Comment.Math.Univ.Carolin. 34,1 (1993)63–77 63

Extreme compact operators from Orlicz spaces to C(Ω)

Shutao Chen, Marek Wisła

Abstract. Let E^φ(μ) be the subspace of finite elements of an Orlicz space endowed with the Luxemburg norm. The main theorem says that a compact linear operator T : E^φ(μ) → C(Ω) is extreme if and only if T^∗ω ∈ Ext B((E^φ(μ))^∗ ) on a dense subset of Ω, where Ω is a compact Hausdorff topological space and ⟨T^∗ω, x⟩ = (T x)(ω). This is done via the description of the extreme points of the space of continuous functions C(Ω, L^φ(μ)), L^φ(μ) being an Orlicz space equipped with the Orlicz norm (conjugate to the Luxemburg one). There is also given a theorem on closedness of the set of extreme points of the unit ball with respect to the Orlicz norm.

Keywords: extreme points, vector valued continuous functions, compact linear operators, Orlicz spaces

Classification: 46E30, 46B20

Introduction.

Let Ω be a compact Hausdorff topological space. By C(Ω, X) we denote the Banach space of all X-valued continuous functions on Ω equipped with the standard supremum norm ‖f‖ = sup_{ω∈Ω} ‖f(ω)‖. If X = R then, as usual, we shall write C(Ω) instead of C(Ω, R). The aim of this paper is to give the description of all extreme compact linear operators (i.e., compact linear operators which are extreme points of the unit ball with respect to the standard operator norm) from a subspace E^φ(μ) of an Orlicz space L^φ(μ) equipped with the Luxemburg norm ‖ · ‖_φ (cf. Section 1) to the space C(Ω). It is well known [4, p. 490] that the space K(X, C(Ω)) of all compact linear operators is isometric to the space C(Ω, X^∗) of all continuous functions. Since the dual of (E^φ(μ), ‖ · ‖_φ) is isometric to the Orlicz space L^{φ∗} (μ) (φ^∗ stands for the conjugate function to φ) equipped with the Orlicz norm ‖ · ‖^0_φ∗ , the problem stated above will be solved if we can give the description of all extreme points of the unit ball of the space C(Ω, (L^{φ∗} (μ), ‖ · ‖^0_φ∗ )). Having that description at hand, we also will be able to give, in Section 3, sufficient conditions under which any extreme compact linear operator from the unit ball of K((E^φ(μ), ‖ · ‖_φ), C(Ω)) is nice in the sense of Morris and Phelps [11].

1. Closedness of the set Ext B(L^φ(μ), ‖ · ‖^0_φ).

In the following, φ : R → [0, +∞) will stand for a function which is convex, even, vanishing only at 0 and satisfying the conditions: φ(u)/u → 0 as u → 0 and φ(u)/u → +∞ as u → +∞. The conjugate function φ^∗ to φ is defined by

φ^∗(v) = sup{u|v| − φ(u) : u ≥ 0}.

By the Orlicz space L^φ(μ) ([13]) we mean the set of all μ-measurable functions x : S → R over a non-negative, complete and σ-finite measure space (S, Σ, μ) such that I_φ(λx) := ∫ S φ(λx(s)) dμ is finite for some λ > 0. The linear subspace of L^φ(μ) consisting of all measurable functions satisfying the last condition for all λ > 0 is called the space of finite elements and will be denoted by E^φ(μ).

In this paper we shall consider two norms defined on L^φ(μ): the Luxemburg norm [9]:

‖x‖_φ = inf{λ > 0 : I_φ(λ^{−1}x) ≤ 1}

and the Orlicz norm [13]

‖x‖^0_φ = sup{| ∫ S u(s)v(s) dμ| : I_φ∗ (v) ≤ 1}.

As it was pointed out in Introduction, the Orlicz and Luxemburg norms are conjugate to each other, i.e.,

(E^φ(μ), ‖ · ‖_φ)^∗ = (L^{φ∗} (μ), ‖ · ‖^0_φ∗ ) and (E^φ(μ), ‖ · ‖^0_φ)^∗ = (L^{φ∗} (μ), ‖ · ‖_φ∗ ).

In this paper we shall use the fact that the Orlicz norm is equal to the Amemiya norm, i.e., ‖x‖^0_φ = inf_{k>0} 1 k · (1 + I_φ(kx))

(cf. [6] or [18]). Moreover, for every x ≠ 0, that infimum is attained on some k > 0, because φ(u)/u → ∞ as u → ∞. (For further details concerning Orlicz spaces we refer to [6], [8], [12], [18].)

Let us define the set valued function K : L^φ(μ) \ {0} → 2^{(0,∞)} by

K(x) = {k ∈ (0, ∞) : ‖x‖^0_φ = 1 k · (1 + I_φ(kx))}.

The set of those k’s at which the function x ≠ 0 attains its Orlicz norm forms a closed interval [19], so every K(x) is convex and compact. The natural question arises: does K admit a continuous selector? If the answer were affirmative, it would be quite easy to solve the problem stated in Introduction. The first part of this section is devoted to answering the above question.

From now on, by k_∗(x) and k^∗(x) we shall denote the minimum and maximum of the set K(x), respectively. The following lemma, which will be quoted several times in the sequel, provides formulae which enable us to calculate the numbers k_∗(x) and k^∗(x).

Lemma 1 ([18], [19]). For any function x ∈ L^φ(μ) \ {0},

k_∗(x) = inf{k > 0 : I_φ∗ (φ^′_+(k|x|)) ≥ 1} and k^∗(x) = sup{k > 0 : I_φ∗ (φ^′_+(k|x|)) ≤ 1},

where φ^′_+ denotes the right-hand side derivative of φ.

