Comment.Math.Univ.Carolin. 34,1 (1993)125–138 125

Bifurcation for some semilinear elliptic equations

when the linearization has no eigenvalues

Wolfgang Rother

Abstract. We prove existence and bifurcation results for a semilinear eigenvalue problem in R^N (N ≥ 2), where the linearization — △ has no eigenvalues. In particular, we show that under rather weak assumptions on the coefficients λ = 0 is a bifurcation point for this problem in H^1, H^2 and L^p (2 ≤ p ≤ ∞).

Keywords: bifurcation point, variational method, eigenvalues, exponential decay, standing waves

Classification: 35P30, 35A30

1. Introduction and presentation of the results.

In the present paper, we consider the nonlinear eigenvalue problem

(1.1) − △ u − q(x)|u|^{σ1} u + r(x)|u|^{σ2} u = λu in R^N ,

where N ≥ 2 and σ_1 and σ_2 are positive constants such that σ_1 < 4/N. In particular, we are interested in the question if λ = 0 is a bifurcation point for the equation (1.1).

Since the problem (1.1) is considered in R^N , the linearization − △ has no eigenvalues and λ = 0 is the infimum of the spectrum of − △. In case that r ≡ 0, this problem has been studied by many authors. See for instance [5]–[7], [9], [13]–[18] and the literature quoted therein. In case that r ≢ 0, we only know some existence results for the equation (1.1) (see [1], [2], [8] and [12]), but no bifurcation results. In the following, we will close this gap by presenting some bifurcation results for the general case.

We always assume that the functions q and r satisfy the subsequent conditions: (A) The functions q, r : R^N → R are measurable and r fulfills r(x) ≥ 0 for almost all x ∈ R^N .

(B) There exist a constant 0 < a ≤ 2 − (σ_1N/2) and an open ball B ⊂ R^N , satisfying B ≠ ∅ and 0 /∈ B̄ (B̄ is the closure of B), such that q(x) ≥ f(x)|x|^{−a} holds for almost all x ∈ ζ, where ζ = {tx; t ≥ 1, x ∈ B} and f : ζ → [0, ∞) is a measurable function satisfying f(x) → ∞ as |x| → ∞.

Moreover, we assume that there exists a constant K such that

r(x) ≤ K|x|^b holds for almost all x ∈ ζ, where b is defined by b = (2 − a)(σ_2/σ_1) − 2.

(C) The functions r and q_− = min(q, 0) are locally integrable. (D) The function q_+ = max(q, 0) can be written as q_+ = q_1 + q_2, where (D1) the function q_1 satisfies 0 ≤ q_1 ∈ L^∞, and q_1(x) tends uniformly to zero as |x| → ∞,

(D2) and the function q_2 satisfies 0 ≤ q_2 ∈ L^{p0} for some constant

2N/(4 − σ_1N) < p_0 < ∞.

We want to point out that the above assumptions allow the function q to decay exponentially to −∞ or faster in some direction, and allow the function r to increase exponentially to +∞ or faster in some direction.

Theorem 1.1. Suppose that the functions q and r satisfy the assumptions (A)–(D) and that the constant a is defined as in condition (B). Then, there exists a constant μ_a ∈ (0, ∞], depending on a, such that for each μ ∈ (0, μ_a) there exists a nonpositive constant λ(μ) and a nontrivial nonnegative function u_μ ∈ H^1 ∩ L^∞ which solves equation (1.1) in the sense of distributions. In case that a = 2 − (σ_1N/2), we have μ_a = ∞. Moreover, it follows that λ(μ) → 0, ‖u_μ‖_H1 → 0 and, if p ∈ [2, ∞], that ‖u_μ‖_p → 0 as μ → 0. Hence, λ = 0 is a bifurcation point for equation (1.1) in H^1 and in L^p for p ∈ [2, ∞].

Corollary 1.2. (a) If q_−, r ∈ L^p_{loc} holds for some constant p > N/2, then u_μ is positive and locally Hölder continuous.

