a_{ij} (x, s) (i = 1, 2, . . . , m) are functions defined and measurable in Ω × R and one has:

a_{ij} (x, s) ν(x)

∈ L^∞(Ω × R) (i, j = 1, . . . , m).

Hypothesis 2.2. For almost every (x, s) in Ω × R , it results: m∑ 1 ija_{ij} (x, s)ξ_iξ_j ≥ ν(x) m∑ 1 iξ^2_i ∀ ξ ∈ R^m.

Hypothesis 2.3. For every ε > 0 there exists a compact subset K_ε ⊂ Ω with mis_x(Ω \ K_ε) < ε, such that for every r > 0 the functions of the family {a_{ij}(·, s)}_{|s|≤r; i,j=1,...,m} are equicontinuous on K_ε.

Let K be a closed, convex and non empty subset of H^1_0 (ν, Ω)(^1), f ∈ H^{−1}(ν^{−1}, Ω). Holding the hypotheses(1.1), (2.1), we will consider the following:

Problem 2.1. Find a function u(x) ∈ K such that ∫ Ω m∑ 1 ij a_{ij}(x, u) ∂u ∂x_j ∂ ∂x_i

(u − v) dx ≤ ⟨f, u − v⟩ (^2)

for any v(x) ∈ K.

In Section 3 we will show the following:

Theorem 2.1. If the hypotheses (1.1), (2.1), (2.2), (2.3), hold, the problem (2.1) admits solutions.

3. Proof of Theorem 2.1.

We can assume a_{ij} (x, s) ∈ B(Ω)⊗L_1(^3) (i, j = 1, . . . , m), in fact it is possible to get a real function b_{ij} (x, s) ∈ B(Ω) ⊗ L_1 and a set E_{ij} ∈ B(Ω) with mis_x(E_{ij} ) = 0 such that a_{ij} (x, s) = b_{ij}(x, s) for every (x, s) ∈ (Ω \ E_{ij} ) × R(^4).

Then, there results a well defined operator

A : H^1_0 (ν, Ω) → H^{−1}(ν^{−1}, Ω) such that

⟨Au, v⟩ = ∫ Ω m∑ 1 ija_{ij} (x, u(x))

∂u(x) ∂x_j

∂v(x) ∂x_i dx (^5).

The operator A is bounded, coercive and pseudomonotone. To achieve the pseudomonotonicity it is enough to show that: (i) the operator A is sequentially weakly continuous, i.e. for every w ∈ H^1_0 (ν, Ω)

lim_{n→∞}⟨Au_n, w⟩ = ⟨Au, w⟩ if u_n ⇀ u in H^1_0 (ν, Ω);

(ii) the functional u → ⟨Au, u⟩ is sequentially weakly lower semicontinuous, i.e.

lim inf n→∞ ⟨Au_n, u_n⟩ ≥ ⟨Au, u⟩ if u_n ⇀ u in H^1_0 (ν, Ω).

(^1) We will take in H^1_0 (ν, Ω) the following equivalent norm:

‖u‖_{1,0} = (∫ Ω ν(x) m∑ 1 i| ∂u ∂x_i

|^2 dx

)_{1/2} , see [9, Corollary 3.5].

(^2) We denote by ⟨·, ·⟩ the duality pairing between H^1_0 (ν, Ω) and H^{−1}(ν^{−1} , Ω). (^3) B(Ω) denotes the Borel σ-algebra, L_1 denotes the Lebesgue σ-algebra on R. (^4) See [6, Theorem 6.1].

(^5) We observe that the functions a_{ij} (x, u(x)) are Lebesgue-measurable in Ω.

Fix i, j = 1, . . . , m, set B : H^1_0 (ν, Ω) → L^2_{1/ν} (Ω) such that

Bu = a_{ij}(x, u) ∂u ∂x_j .

The operator B is sequentially weakly continuous between H^1_0 (ν, Ω) and L^2_{1/ν} (Ω), i.e.