Lemma 2. For any sequence {x_n : n ∈ N} ⊂ L^φ(μ) \ {0} norm convergent to x ∈ L^φ(μ) \ {0} we have

[lim inf n→∞ k_∗(x_n), lim sup n→∞ k^∗(x_n)] ⊂ K(x).

Proof: First we show that {k^∗(x_n) : n ∈ N} is bounded from above. Indeed, if it contains a subsequence (k^∗(x_{ni} )) tending to infinity, then by 1 k^∗(x_{ni} ) + 1 k^∗(x_{ni} )

· I_φ(k^∗(x_{ni} )x_{ni} ) = ‖x_{ni} ‖^0_φ → ‖x‖^0_φ < ∞

and φ(u)/u → ∞ as u → ∞ we must have x_{ni}^μ→ 0 as i → ∞. But x_{ni} χ_A^μ→ xχ_A on every set A of finite measure, so we have x = 0 — a contradiction.

Secondly, since 1 k_∗(x_n) < 1 k_∗(x_n) + 1 k_∗(x_n)

· I_φ(k_∗(x_n)x_n) = ‖x_n‖^0_φ → ‖x‖^0_φ > 0,

we have lim inf_{n→∞} k_∗(x_n) ≥ lim_{n→∞}(‖x_n‖^0_φ)^{−1} = (‖x‖^0_φ)^{−1} > 0.

Now, choose (x_{ni} ) ⊂ (x_n) such that k_∗(x_{ni} ) → k_∗ := lim inf_{n→∞} k_∗(x_n). We show that k_∗ ∈ K(x), i.e.,

‖x‖^0_φ = 1 k_∗

· (1 + I_φ(k_∗x)).

If not, then, by the Levy theorem,

‖x‖^0_φ < ‖x‖^0_φ + ε ≤ 1 k_∗

· (1 + I_φ(k_∗xχ_{Ap} )) < ∞

for some p ∈ N and ε > 0, where A_p = {s ∈ S_p : φ(k_∗x(s)) ≤ p} and (S_p) is an increasing sequence of sets of finite measure such that ⋃ p S_p = S. Now, we can choose o < δ <^1_2 · μ(A_p) such that 1 k_∗ · ∫ E φ(k_∗x(s)χ_{Ap} (s)) dμ < ε 2 for every measurable set E with μ(E) < δ. Since x_{ni} χ_{Ap} → xχ_{Ap} in L^φ(μ) as i → ∞, there exists a subsequence (y_j ) of (x_{ni} ) such that y_jχ_{Ap} → xχ_{Ap} μ-a.e. as j → ∞. Therefore, by the Egoroff theorem, we can choose E_0 ⊂ A_p with μ(E_0) < δ such that y_j → x uniformly on A_p \ E_0. Then we have

‖y_j‖^0_φ ≥ 1 k_∗(y_j) ( 1 + I_φ(k_∗(y_j )y_jχ_{Ap\E0} ) ) → 1 k_∗ ( 1 + I_φ(k_∗xχ_{Ap\E0} ) )

= 1 k_∗ ( 1 + I_φ(k_∗xχ_{Ap} ) ) − 1 k_∗ ( 1 + I_φ(k_∗xχ_{Ap∩E0} ) ) ≥ ‖x‖^0_φ + ε 2 contradicting the fact that ‖x_{nij} ‖^0_φ → ‖x‖^0_φ as j → ∞.

Similarly, we can show that lim sup_{n→∞} k^∗(x_n) ∈ K(x). □ As an immediate consequence of Lemma 2 we obtain Proposition 1. The set valued function K is upper-semicontinuous.

An interval (α, β) is called an affine structural interval of φ if φ is affine on (α, β) but φ is neither affine on (α − ε, β) nor (α, β + ε) for any ε > 0. Since φ(u)/u → 0 as u → 0, we can always assume that 0 /∈ [α, β].

Lemma 3. Let (α, β) be an affine structural interval of φ and let x ∈ L^φ(μ) \ {0}. Then, for every k_1, k_2 ∈ Int K(x) we have μ(A_{k1} ÷ A_{k2} ) = 0, where A_k = {s ∈ S : kx(s) ∈ (α, β)} and A ÷ B denotes the symmetric difference of the sets A and B. Proof: Since φ is convex,

2‖x‖^0_φ = 1 k_1

· (1 + I_φ(k_1x)) + 1 k_2

(1 + I_φ(k_2x)) = k_1 + k_2 k_1k_2 { 1 + ∫ S [ k_2 k_1 + k_2

· φ(k_1x(s)) + k_1 k_1 + k_2

· φ(k_2x(s)) ] dμ }

≥ k_1 + k_2 k_1k_2 { 1 + ∫ S φ ( 2 · k_1k_2 k_1 + k_2

· x(s) ) dμ } ≥ 2 · ‖x‖^0_φ,

for every k_1, k_2 ∈ K(x). Thus φ ( 2 · k_1k_2 k_1 + k_2

· x(s) ) = k_2 k_1 + k_2

· φ(k_1x(s)) + k_1 k_1 + k_2

· φ(k_2x(s))

for μ-a.e. s ∈ S. This shows that, for μ-a.e. s ∈ S, x(s) ≠ 0, k_1x(s) ≠ k_2x(s) imply that k_1x(s) and k_2x(s) are in the closure of the same affine structural interval of φ; so, if k_1, k_2 ∈ Int K(x), k_1x(s) ≠ k_2x(s) and k_1x(s) ∈ (α, β) then k_2x(s) ∈ (α, β) for μ-a.e. s ∈ S. □

In the following, by SC_φ we will denote the set of all points of strict convexity of φ, i.e., the set of those points u ∈ R such that (u, φ(u)) is a point of strict convexity of the epigraph of φ. Since φ vanishes only at 0, we have 0 ∈ SC_φ.