(b) If q and r are locally Hölder continuous, then we have u_μ ∈ C^2 and the equation (1.1) holds in the classical sense.

Corollary 1.3. Suppose in addition to (A)–(D) that p_0 ≥ 2 and that q, r ∈ L^∞ + L^2. Then, it follows that u_μ ∈ H^2 and that ‖u_μ‖_H2 → 0 as μ → 0. Thus, λ = 0 is a bifurcation point for (1.1) in H^2.

Remark 1.4. In case that r ≡ 0, Corollary 1.3 improves Theorem 2.6 (c) in [13]. In [13] it is assumed that q is nonnegative, that q = q_+ satisfies condition (D) and that p_0 ≥ 2. Moreover, it is assumed

(i) that there exist constants A > 0 and 0 ≤ t < 2 − (σ_1N/2) such that q(x) ≥ A(1 + |x|)^{−t} holds a.e. in R^N . In case that N ≥ 3 the author requires additionally

(ii) that σ_1 < 2/(N − 2) and p_0 > 2N/(2 − σ_1(N − 2)). Hence, Corollary 1.3 shows that the condition (i) can be weakened considerably and that condition (ii) is superfluous.

The solutions of the equation (1.1) supply standing waves for nonlinear Klein- Gordon and Schrödinger equations. So, from the standpoint of physics it is an interesting question if the solutions of (1.1) decay exponentially to 0 at infinity.

For the proof of the exponential decay to 0 we need an additional assumption: (E) There exists a constant R_0 > 0 such that q_2 satisfies

q_2(x) = 0 for almost all |x| ≥ R_0.

Theorem 1.5. Suppose that σ_2 ≤ σ_1 and that the functions q and r satisfy the assumptions (A)–(E). Then, for each μ ∈ (0, μ_a) the function u_μ decays exponentially to 0 at infinity.

Theorem 1.6. Suppose that σ_1 < σ_2 and that the functions q and r satisfy the assumptions (A)–(E). Then, there exists a decreasing sequence (μ_n) ⊂ (0, μ_a) such that lim_{n→∞} μ_n = 0 and u_{μn} decays exponentially to 0 at infinity. The proofs for Theorem 1.5–1.6 can be found in § 4. 2. Some preliminaries.

For p ∈ [1, ∞], L^p = L^p(R^N ) and L^p_{loc} = L^p_{loc}(R^N ) are the usual Lebesgue spaces and ‖ · ‖_p is the norm on L^p. If 1 < p < ∞, then the dual index p^′ of p is defined by p^′ = p/(p − 1). Furthermore, H^k (k = 1, 2) is the Hilbert space H^k(R^N ) = W^{k,2}(R^N ). The norm on H^1 is given by ‖u‖_H1 = (‖▽u‖^2+‖u‖^2)^{1/2} and the norm on H^2 by ‖u‖_H2 = (‖ △ u‖^2 +‖▽u‖^2 +‖u‖^2)^{1/2}. Finally, C^∞_0 = C^∞_0 (R^N ) denotes the set of all functions which have compact support and derivatives of any order.

If N = 2, then it follows from the Sobolev imbedding theorem that for each p ∈ [2, ∞) there exists a constant A_p such that (2.1) ‖u‖_p ≤ A_p‖u‖_H1 holds for all u ∈ H^1.

In case that N ≥ 3, we define 2^∗ = 2N/(N − 2). Then, there exists a constant C_0 such that (2.2) ‖u‖_2∗ ≤ C_0‖▽u‖_2 holds for all u ∈ H^1. In particular we see that for each p ∈ [2, 2^∗] there exists a constant B_p such that (2.3) ‖u‖_p ≤ B_p‖u‖_H1 holds for all u ∈ H^1.

Let F be one of the Banach spaces H^1, H^2 or L^p. Then a real number λ is called a bifurcation point for the equation (1.1) in F if and only if there exists a sequence (λ_n, u_n) ⊂ R × F such that u_n ≢ 0, λ_n → λ, ‖u_n‖_F → 0 (n → ∞) and ∫ ▽u_n▽φ dx − ∫ q|u_n|^{σ1} u_nφ dx + ∫ r|u_n|^{σ2} u_nφ dx = λ_n ∫ u_nφ dx

holds for all φ ∈ C^∞_0 and n ∈ N.