Bu_n ⇀ Bu in L^2_{1/ν} (Ω) when u_n ⇀ u in H^1_0 (ν, Ω).

Indeed, if T is a linear and continuous functional on L^2_{1/ν} (Ω), there exists v ∈ L^2_ν (Ω) such that

T (w) = ∫ Ω vw dx for every w ∈ L^2_{1/ν} (Ω) (^6);

therefore it remains to show that if u_n ⇀ u in H^1_0 (ν, Ω), for every v ∈ L^2_ν(Ω) one has:

(3.1) lim_{n→∞} ∫ Ω v(x)a_{ij} (x, u_n)

∂u_n ∂x_j dx = ∫ Ω v(x)a_{ij} (x, u(x)) ∂u ∂x_j dx.

a_{ij} (x,s)

ν(x) being a bounded function in Ω × R and C ∞ 0 (Ω) dense in L^2_ν (Ω)(^7), we may restrict ourselves to the case v ∈ C^∞_0 (Ω).

In fact, let v ∈ L^2_ν (Ω) be, then there exists a sequence {φ_h} ⊂ C^∞_0 (Ω) going to v in L^2_ν (Ω).

Now, one has:

(3.2)

| | | | ∫ Ω a_{ij} (x, u_n(x))

∂u_n ∂x_j v(x) dx − ∫ Ω a_{ij} (x, u(x)) ∂u ∂x_j v(x) dx | | | | ≤ ≤ | | | ∫ Ω a_{ij}(x, u_n)

∂u_n ∂x_j v(x) dx − ∫ Ω a_{ij}(x, u_n)

∂u_n ∂x_j φ_h(x) dx | | | + + | | | ∫ Ω a_{ij}(x, u_n)

∂u_n ∂x_j φ_h(x) dx − ∫ Ω a_{ij}(x, u) ∂u ∂x_j φ_h(x) dx | | | + + | | | ∫ Ω a_{ij}(x, u) ∂u ∂x_j v(x) dx − ∫ Ω a_{ij} (x, u) ∂u ∂x_j φ_h(x) dx | | | for every n and h.

(^6) See [9, p. 7, Proposition 2.3]. (^7) In fact, if f ∈ L^2_{1/ν} (Ω) and ∫ Ω f(x)φ(x) dx = 0 ∀ φ ∈ C^∞_0 (Ω) then f(x) = 0 a.e. in Ω.

Denoting by E a measurable subset of Ω, it results: ∫ E | | |a_{ij} (x, un)

∂u_n ∂x_j φ_h(x) | | | dx = = ∫ E | | a_{ij}(x, u_n)

ν(x) | | √ ν(x) | | ∂u_n ∂x_j | | √ ν(x)|φ_h(x)| dx ≤ ≤ M ∫ E √ ν(x) | | ∂u ∂x_j | |√ν(x)|φ_h(x)| dx ≤ M‖u_n‖_{1,0}‖√ν(x)φ_h(x)‖_{2,1,E} ≤

≤ M · R · ‖φ_h(x)‖_{2,ν,E} (^8) ∀ n ∈ N.

Moreover, we observe that:

lim_{h→∞} a_{ij}(x, u_n)

∂u_n ∂x_j φ_h(x) = a_{ij}(x, u_n)

∂u_n ∂x_j v(x) a.e. in Ω,

lim_{h→∞} φ_h(x) = v(x) in L^2_ν (Ω).

Consequently the first term of the second member of (3.2) goes to zero letting h → +∞, for any n ∈ N.

In the same way one proves that the last term of the second member of (3.2) goes to zero.

More, changing a_{ij} (x, s) into −a_{ij}(x, s), it is enough to prove that for every v ∈ C^∞_0 (Ω), the functional

I(u, Ω) = ∫ Ω v(x)a_{ij} (x, u) ∂u ∂x_j dx is sequentially weakly lower semicontinuous on H^1_0 (ν, Ω).