Corollary 1. If μ({s ∈ S : kx(s) ∈ SC_φ \ {0}}) > 0 then k /∈ Int K(x). In particular, if φ is strictly convex then K is a single-valued mapping and, hence, K is continuous.

Proof: Suppose that k ∈ Int K(x). Then there exists k^′ ∈ K(x) with k^′ ≠ k. Thus I_φ∗ (φ^′_+(k^′|x|)) ≠ I_φ∗ (φ^′_+(k|x|)) = 1,

since φ^′_+(k^′|x(s)|) is strictly greater or less than φ^′_+(k|x(s)|) for almost every s ∈ {s ∈ S : kx(x) ∈ SC_φ \ {0}}. Hence k^′ /∈ Int K(x) by virtue of Lemma 1 — a contradiction. □

Unfortunately, if the measure μ is atomless, the set valued function K cannot be lower-semicontinuous — this is a consequence of the Michael selection theorem ([1], [10]) and the following proposition which brings the answer to the above stated question.

Proposition 2. Let (S, Σ, μ) be an atomless measure space. The set valued function K admits a continuous selector if and only if K is single valued.

Proof: The sufficiency part of the proof follows from Proposition 1.

Suppose that Int K(x) ≠ ∅ for some x ∈ L^φ(μ) \ {0}. By Corollary 1,

μ({s ∈ S : k_0x(s) /∈ SC_φ \ {0}}) > 0,

where k_o :=^1_2 (k_∗(x) + k^∗(x)). Thus, we can find an affine structural interval (α, β) of φ such that 0 < α < β and μ(E) > 0, where E = {s ∈ S : k_0|x(s)| ∈ (α, β)}.

Let (E_n) be a sequence of subsets of E with μ(E_n) → 0 as n → ∞ and define

x_n = xχ_{S\En} + β k_∗(x)

· χ_{En} ; y_n = xχ_{S\En} + α k^∗(x)

· χ_{En} ,

for n = 1, 2, . . . . We have

I_φ(λχ_{En} ) = φ(λ)μ(E_n) −→_{n→∞} 0

for any λ > 0, so (cf. [12]) ‖χ_{En} ‖_φ → 0 and, since the Luxemburg and Orlicz norms are equivalent, ‖χ_{En} ‖^0_φ → 0 as n → ∞. Since, moreover,

sup_{s∈E} {| | β k_∗(x)

− x(s) | | |, | | |x(s) − α k^∗(x) | | | } < ∞,

x_n → x and y_n → x as n → ∞. Further, by Lemma 3, k k^∗(x)

· α < α < k|x(s)| < β < k k_∗(x) · β for every k ∈ Int K(x) and μ-a.e. s ∈ S. Thus, applying Lemma 1 and the fact that (α, β) is an affine structural interval of φ,

I_φ∗ (φ^′_+(k|y_n|)) < I_φ∗ (φ^′_+(k|x|)) = 1 < I_φ∗ (φ^′_+(k|x_n|))

for every k ∈ Int K(x). Therefore, once again by Lemma 1,

k^∗(x_n) ≤ k_∗(x) < k^∗(x) ≤ k_∗(y_n).

If k(·) : L^φ(μ)\{0} → (0, ∞) were a continuous selector of K, then lim_{n→∞} k(x_n) = k(x) = lim_{n→∞} k(y_n), so k_∗(x) = k^∗(x) — a contradiction. □

Before we present the theorem on closedness of the set of extreme points of the unit ball B(L^φ(μ), ‖ · ‖^0_φ) we recall the description of those points.

Lemma 4 ([7], [15]). A function x ∈ L^φ(μ) is an extreme point of the unit ball B(L^φ(μ), ‖ · ‖^0_φ) if and only if ‖x‖^0_φ = 1 and one of the following conditions is satisfied:

– μ({s ∈ S : kx(s) /∈ SC_φ}) = 0 for every k ∈ K(x); – supp x := {s ∈ S : x(s) ≠ 0} is an atom.

Note. By Corollary 1, K(x) is a one-point set for every extreme point x of B(L^φ(μ), ‖ · ‖^0_φ) provided the support of x does not reduce to an atom.

Theorem 1. (a) If one of the following conditions is satisfied:

– L^φ(μ) is finite dimensional – the set valued function K is single valued, then the set Ext B(L^φ(μ), ‖ · ‖^0_φ) is closed.

(b) If the measure μ is atomless then the set Ext B(L^φ(μ), ‖ · ‖^0_φ) is closed if and only if K is single valued.

Proof: (a) Assume that L^φ(μ) is finite dimensional, i.e., S consists of finite number, say p, of atoms. Moreover, let (x_n) be a sequence of extreme points of B(L^φ(μ), ‖ · ‖^0_φ) which is norm convergent to an element x of L^φ(μ). Obviously, ‖x‖^0_φ = 1. Moreover, x ∈ Ext B(L^φ(μ), ‖ · ‖^0_φ) provided supp x is an atom.

Assume that supp x is not an atom. Since x_n → x uniformly on S, supp x_n cannot reduce to an atom as well, so K(x_n) are one-point sets for every n sufficiently large. By Lemma 2, passing to a subsequence if necessary, we can assume that K(x_n) ∋ k(x_n) → k_0 ∈ K(x) as n → ∞. Since k(x_n)x_n(s) ∈ SC_φ for every s ∈ S and the set SC_φ is closed, k_0x(s) ∈ SC_φ for every s ∈ S.