When the domain of integration is not indicated, it is understood to be R^N . Lemma 2.1. Let v ∈ H^1 be a nonnegative function. Then, there exists a sequence (φ_n) of nonnegative functions φ_n ∈ C^∞_0 such that φ_n → v in H^1.

Proof: The functions η_n (n ∈ N) may be chosen such that η_n ∈ C^∞_0 , 0 ≤ η_n ≤ 1, η_n(x) = 1 holds for |x| ≤ n, η_n(x) = 0 if |x| ≥ n + 1 and ‖▽η_n‖_∞ ≤ C, where the constant C is independent of n. Then η_nv → v in H^1.

For a function u ∈ L^1_{loc}, the regularization u_ε may be defined as in [3, p. 147]. Then, we can find a sequence (ε_n) of positive numbers ε_n, satisfying ε_n → 0, such that φ_n = (η_nv)_{εn} → v in H^1. □

Lemma 2.2. Let v ∈ H^1 be a nonnegative function and, for t > 0, v_t may be defined by v_t = min(v, t). Then it follows that v_t ∈ H^1, ∂_iv_t = ∂_iv holds almost everywhere in {x; v(x) ≤ t} and ∂_iv_t = 0 holds almost everywhere in {x; v(x) > t}. Moreover, for each s ∈ [1, ∞), we have 0 ≤ v^s_t ∈ H^1 ∩ L^∞ and ∂_iv^s_t = sv^{s−1}_t ∂_iv_t (i = 1, . . . N).

Proof: The first part of the lemma follows from Lemma 1.1 in [10] and Theorem 7.8 in [3]. The functions η_n and the regularizations u_ε may be defined as in the proof of Lemma 2.1. Then, there exists a sequence of positive numbers (ε_n) such that ε_n → 0 and φ_n = (η_nv_t)_{εn} −→ v_t in H^1.

Here, the functions φ_n satisfy φ_n ∈ C^∞_0 and 0 ≤ φ_n ≤ t. Since φ_n → v_t in L^2, we can find a subsequence (φ_{n(k)}) of (φ_n) such that φ_{n(k)}(x) → v_t(x) for almost all x ∈ R^N .

Now, suppose that s > 1. Then it follows that φ^s_{n(k)} ∈ C^1_0 and that

∂_iφ^s_{n(k)} = sφ^{s−1}_{n(k)}∂_iφ_{n(k)} .

Moreover, since |v^s_t − φ^s_{n(k)}| ≤ s|v_t − φ_{n(k)}|t^{s−1}, we see that φ^s_{n(k)} → v^s_t in L^2. Hence, we obtain: ∂_iv^s_t = sv^{s−1}_t ∂_iv_t. □

The following lemma can be found in [11, p. 93].

Lemma 2.3. Suppose that φ(t) (t ∈ [t_0, ∞)) is a nonnegative and nonincreasing function such that φ(h) ≤ C(h − t)^{−γ} φ(t)^δ holds for all h > t ≥ t_0. The constants γ and C are assumed to be positive and δ may satisfy δ > 1. Then, for d = C^{1/γ} φ(t_0)^{(δ−1)/γ} 2^{δ/(δ−1)} it follows that φ(t_0 + d) = 0. 3. Proof of the main results.

In the present paragraph, we will prove Theorem 1.1 and Corollary 1.2–1.3. We start with Lemma 3.1. There exist positive constants α and β, and for each ε > 0 a constant K_ε > 0, such that

(2 + σ_1)^{−1} ∫ q_+|u|^{2+σ1} dx ≤ ε‖▽u‖^2 + K_ε ( ‖u‖^{2+α}_2 + ‖u‖^{2+β}_2 )

holds for all u ∈ H^1.