Fix v(x) ∈ C^∞_0 (Ω) and set for every m ∈ N:

f_m(x, s, z) = max[(φ(x)a_{ij} (x, s)z_j ), (−m)];

by Theorem 4.15 of [1] one has that

I_m(u, Ω) = ∫ Ω f_m(x, u, Du) dx (^9)

is sequentially weakly lower semicontinuous on W^{1,1}(Ω)(^{10}). Now, taking into account Lemma 4.3 of [4] and the fact that u_n ⇀ u in H^1_0 (ν, Ω) we achieve that

(^8) M = max_{i,j=1,...,m} sup_{Ω×R}^{aij (x,s)}_{ν(x)} ; since u_n ⇀ u in H^1_0 (ν, Ω), by Banach-Steinhaus’s principle, the number R = sup_n ‖u_n‖_{1,0} is finite.

(^9) Du =

(_{∂u}

∂x1 , . . . ,^{∂u}_{∂xn} ) . (^{10}) W^{1,1}(Ω) is the space of functions u ∈ L^1(Ω) such that^{∂u}_{∂xi} (in distributional sense) belongs to L^1(Ω) (i = 1, . . . , m).

Du_n ⇀ Du in L^1(Ω; R^n); moreover u_n → u in L^1(Ω). Consequently u_n ⇀ u in W^{1,1}(Ω)(^{11}) and, then

(3.3) lim inf_{n→∞} I_m(u_n, Ω) ≥ I_m(u, Ω) ∀ m ∈ N.

It results:

I_m(u_n, Ω) = ∫ Ω f_m(x, u_n, Du_n) dx ≤ ∫ Ω_{m,n}

v(x)a_{ij} (x, u_n)

∂u_n ∂x_j dx ≤

≤ I(u_n, Ω) + ∫ Ω\Ω_{m,n}

|v(x)||a_{ij} (x, u_n)| | | | ∂u_n ∂x_j | | | dx ≤

≤ I(u_n, Ω) + c ∫ Ω\Ω_{m,n} √ ν(x) · √ ν(x) | |∂un ∂x_j | | dx ≤

≤ I(u_n, Ω) + c [ mis_x(Ω \ Ω_{m,n})

] σ_{2(1+σ)} ‖ν(x)‖^{1/2}_{1+σ,1,Ω} · ‖u_n‖_{1,0} ,

where Ω_{m,n} = { x ∈ Ω : v(x)a_{ij} (x, u_n)

∂u_n ∂x_j

≥ −m } . Being Ω \ Ω_{m,n} ⊆ Ω^′_{m,n} = { x ∈ Ω : cν(x) | |^{∂u}n_{∂xj} | | > m } , one has:

(3.4)

I_m(u_n, Ω) ≤ I(u_n, Ω) + c [ mis_x(Ω^′_{m,n})

] σ_{2(1+σ)} ‖ν(x)‖^{1/2}_{1+σ,1,Ω} · ‖u_n‖_{1,0} ≤

≤ I(u_n, Ω) + c̃ m^{σ2(1+σ)}

where c̃ is a constant dependent on (mis_x Ω, ‖ν(x)‖^{1/2}_{1+σ,1,Ω}, R, M, max_Ω |φ|).

By (3.3) and (3.4) we obtain:

I(u, Ω) ≤ I_m(u, Ω) ≤ lim inf_{n→∞} I_m(u_n, Ω) ≤

≤ lim inf n→∞ I(u_n, Ω) + c̃ m^{σ2(1+σ)}

∀ m ∈ N,

and for m going to infinity:

I(u, Ω) ≤ lim inf_{n→∞} I(u_n, Ω) if u_n ⇀ u in H^1_0 (ν, Ω).

Hence to achieve (i), fix w ∈ H^1_0 (ν, Ω), it will be enough to take in (3.1) v =^{∂w}_{∂xi} (i = 1, . . . , m).