We claim that K(x) = {k_0}, i.e., x is an extreme point. Suppose that Int K(x) ≠ ∅. Then, by Lemma 3 and Lemma 1, there exists a finite number, say m, of affine structural intervals (α_i, β_i) ⊂ (0, ∞) of φ with m∑ i=1 φ^∗(φ^′_+(α_i))μ(S_i) = 1 where S_i = {s ∈ S : k · |x(s)| ∈ (α_i, β_i)}, i = 1, . . . , m and k ≠ k_0 is an element of Int K(x). Evidently, supp x ⊆

⋃_m

i=1 S_i. Since S is finite, we can find ε > 0 such that k · (|x(s)| ± ε) ∈ (α_i, β_i)

for every s ∈ S_i and i = 1, . . . , m. Applying once more the fact that ‖x_n−x‖_ℓ∞_p → 0, we infer that, for every s ∈ S_i and i = 1, . . . , m,

k · (|x_n(s)|) ∈ (α_i, β_i),

for every n sufficiently large, i.e., x_n are not extreme.

Now, assume that K is single valued, i.e., k(x) := k_∗(x) = k^∗(x) for every x ∈ L^φ(μ)\{0} and, by Proposition 1, k is continuous. Suppose Ext B(L^φ(μ), ‖·‖^0_φ) is not closed, i.e., there exists sequence (x_n) of extreme points and x which is not an extreme point but ‖x_n − x‖^0_φ → 0 as n → ∞. Evidently ‖x‖^0_φ = 1 and supp x is not an atom.

Since x is not an extreme point, there exists an affine structural interval (α, β) of φ such that μ({s ∈ S : k(x) · x(s) ∈ (α, β)}) > 0.

Then we can find 0 < ε < (β − α)/2 and a set

A ⊆ {s ∈ S : k(x) · x(s) ∈ (α + ε, β − ε)}

such that 0 < μ(A ∩ S) < ∞. By the Egoroff theorem, there exists a set E ⊂ A and a subsequence (x_{np} ) of (x_n) such that μ(E) <^1_2 · μ(A) and x_{np} → x uniformly on the set A \ E. Thus

μ({s ∈ A \ E : k(x_{np} ) · x_{np} ∈ (α, β)}) > 0

for every sufficiently large p, i.e., x_{np} are not extreme points — a contradiction.

(b) Let us assume that the measure μ is atomless and suppose that K is not single valued, i.e., Int K(y) ≠ ∅ for some y ∈ L^φ(μ) \ {0}. By virtue of Lemma 1, ∑ i∈N φ^∗(φ^′_+(α_i))μ(S_i) = 1,

where N ⊂ N is the set of all indices such that (α_i, β_i), i ∈ N, are all affine structural intervals of φ, S_i = {s ∈ S : k|y(s)| ∈ (α_i, β_i)} for i ∈ N and k is an element of Int K(y). Note that, by Lemma 3, supp y ⊆ ⋃ i∈N S_i.

Define x := d · ∑ i∈N α_iχ_{Si} ,

where d > 0 is such a number that ‖x‖^0_φ = 1. Then

[k_∗(y)/d, k^∗(y)/d] ⊂ K(x), so x is not an extreme point of B(L^φ(μ), ‖ · ‖^0_φ). Since μ is atomless and μ(S_p) > 0 for some p ∈ N, we can choose a sequence (A_n) of pairwise disjoint subsets of S_p of positive measure with μ(A_n) → 0 as n → ∞. Hence ‖χ_{An} ‖^0_φ → 0 as n → ∞.

Let us define, for n = 1, 2, . . . ,

x_n := 1 k_n · ( ∑ i∈N\{p}

α_iχ_{Si} + α_pχ_{Sp\An} + β_pχ_{An} ) ,

where k_n > 0 are such numbers that ‖x_n‖^0_φ = 1. It is easy to check that I_φ∗ (φ^′_+(kx_n)) < 1 for k < k_n and I_φ∗ (φ^′_+(kx_n)) > 1 for every k ≥ k_n. Therefore, K(x_n) = {k_n} and, since k_nx_n(s) ∈ SC_φ for every s ∈ S, x_n are extreme points of B(L^φ(μ), ‖ · ‖^0_φ) for every n ∈ N.

Since inf_n k_n ≥ 1, we have

‖x‖^0_φ = 1 = lim_{n→∞} ‖x_n‖^0_φ = lim_{n→∞} 1 k_nd

‖xχ_{S\An} ‖^0_φ = lim_{n→∞} 1 k_nd

‖x‖^0_φ,

so k_nd → 1 as n → ∞. Therefore,

‖x_n − x‖^0_φ ≤ | 1 k_nd

− 1| · ‖xχ_{S\An} ‖^0_φ + ‖(β_pk^{−1}_n − dα_p)χ_{An} ‖^0_φ ≤ ≤ | 1 k_nd

− 1| · ‖x‖^0_φ + |β_pk^{−1}_n − dα_p| · ‖χ_{An} ‖^0_φ → 0

as n → ∞, i.e., the set Ext B(L^φ(μ), ‖ · ‖^0_φ) is not closed. □

The next proposition gives other conditions equivalent to those in Theorem 1 and Proposition 2.

Proposition 3. Let μ be an atomless measure. The set valued function K is single valued if and only if

(a) φ is a strictly convex function (i.e., (L^φ(μ), ‖ · ‖^0_φ) is a strictly convex space — cf. [19]) provided μ(S) = ∞;

(b) φ^∗(φ^′_+(α_n))μ(S) < 1 for every n ≥ 1, provided μ(S) < ∞ and {(α_n, β_n) : n ≥ 1} is the family of all affine structural intervals of φ included in (0, ∞). Proof: If either (a) or (b) is not satisfied then there exists an affine structural interval (α, β) ⊂ (0, ∞) of φ and a set E ⊂ S such that φ^∗(φ^′_+(α))μ(E) = 1. Thus K(χ_E) = [α, β], i.e., K is not a single valued function. It is also evident that K is single valued provided (a) is satisfied.