Proof: For ε =^1_4 , the proof can be found in [5, pp. 568–569]. For general ε > 0, the proof proceeds quite similarly. □

The nonlinear functional ξ may be defined by

ξ(u) = 1 2 ∫ |▽u|^2 dx − (2 + σ_1)^{−1} ∫ q|u|^{2+σ2} dx

+ (2 + σ_2)^{−1} ∫ r|u|^{2+σ2} dx.

By D, we denote the set

D = {u ∈ H^1; ∫ |q_−||u|^{2+σ1} dx < ∞ and ∫ r|u|^{2+σ2} dx < ∞}.

Moreover, for μ ≥ 0, we define D_μ = {u ∈ D; ‖u‖_2 ≤ μ}. Then, according to Lemma 3.1, we see that I(μ) = inf_{u∈Dμ} ξ(u) is a well defined real number.

Lemma 3.2. (a) Suppose that the constant a in condition (B) satisfies a = 2 − (σ_1N/2). Then it follows that I(μ) < 0 holds for all μ > 0.

(b) Suppose that a < 2 − (σ_1N/2). Then, there exists a constant μ_a > 0 such that I(μ) < 0 holds for all μ ∈ (0, μ_a).

Remark 3.3. In the following, we define μ_a = ∞ if a = 2 − (σ_1N/2).

Proof of Lemma 3.2: The ball B may be defined as in condition (B) and ν may be a positive constant. Then, the function φ_0 ∈ C^∞_0 may be chosen such that supp φ_0 ⊂ B and ‖φ_0‖_2 = ν. Moreover, for each t ≥ 1, we define φ_t(x) = t^kφ_0(t^{−1}x), where k = (a − 2)/σ_1. Since ‖φ_t‖_2 = νt^{k+(N/2)}, we see that φ_t ∈ D_{νt}k+(N/2) and that

I ( νt^{k+(N/2)} ) ≤ ξ(φ_t) = t^{2k+N−2} ( 1 2 ∫ |▽φ_0(x)|^2 dx

− t^{2+kσ1} (2 + σ_1)^{−1} ∫ B q(tx)|φ_0(x)|^{2+σ1} dx

+ t^{2+kσ2} (2 + σ_2)^{−1} ∫ B r(tx)|φ_0(x)|^{2+σ2} dx )

≤ t^{2k+N−2} (1 2 ∫ |▽φ_0(x)|^2 dx

− inf_{x∈B} f(tx)(2 + σ_1)^{−1} ∫ B |x|^{−a}|φ_0(x)|^{2+σ1} dx

+ K(2 + σ_2)^{−1} ∫ B |x|^b|φ_0(x)|^{2+σ2} dx ) . Since inf_{x∈B} f(tx) → ∞ as t → ∞, we can find a constant t_0 ≥ 1 such that

(3.1) I ( νt^{k+(N/2)} ) < 0 holds for all t > t_0.

Now, suppose that a = 2 − (σ_1N/2). Then, we have k + (N/2) = 0. Hence, the part (a) of the lemma follows from (3.1) for ν = μ. In case that a < 2 − (σ_1N/2), we have k + (N/2) < 0. Then, the assertion of the part (b) follows from (3.1) if we define ν = 1, μ_a = t^{k+(N/2)}_0 and μ = t^{k+(N/2)}. □

Lemma 3.4. For each μ ∈ (0, μ_a) there exists a function u_μ ∈ D_μ such that u_μ ≥ 0, ‖u_μ‖_2 > 0 and ξ(u_μ) = I(μ).

Proof: Let μ ∈ (0, μ_a), and (v_n) ⊂ D may be a sequence such that ξ(v_n) → I(μ). Then, we may assume without restriction that ξ(v_n) ≤ 0 and that v_n ≥ 0 holds for all n. Hence, we obtain from Lemma 3.1:

(3.2) 1 4 ‖▽v_n‖^2 + (2 + σ_1)^{−1} ∫ |q_−||v_n|^{2+σ1} dx

+ (2 + σ_2)^{−1} ∫ r|v_n|^{2+σ1} dx ≤ K_{1/4}(μ^{2+α} + μ^{2+β}).