Now, we observe that if u_n ⇀ u in H^1_0 (ν, Ω), u_n ⇀ u in W^{1,1}(Ω); by Theorem 4.7 of [1] we obtain (ii).

(^{11}) See p. 3 of [1] for the weak convergence definition in W^{1,1}(Ω).

Finally, if u_n ⇀ u in H^1_0 (ν, Ω) and lim sup_{n→∞} ⟨Au_n, u_n − u⟩ ≤ 0, it follows:

lim inf n→∞ ⟨Au_n, u_n − w⟩ = lim inf_{n→∞} {⟨Au_n, u_n⟩ − ⟨Au_n, w⟩} =

= lim inf n→∞ ⟨Au_n, u_n⟩ − ⟨Au, w⟩ ≥ ⟨Au, u⟩ − ⟨Au, w⟩ =

= ⟨Au, u − w⟩ for any w ∈ H^1_0 (ν, Ω).

Hence the operator A is pseudomonotone. Next, by hypotheses (2.1) and (2.2), for every u, w ∈ H^1_0 (ν, Ω), it results

⟨Au, u − w⟩ ≥ ‖u‖^2_{1,0} − Mm^2‖u‖_{1,0}‖w‖_{1,0} .

The existence of a solution is a consequence of well known theorems (see e.g. Theorem 4.17 of [11] with the Proposition 3.1 of [3]). □

Remark.

Taking K = H^1_0 (ν, Ω), we obtain an existence theorem for the problem

(4.1) { − ∑_m

1 ij ∂ ∂x_i ( a_{ij}(x, u)^{∂u}_{∂xj} ) = f in Ω (f ∈ H^{−1}(ν^{−1}, Ω))

u ∈ H^1_0 (ν, Ω)

moreover, if ν(x) ∈ L^∞(Ω),^1_{ν(x)} ∈ L^g(Ω) (g > m), for the solutions of the problem (4.1) the maximum principle shown in [9, Theorem 7.2] holds.

References

[1] Ambrosio L., New Lower Semicontinuity Results for Integral Functional, Rendiconti Accademia Naz. delle Scienze detta dei XL-Memorie di Matematica 105^o (1987), vol. XI., fasc. 1, 1–42.

[2] Boccardo L., Buttazzo G., Quasilinear elliptic equations with discontinuous coefficients, Atti Acc. Lincei Rend. fis. (8), vol. LXXXII (1988), 21–28.

[3] Ekeland I., Tenam R., Analyse convexe et problèmes variationnels, Dunod, Gauthier-Villars, 1974.

[4] Guglielmino F., Nicolosi F., Sulle W -soluzioni dei problemi al contorno per operatori ellittici degeneri, Ricerche di Matematica, suppl. vol. XXXVI (1987).

[5] , Teoremi di esistenza per i problemi al contorno relativi alle equazioni ellittiche quasilineari, Ricerche di Matematica 37 (1988), fasc. 1, 157–176.

[6] Himmelberg C.J., Measurable relations, Fund. Math. 87 (1975), 53–72. [7] Ladyzhenskaya O.A., Ural’tseva N.N., Linear and Quasilinear Elliptic Equations, Academic Press, New York, 1968.

[8] Marina M.E., Una diseguaglianza variazionale associata a un operatore ellittico che puó degenerare, Rend. Acc. Naz. Lincei 55 (1973), 149–160.

[9] Murty M.K.V., Stampacchia G., Boundary value problems for some degenerate elliptic operators, Ann. Mat. Pura Appl. 80 (1968), 1–122.

[10] Ricceri B., A remark on quasilinear elliptic variational inequalities with discontinuous coefficients, Rend. Mat. Acc. Lincei s. 9, vol. 1 (1990), 17–19.

[11] Troianello G.M., Elliptic Differential Equations and Obstacle Problem, Plenum Press, 1987.

Department of Mathematics, Università degli studi di Catania, Viale A. Doria 6, 95125 Catania, Italy

(Received April 16, 1992)