Now, assume that (b) holds and suppose that K is not single valued. Let x ∈ L^φ(μ) be such that Int K(x) ≠ ∅. Then, by Lemma 1, I_φ∗ (φ^′_+(kx)) = 1 for every k ∈ Int K(x). Hence, by Lemma 3,

k_0|x(s)| ∈ ⋃ n∈N (α_n, β_n) for μ-a.e. s ∈ supp x, where k_0 =^1_2 (k_∗(x) + k^∗(x)), N ⊆ N ∪ {∞} and {(α_n, β_n) : n ∈ N} is the family of all affine structural intervals of φ included in (0, ∞). Put S_n = {s ∈ S : k_0|x(s)| ∈ (α_n, β_n)} for n ∈ N and let α = sup_{n∈N} α_n.

If α = ∞ then φ^′_+(α_{np} ) ≥ φ(α_{np} )/α_{np} → ∞, so

φ^∗(φ^′_+(α_{np} ))μ(S) → ∞

for some subsequence α_{np} → ∞ — a contradiction.

Now, assume that α < ∞. We claim that φ^′_+(α) = φ^′_+(α_{np} ) for some n ∈ N. Our claim is obvious if N is finite. In the other case choose a subsequence (α_{np} ) such that α_{np} → α as p → ∞. Without loss of generality, we can assume that inf_p α_{np} > 0. Let ε be any positive number with 0 < ε < (k^∗(x)/k_0 − 1) · inf_p α_{np} . Then there exists n_p ∈ N such that

α_{np} ≤ α < α_{np} + ε < k^∗(x) · α_{np} /k_0 ≤ k^∗(x) · |x(s)| ≤ β_{np}

for every s ∈ S_{np} (cf. Lemma 3) and that proves our claim.

Therefore, by (b), φ^∗(φ^′_+(α))μ(S) < 1, so 1 = ∑ n≥1 φ^∗(φ^′_+(α_n))μ(S_n) ≤ φ^∗(φ^′_+(α))μ( ⋃ n S_n) ≤ φ^∗(φ^′_+(α))μ(S) < 1

and we have arrived at a contradiction which ends the proof. □

2. Extreme points of the unit ball in C(Ω, (L^φ(μ), ‖ · ‖^0_φ)).

For any Banach space X it is evident that

f ∈ Ext B(C(Ω, X)) =⇒ ‖f(ω)‖ = 1 for every ω ∈ Ω.

It is also easy to prove that if f(ω) ∈ Ext B(X) on a dense subset of Ω, then f ∈ Ext B(C(Ω, X)). Therefore the natural conjecture is the following one

(†) f ∈ Ext B(C(Ω, X)) ⇐⇒ f(ω) ∈ Ext B(X) on a dense subset of Ω.

It should be pointed out that (†) does not hold in general. Extreme points of B(C(Ω, X)) can have nothing to do with the set Ext B(X). Blumenthal, Lindenstrauss and Phelps [2] have presented an example of a four-dimensional space X and a function f ∈ Ext C([0, 1], X) such that f(ω) /∈ Ext B(X) for all ω ∈ [0, 1].

However, a wide class of Banach spaces satisfies (†). Take, for example, Banach spaces with stable unit ball, i.e., in which the mapping Φ : B(X) × B(X) → B(X); Φ(x, y) =^1_2 (x + y) is open (cf. [3], [14]). Thanks to the Michael selection theorem ([1], [10]) , it is not difficult to prove (†) in that case. Since every strictly convex Banach space has stable unit ball, (†) holds for that class of spaces. It should also be noted that if B(X) is stable then Ext B(X) is closed, so the right-hand side condition in (†) holds for every ω ∈ Ω.

Although it is very convenient to prove (†) using stability arguments, stability itself is far from being a necessary condition in order (†) to hold. For example ([16]) the Orlicz sequence space ℓ^φ equipped with the Luxemburg norm ‖ · ‖_φ has stable unit ball if and only if φ satisfies the condition δ_2 (i.e., there exist c, u_0 > 0 such that φ(u_0) > 0 and φ(2u) < cφ(u) for every |u| ≤ u_0). However, (†) holds true for every Orlicz space (L^φ(μ), ‖ · ‖_φ) defined on an arbitrary complete and σ-finite measure space (S, Σ, μ) — cf. [17]. The purpose for this section is to give an analogous theorem concerning Orlicz spaces yielded with the Orlicz norm.

To simplify the notation, a set will be called decomposable if it contains two disjoint subsets of positive measure.

Lemma 5. Let f be a continuous function from Ω into the unit sphere S(L^φ(μ), ‖·‖^0_φ) and let us assume that there exist affine structural intervals (α_1, β_1) and (α_2, β_2) of φ (not necessarily disjoint) and ω_0 ∈ Ω such that either (i) there exists ε > 0 such that

(k_∗(f(ω_0)) − ε) · f(ω_0)(s) ∈ (α_i, β_i) and (k^∗(f(ω_0)) + ε) · f(ω_0)(s) ∈ (α_i, β_i)

for every s from some decomposable set C and each i = 1, 2; or (ii) there exist k_0 > 0 and an open neighborhood W of ω_0 such that

k_0 ∈ ⋂ ω∈W K(f(ω)) and k_0f(ω_0)(s) ∈ (α_i, β_i)

for every s from some decomposable set C and each i = 1, 2.

Then f is not an extreme point of the unit ball of the space C(Ω, (L^φ(μ), ‖ · ‖^0_φ)).