Since (v_n) is bounded in H^1, we can find a subsequence of (v_n), still denoted by (v_n), and a u_μ ∈ H^1 such that v_n −→_w u_μ in H^1 and v_n(x) → u_μ(x) for almost all x ∈ R^N . Then, it follows from the uniform boundedness principle, (3.2) and Fatou’s lemma that ‖u_μ‖_2 ≤ μ, ‖▽u_μ‖_2 ≤ lim inf ‖▽u_n‖_2, ∫ |q_−||u_μ|^{2+σ1} dx ≤ lim inf ∫ |q_−||v_n|^{2+σ1} dx < ∞

and ∫ r|u_μ|^{2+σ2} dx ≤ lim inf ∫ r|v_n|^{2+σ2} dx < ∞.

Moreover, we see that u_μ ≥ 0. Since the imbedding H^1(G) → L^{(2+σ1)p′0} (G) is compact for all bounded balls G and q_1(x) → 0 as |x| → ∞, it follows that ∫ q_+|v_n|^{2+σ1} dx −→ ∫ q_+|u_μ|^{2+σ1} dx (see [5, p. 570]).

Moreover, we obtain

I(μ) ≤ ξ(u_μ) ≤ lim inf ξ(v_n) = I(μ) < 0

and consequently that ξ(u_μ) = I(μ) and ‖u_μ‖_2 > 0. □ Lemma 3.5. For μ ∈ (0, μ_a), the function u_μ may be chosen as in Lemma 3.4. Then, it follows that ∫ ▽u_μ▽φ dx − ∫ q|u_μ|^{σ1} u_μφ dx + ∫ r|u_μ|^{σ2} u_μφ dx = λ(μ) ∫ u_μφ dx

holds for all functions φ ∈ C^∞_0 , where

λ(μ) = ‖u_μ‖^{−2}_2 ( ‖▽u_μ‖^2 − ∫ q|u_μ|^{2+σ1} dx + ∫ r|u_μ|^{2+σ2} dx ) .

Proof: Let φ ∈ C^∞_0 . Then dξ(‖u_μ‖_2‖u_μ + εφ‖^{−1}_2 (u_μ + εφ))/dε |_{ε=0}= 0 implies the assertion. □

Lemma 3.6. The constant λ(μ) may be defined as in Lemma 3.5. Then, we have λ(μ) ≤ 0.

Proof: For all t ∈ (0, 1], we have ξ(u_μ) = I(μ) ≤ I(tμ) ≤ ξ(tu_μ).

Hence λ(μ) = ‖u_μ‖^{−2}_2 dξ(tu_μ)/dt |_{t=1}≤ 0 implies the assertion. □ Proposition 3.7. The constants α and β may be chosen as in Lemma 3.1. Then, there exists a constant C such that |λ(μ)| ≤ C(μ^α + μ^β) and ‖▽u_μ‖^2 ≤ C(μ^{2+α} + μ^{2+β}) holds for all μ ∈ (0, μ_a). Hence, λ = 0 is a bifurcation point for the equation (1.1) in H^1.

Proof: Since ξ(u_μ) < 0, we obtain from Lemma 3.1 that (3.3) ‖▽u_μ‖^2 ≤ 4K_{1/4}(‖u_μ‖^{2+α}_2 + ‖u_μ‖^{2+β}_2 ) ≤ 4K_{1/4}(μ^{2+α} + μ^{2+β} ). Moreover, since λ(μ) ≤ 0, it follows from (3.3) and Lemma 3.1 that

|λ(μ)| = −λ(μ) ≤ ‖u_μ‖^{−2}_2 ∫ q_+|u_μ|^{2+σ1} dx

≤ (2 + σ_1)(4K_{1/4} + K_1) ( ‖u_μ‖^α_2 + ‖u_μ‖^β_2 ) ≤ C ( μ^α + μ^β ) . □ Lemma 3.8. For all nonnegative functions v ∈ H^1 we obtain

(3.4) ∫ ▽u_μ▽v dx ≤ λ(μ) ∫ u_μv dx + ∫ q_+u^{1+σ1}_μ v dx

and, according to Lemma 3.6, that

(3.5) ∫ ▽u_μ▽v dx ≤ ∫ q_+u^{1+σ1}_μ v dx.