Proof: The following proof is a modification of the idea presented in [5]. Let ε be either the number taken from (i) or an arbitrary positive one in the other case. Since K is upper-semicontinuous at f(ω_0), we can find an open neighborhood V ⊂ W of ω_0 such that ⋃ ω∈V K(f(ω_0)) ⊂ [k_∗(f(ω_0)) − ε, k^∗(f(ω_0)) + ε].

In the following, C will stand for a decomposable set of finite measure such that the appropriate condition appearing in (i) or (ii) is satisfied for every s ∈ C. Let A, B ⊂ C be disjoint subsets of positive measure chosen in the following way – if C has an atomless subset, then A and B are assumed to be included in that subset;

– if C consists only of atoms (at least two of them) then A and B are assumed to be one-point sets.

In both cases, we can and do assume that the appropriate values of the function from L^φ(μ) \ {0} appearing in (i) and (ii) belong to the interval (α_1, β_1) (respectively, to (α_2, β_2)) at the points from A (resp., from B).

Moreover, if (i) is satisfied, denote

k_{∗,i} = k_∗(f(ω_0)) − ε, k^∗_i = k^∗(f(ω_0)) + ε if 0 < α_i < β_i, k_{∗,i} = k^∗(f(ω_0)) + ε, k^∗_i = k_∗(f(ω_0)) − ε if α_i < β_i < 0;

and put k_{∗,i} = k^∗_i = k_0 provided (ii) holds (i = 1, 2).

Further, let η_A, η_B : L^φ(μ) → L^φ(μ) be functions defined by the following formulae:

η_A(x)(s) = χ_A(s) · max{0, min{β_1 − k^∗_1 · x(s), k_{∗,1} · x(s) − α_1}}, η_B (x)(s) = χ_B (s) · max{0, min{β_2 − k^∗_2 · x(s), k_{∗,2} · x(s) − α_2}}.

Then, for every x, y ∈ L^φ(μ) and s ∈ S, we have |η_A(x)(s) − η_A(y)(s)| ≤ κ · |x(s) − y(s)|, where κ = max{k_{∗,1}, k_{∗,2}, k^∗_1, k^∗_2}, so η_A and, similarly, η_B are continuous functions.

By virtue of the Urysohn lemma, we can find a continuous function r : Ω → [0, 1] such that r(ω_0) = 1 and r(ω) = 0 for every ω /∈ V . Now, let, for any x ∈ L^φ(μ) and ω ∈ Ω,

p_A(x) = φ^′_+(α_1) ∫ S η_A(x)(s) dμ, p_B (x) = φ^′_+(α_2) ∫ S η_B (x)(s) dμ,

γ_A(ω) = p_B(f(ω))r(ω) 1 + p_A(f(ω)) + p_B(f(ω))

, γ_B (ω) = p_A(f(ω))r(ω) 1 + p_A(f(ω)) + p_B(f(ω)) · Then p_A, p_B : L^φ(μ) → R are continuous, since |p_A(x) − p_A(y)| ≤ φ^′_+(α_1) · κ · ‖(x − y)χ_A‖_L1_{(μ)} ≤ M · φ^′_+(α_1) · κ · ‖(x − y)‖_Lφ_{(μ)} for some constant M > 0 (the right-hand side inequality is a consequence of the inclusion L^1(μ |_A) → L^φ(μ |_A) which holds true because μ(A) < ∞ and the closed graph theorem). Evidently, γ_A, γ_B : R → [0, 1] are also continuous functions.

Finally, let g, h : Ω → L^φ(μ) be defined as follows:

g(ω) = f(ω) + κ^{−1} · γ_A(ω) · η_A(f(ω)) − κ^{−1} · γ_B (ω) · η_B (f(ω)), h(ω) = f(ω) − κ^{−1} · γ_A(ω) · η_A(f(ω)) + κ^{−1} · γ_B (ω) · η_B (f(ω)).

Obviously, g, h are continuous functions and^1_2 (g + h) = f. Further, in both cases (i) and (ii), the function η_A(f(ω)) is positive on the set A. Thus g(ω_0) ≠ h(ω_0), so g ≠ h.

To finish the proof, we should show that ‖g(ω)‖^0_φ ≤ 1 and ‖h(ω)‖^0_φ ≤ 1 for every ω ∈ Ω. These inequalities are evident if ω /∈ V . Now, let ω ∈ V and put A_ω = {s ∈ A : η_A(f(ω))(s) > 0}, B_ω = {s ∈ B : η_B (f(ω))(s) > 0}.

Obviously, A_ω ⊂ A and B_ω ⊂ B for every ω ∈ V . Moreover, let k_ω be any element of K(f(ω)) if the assumption (i) is satisfied and put k_ω = k_0 ∈ K(f(ω)) if (ii) holds. Then k_ω · f(ω)(s) belongs to (α_1, β_1) (respectively, to (α_2, β_2)) for every s ∈ A_ω (resp., s ∈ B_ω). Further, since k_ω · κ^{−1} · γ_A(ω) ≤ 1, we have

k_ω · f(ω)(s) + k_ω · κ^{−1} · γ_A(ω) · η_A(f(ω))(s) ∈ [α_1, β_1]

for every s ∈ A_ω and, similarly,

k_ω · f(ω)(s) + k_ω · κ^{−1} · γ_A(ω) · η_A(f(ω))(s) ∈ [α_2, β_2]

for every s ∈ B_ω. Since η_A(f(ω))(s) = η_B (f(ω))(s) = 0 for every s ∈ (A \ A_ω) ∪ (B \ B_ω), we have

I_φ(k_ωg(ω)) = I_φ(k_ω · f(ω)χ_{S\(Aω ∪Bω )}) + I_φ(k_ω · f(ω)χ_{Aω} + k_ω · κ^{−1} · γ_A(ω) · η_A(f(ω))χ_{Aω} ) + I_φ(k_ω · f(ω)χ_{Bω} − k_ω · κ^{−1} · γ_B (ω) · η_B (f(ω))χ_{Bω} ) = I_φ(k_ω · f(ω)) + φ^′_+(α_1) · k_ω · κ^{−1} · γ_A(ω) · ∫ A_ω

η_A(f(ω))(s) dμ

− φ^′_+(α_2) · k_ω · κ^{−1} · γ_B(ω) · ∫ B_ω

η_B(f(ω))(s) dμ = I_φ(k_ω · f(ω)) + k_ω · κ^{−1} · [γ_A(ω)p_A(ω) − γ_B (ω)p_B(ω)] = I_φ(k_ω · f(ω)).