Proof: Clearly, the assertion holds for all nonnegative functions v ∈ C^∞_0 . Hence, the result follows from Lemma 2.1. □ Lemma 3.9. Suppose that N ≥ 3 and that ∫ q_+u^{1+σ1+s} μ dx < ∞ holds for some constant s > 1. Then, it follows that u_μ ∈ L^{2∗(s+1)/2}.

Proof: For t > 0, the function v_t may be defined by v_t = min(u_μ, t). Then, according to Lemma 2.2, we see that 0 ≤ v^s_t ∈ H^1. Inserting v^s_t in (3.5) shows that

4s(s + 1)^{−2} ∫ |▽v^{(s+1)/2} t |^2 dx ≤ ∫ q_+u^{1+σ1+s} μ dx.

Hence, using (2.2) and letting t → ∞, we obtain the assertion by Fatou’s lemma. □

Lemma 3.10. For each p ∈ [2, ∞), we have u_μ ∈ L^p.

Proof: For N = 2 and for p ∈ [2, 2^∗], if N ≥ 3, the assertion follows from the Sobolev imbedding theorem. Now, suppose that N ≥ 3 and that the constants r_n and s_n are defined by r_n = 2^∗(1 + ε_0)^n and s_n = (r_n/p^′_0) − 1 − σ_1, where ε_0 = (2^∗/2p^′_0) − (σ_1/2) − 1. Here, the constant p_0 is defined as in condition (D2). Since p_0 > 2N/(4 − σ_1N + 2σ_1) and r_n ≥ 2^∗, it follows that ε_0 > 0 and s_n > 1.

Now, assume that u_μ ∈ L^{rn} holds for some n ∈ N_0. Then 2 ≤ 1 + σ_1 + s_n < (1 + σ_1 + s_n)p^′_0 = r_n implies that ∫ q_+u^{1+σ1+sn} μ dx < ∞.

Hence, we obtain from Lemma 3.9 that u_μ ∈ L^{2∗(sn+1)/2}. But

(2^∗/2)(s_n + 1) = (2^∗/2)((r_n/p^′_0) − σ_1) ≥ (2^∗/2)(r_n/p^′_0) − (r_n/2)σ_1 = r_n(1 + ε_0) = r_{n+1}

implies that u_μ ∈ L^{rn+1} . Hence, we see that u_μ ∈ L^p holds for all p ∈ [2^∗, ∞). □ Lemma 3.11. For each μ ∈ (0, μ_a), we have u_μ ∈ L^∞.

Proof: For t > 0, we define the function U_t by U_t = (u_μ − t)_+ and the set A(t) by A(t) = {x; u_μ(x) ≥ t}. Then, we obtain from (3.5) that

(3.6) ∫ ▽u_μ▽U_t dx ≤ ∫ A(t)

q_+u^{2+σ1}_μ dx.

The constant p_1 may be defined by p_1 = 2N/(4 − σ_1N). Since p_0 > p_1, we can find a constant p_2 ∈ (1, ∞) such that 1/p^′_0 · 1/p^′_2 = 1/p^′_1. Then, the inequality (3.6) implies

(3.7) ∫ |▽U_t|^2 dx ≤ C(μ)(meas A(t))^{1/p′1}

for all t > 0, where C(μ) is defined by

(3.8) C(μ) = ‖q_1‖_∞ (∫ u^{(2+σ1)p1} μ dx

)_{1/p1}

+ ‖q_2‖_{p0} (∫ u^{(2+σ1 )p′0p2} μ dx

)_{1/(p}′_{0 p2)} . Now, let us assume that N ≥ 3. Then, it follows from (2.2) and (3.7) that

(3.9) (∫ A(t)

(u_μ − t)^{2∗} dx

)_{2/2}∗ ≤ C^2_0 C(μ)(meas A(t))^{1/p′1} .