Thus

‖g(ω)‖^0_φ ≤ 1 k_ω

[1 + I_φ(k_ω · g(ω))] = 1 k_ω

[1 + I_φ(k_ω · f(ω))] = 1

and, analogously, ‖h(ω)‖^0_φ ≤ 1. Therefore f is not extreme and the proof is finished. □ In the following, by ℓ([a, b]) we shall denote the length of the interval [a, b].

Further, by Θ_f we shall denote the closure of all ω ∈ Ω such that the set supp f(ω) is decomposable.

Proposition 4. If f is an extreme point of the unit ball in the space C(Ω, (L^φ(μ), ‖ · ‖^0_φ)) then the set

Ω_0 = {ω ∈ Θ_f : ℓ(K(f(ω))) > 0}

is of the first Baire category in Ω.

Proof: Let Ω_n = {ω ∈ Θ_f : ℓ(K(f(ω))) ≥^1_n }, n = 1, 2, . . . . Since K is uppersemicontinuous, each Ω_n is closed. Obviously, Ω_0 = ⋃ n Ω_n. Let us suppose that

Ω_0 is not of the first Baire category in Ω. Then Int Ω_n ≠ ∅ for some (fixed from now on) n ∈ N. Let

ℓ_0 := inf{ℓ(K(f(ω))) : ω ∈ Int Ω_n} ≥ 1 n · Choose 0 < ε <^1_2 ℓ_0 and ω̄ ∈ Int Ω_n such that ℓ(K(f(ω_0))) < ℓ_0 + ε/2. Since K is upper-semicontinuous we can find ω_0 ∈ Int Ω_n such that supp f(ω_0) is decomposable and ε < ℓ_0 ≤ ℓ(K(f(ω_0))) ≤ ℓ(K(f(ω̄))) + ε/2 < ℓ_0 + ε.

Let k_0 :=^1_2 ·[k_∗(f(ω_0))+k^∗(f(ω_0))] and choose δ such that 0 < δ <^1_2 ℓ(K(f(ω_0)))− ε. Moreover, let V ⊂ Ω_n be an open neighborhood of ω_0 such that K(f(ω)) ⊂ [k_∗(f(ω_0)) − δ, k^∗(f(ω_0)) + δ], ω ∈ V . We have ℓ(K(f(ω))) ≥ ℓ_0, so ℓ(K(f(ω_0))) − ℓ(K(f(ω))) < ℓ_0 + ε − ℓ_0 = ε for every ω ∈ V . Therefore, for every ω ∈ V , k_∗(f(ω_0)) − δ ≤ k_∗(f(ω)) ≤ k_∗(f(ω_0)) + δ + ε < k_0 k_0 < k^∗(f(ω_0)) − δ − ε ≤ k^∗(f(ω)) ≤ k^∗(f(ω_0)) + δ.

Thus [k_∗(f(ω_0)) + δ + ε, k^∗(f(ω_0)) − δ − ε] ⊂ K(f(ω)), so k_0 ∈ ⋂ ω∈V K(f(ω)). Since ℓ(K(f(ω))) > 0, either k_0f(ω_0)(s) /∈ SC_φ or k_0f(ω_0)(s) = 0 for almost every s ∈ S. Therefore the set {s ∈ S : k_0f(ω_0)(s) /∈ SC_φ} ⊇ supp f(ω_0) is decomposable, so Lemma 5 implies that f is not extreme — a contradiction. □ Theorem 2. A function f is an extreme point of the unit ball of the space C(Ω, (L^φ(μ), ‖ · ‖^0_φ)) if and only if f(ω) ∈ Ext B(L^φ(μ), ‖ · ‖^0_φ) on a dense subset of Ω.

Proof: If supp f(ω) is an atom, then f(ω) is an extreme point of B(L^φ(μ), ‖ · ‖^0_φ). Thus, it suffices to prove that if f is an extreme point, the set supp f(ω) is decomposable and K(f(ω)) is a one-point set, then f(ω) ∈ Ext B(L^φ(μ), ‖ · ‖^0_φ), the rest of the proof is the consequence of Proposition 4 and the Baire category theorem.

Assume that K(f(ω_0)) = {k_0} and suppose that the set {s ∈ S : k_0f(ω_0)(s) /∈ SC_φ} is of positive measure and it is not an atom at the same time. Then we can find two affine structural intervals (α_1, β_1) and (α_2, β_2) of φ (maybe equal to each other) such that the set {s ∈ S : k_0f(ω_0)(s) ∈ (α_1, β_1) ∪ (α_2, β_2)} is decomposable. Then, for some δ > 0, the set

C = {s ∈ S : k_0f(ω_0)(s) ∈ (α_1 + δ, β_1 − δ) ∪ (α_2 + δ, β_2 − δ)} is decomposable as well. Evidently, we can find ε > 0 such that (k_0 ± ε) · f(ω_0)(s) ∈ (α_1, β_1) ∪ (α_2, β_2) for every s ∈ C. Therefore, by Lemma 5, f is not an extreme point and that contradiction ends the proof of the theorem. □

3. Compact nice operators from E^φ(μ) into C(Ω).

If T is a linear operator from a Banach space X into C(Ω), then the map T^∗ : Ω → X^∗ defined by

⟨T^∗ω, x⟩ = (T x)(ω) x ∈ X, ω ∈ Ω,

is continuous from Ω into the weak^∗-topology of X^∗. Moreover, T^∗ is norm continuous if and only if T is compact [4]. T is called nice [11] provided T^∗(Ω) ⊆ Ext B(X^∗). As a consequence of Theorem 2 we obtain

Theorem 3. Let T be a linear compact operator from (E^φ(μ), ‖ · ‖_φ) into C(Ω). Then T is extremal if and only if

T^∗(ω) ∈ Ext B(L^{φ∗} (μ), ‖ · ‖^0_φ∗ )

on a dense subset of Ω.

Let K^∗ : L^{φ∗} (μ) \ {0} → 2^{(0,∞)} be defined by

K^∗(x^∗) = {k ∈ (0, ∞) : ‖x^∗‖^0_φ∗ = 1 k · (1 + I_φ∗ (kx^∗))}.

Applying the results of Section 1 and Theorem 2 we obtain

Theorem 4. Let T be a linear compact operator from (E^φ(μ), ‖ · ‖_φ) into C(Ω). If E^φ(μ) is finite dimensional or the mapping K^∗ is single valued then T is an extreme operator if and only if T is nice.

Remark. The function φ is said to satisfy the condition Δ_2 if:

(a) There exists a constant c > 1 such that φ(2u) ≤ cφ(u) for every u (respectively, every u ≥ u_0, φ(u_0) < ∞) provided μ is atomless and infinite (resp., finite);

(b) there exist constants c > 1, a > 0 (0 < φ(a) < ∞), and a sequence (d_n) of nonnegative numbers such that ∑ n d_n < ∞ and

φ(2u)μ(s_n) ≤ cφ(u)μ(s_n) + d_n

for every u with φ(u)μ(s_n) ≤ a and every n ∈ N, if μ is a purely atomic measure (S = {s_n : n ∈ N}, μ(s_n) > 0 for each n ∈ N);

(c) a combination of (a) and (b) if S has both an atomless and purely atomic parts.

Note that if L^φ(μ) is finite dimensional then L^φ(μ) = E^φ(μ). If dim L^φ(μ) = ∞, then the equality L^φ(μ) = E^φ(μ) holds if and only if φ satisfies the condition Δ_2 (cf. [12, Theorem 3.18, p. 52]). Thus, assuming that either dim L^φ(μ) < ∞ or φ satisfies the condition Δ_2, Theorem 3 and Theorem 4 remain valid for the whole Orlicz space L^φ(μ).

References

[1] Aubin J.P., Cellina A., Differential Inclusions, Springer Verlag, Berlin, 1984. [2] Blumenthal R.M., Lindenstrauss J., Phelps R.R., Extreme operators into C(K), Pacific J.

Math. 15 (1965), 747–756.

[3] Clausing A., Papadopoulou S., Stable convex sets and extreme operators, Math. Ann. 231 (1978), 193–203.

[4] Dunford N., Schwartz J.T., Linear Operators I, General Theory, Pure Appl. Math., vol. 7, Interscience, New York, 1958.

[5] Grza̧ślewicz R., Extreme points in C(K, L^φ(μ)), Proc. Amer. Math. Soc. 98 (1986), 611–614. [6] Krasnosel’skii M.A., Rutickii Y.B., Convex Functions and Orlicz Spaces, Nordhoff, Groningen, 1961.

[7] Lao B.Y., Zhu X., Extreme points of Orlicz spaces (in Chinese), J. Zhongshan University, no. 2 (1983), 27–36.

[8] Lindenstrauss J., Tzafriri L., Classical Banach Spaces II, Springer Verlag, Berlin-Heidelberg- New York, 1977.

[9] Luxemburg W.A.J., Banach Function Spaces, Thesis, Delft, 1955. [10] Michael E., Continuous selections I, Ann. of Math. (2) 63 (1956), 361–382. [11] Morris P.D., Phelps R.R., Theorems of Krein-Milman type for certain convex sets of operators, Trans. Amer. Math. Soc. 150 (1970), 183–200.

[12] Musielak J., Orlicz spaces and modular spaces, Lecture Notes in Math. 1034, Springer Verlag, 1983.

[13] Orlicz W., Über eine gewisse Klasse von Räumen vom Typus B, Bull. Intern. Acad. Pol., série A, Kraków (1932), 207–220.

[14] Papadopoulou S., On the geometry of stable compact convex sets, Math. Ann. 229 (1977), 193–200.

[15] Wang Zhuogiang, Extreme points of Orlicz sequence spaces (in Chinese), J. Daqing Oil College, no. 1 (1983), 112–121.

[16] Wisła M., Extreme points and stable unit balls in Orlicz sequence spaces, Archiv der Math.

56 (1991), 482–490.

[17] , A full description of extreme points in C(Ω, L^φ(μ)), Proc. of Amer. Math. Soc. 113 (1991), 193–200.

[18] Wu Congxin, Wang Tingfu, Chen Shutao, Wang Youwen, Geometry of Orlicz Spaces (in Chinese), Harbin Institute of Technology, Harbin, 1986.

[19] Wu Congxin, Zhao Shanzhong, Chen Junao, On calculation of rotundity of Orlicz spaces (in Chinese), J. Harbin Inst. of Technology, no. 2 (1978), 1–12.

Department of Mathematics, Harbin Normal University, Harbin, China

Institute of Mathematics, A. Mickiewicz University, Matejki 48/49, 60 769 Poznań, Poland

(Received May 7, 1992)