Moreover, for each h > t, we have

(3.10) (∫ A(t)

(u_μ − t)^{2∗} dx

)_{2/2}∗ ≥ (∫ A(h)

(u_μ − t)^{2∗} dx

)_{2/2}∗

≥ (h − t)^2(meas A(h))^{2/2∗} . Combining (3.9) and (3.10) yields meas A(h) ≤ (C^2_0 C(μ))^{2∗/2}(h − t)^{−2∗} (meas A(t))^{2∗ /2p′1} for all h > t > 0. Since 2^∗/(2p^′_1) = 1 + (σ_1N)/2(N − 2) > 1, it follows from Lemma 2.3 that u_μ is essentially bounded. Moreover, for each t_0 > 0, we have ‖u_μ‖_∞ ≤ d + t_0, where d = C_0C(μ)^{1/2}(meas A(t_0))^{σ1/4}2^{1+(2(N−2)/σ1 N)}. For t_0 = ‖u_μ‖_2, it follows that meas A(t_0) ≤ ‖u_μ‖^{−2}_2 ∫ A(t_0)

u^2_μ dx ≤ 1.

Hence, we obtain that (3.11) ‖u_μ‖_∞ ≤ C_0C(μ)^{1/2}2^{1+(2(N−2)/σ1 N)} + μ.

Finally, we consider the case that N = 2. Here, we obtain for all t > 0:

(3.12) ∫ U^2_t dx ≤ ∫ A(t)

u^2_μ dx ≤ (∫ A(t)

u^{2p1}_μ dx

)_{1/p1} (meas A(t))^{1/p′1} .

Combining (3.7) and (3.12) yields ‖U_t‖^2_{H1} ≤ C^∗(μ)(meas A(t))^{1/p′1} for all t > 0, where (3.13) C^∗(μ) = C(μ) + (∫ u^{2p1}_μ dx

)_{1/p1} . Hence, (2.1) implies (∫ A(t)

(u_μ − t)^p dx

)_{2/p}

≤ C^2_p C^∗(μ)(meas A(t))^{1/p′1}

for all t > 0 and p ∈ [2, ∞). Then, proceeding as in the case that N ≥ 3, one can show that meas A(h) ≤ C^p_p C^∗(μ)^{p/2}(h − t)^{−p}(meas A(t))^{p/(2p′1)} holds for all h > t > 0 and p ∈ [2, ∞). Hence, according to Lemma 2.3, we see that u is essentially bounded and that (3.14) ‖u_μ‖_∞ ≤ C_pC^∗(μ)^{1/2}2^{(p/(2p′1))((p/2p′1 )−1)} + μ if p > 2p^′_1. □

Lemma 3.12. For all p ∈ [2, ∞) we have ‖u_μ‖_p → 0 as μ → 0. Proof: We start with the case that N = 2. Then, according to (2.1), we obtain:

‖u_μ‖_p ≤ C_p‖u_μ‖_H1 for all μ ∈ (0, μ_a).

Hence, the assertion follows from Proposition 3.7. In case that N ≥ 3 and p ∈ [2, 2^∗], the assertion is obtained by (2.3) and Proposition 3.7. Now, assume that N ≥ 3 and that p ∈ (2^∗, ∞). Then, we can find a constant t > 0 such that p = (1 + (t/2))2^∗. Thus, by the Sobolev inequality (2.2), we see that

(3.15)

‖u_μ‖^{2+t}_p = ‖u^{1+(t/2)}_μ ‖^2∗ ≤ C^2_0 ‖▽u^{1+(t/2)}_μ ‖^2

= C^2_0 (1 + (t/2))^2(1 + t)^{−1} ∫ ▽u_μ▽u^{1+t}_μ dx.

The right hand side of (3.15) is well defined since u_μ is bounded. From (3.5), we conclude that

(3.16) ∫ ▽u_μ▽u^{1+t}_μ dx ≤ ∫ q_+u^{2+σ1+t} μ dx

≤ ‖q_1‖_∞ ∫ u^{2+σ1+t} μ dx + ‖q_2‖_{p0} (∫ u^{(2+σ1+t)p′0} μ dx

)_{1/p}′_0 . Since

p^′_0 < 2N/(2(N − 2) + σ_1N) < 2N/(2(N − 2) + σ_1(N − 2)) ≤ (2N + tN)/((2 + σ_1)(N − 2) + t(N − 2)) = (2 + σ_1 + t)^{−1} · (2N + tN)/(N − 2) = (2 + σ_1 + t)^{−1}p,

we see that there is a constant τ ∈ (0, 1) such that

(2 + σ_1 + t)p^′_0 = τp + (1 − τ)2.

Hence, by Hölder’s inequality, we obtain (∫ u^{(2+σ1+t)p′0} μ dx

)_{1/p}′_0

≤ ‖u_μ‖^{pτ /p′0}_p ‖u_μ‖^{2(1−τ )/p′0} 2 . Then, using again the fact that p^′_0 < 2N/(2(N − 2) + σ_1N), it is not difficult to show that pτ/p^′_0 < 2 + t.

Quite similarly, one can prove that there exist constants c_1 ∈ (0, 2+t) and c_2 > 0 such that ∫ u^{2+σ1+t} μ dx ≤ ‖u_μ‖^{c1}_p ‖u_μ‖^{c2}_2 . Hence, we conclude from (3.15), (3.16) and Young’s inequality that ‖u_μ‖_p → 0 as μ → 0. □

Lemma 3.13. We have ‖u_μ‖_∞ → 0 as μ → 0.

Proof: The constants C(μ) and C^∗(μ) may be defined as in (3.8) and (3.13). Then, according to Lemma 3.12, it follows that C(μ) → 0 and C^∗(μ) → 0 as μ → 0. Hence, the assertion follows from (3.11) and (3.14). □

Proof of Corollary 1.2: Suppose that the assumptions of part (a) are fulfilled. Then, according to Lemma 3.5, we see that

− △ u_μ + c(x)u_μ = 0 holds in D^′(R^N ),

where c(x) = −q(x)u^{σ1}_μ (x) + r(x)u^{σ2}_μ (x) − λ(μ). Since p_0 > N/2 and u_μ ∈ L^∞, we see that c ∈ L^{p1}_{loc}, where p_1 = min(p_0, p) satisfies p_1 > N/2. Now, the assertion follows from Theorem 7.1 and Corollary 8.1 in [10].

Next, we suppose that the assumptions of the part (b) are fulfilled. Then, it follows from part (a) that u is locally Hölder continuous. Hence, the distribution △ u_μ can be represented by a locally Hölder continuous function. Thus, the assertion of the part (b) follows by a well known result from the regularity theory of elliptic differential equations. □

Proof of Corollary 1.3: According to Lemma 3.5, we see that

(3.17) − △ u_μ = λ(μ)u_μ + qu^{1+σ1}_μ − ru^{1+σ2}_μ holds in D^′(R^N ).

Then, it follows from the assumptions and from Lemma 3.10 – Lemma 3.13 that the right hand side of (3.17) defines a function F_μ ∈ L^2 such that ‖F_μ‖_2 → 0 as μ → 0. Consequently, we see that u_μ ∈ H^2 and that ‖u_μ‖_H2 → 0 as μ → 0. □

4. Exponential decay.

Lemma 4.1. Suppose that the functions q and r satisfy the assumptions (A)–(E) and that for μ ∈ (0, μ_a) the function u_μ and the constant λ(μ) are defined as in Lemma 3.4 resp. Lemma 3.5. Moreover, we assume that λ(μ) < 0 holds for some μ ∈ (0, μ_a). Then, for each c ∈ (0, −λ(μ)) there exists a constant A_c such that

u_μ(x) ≤ A_c exp(−(−λ(μ) − c)^{1/2}|x|)

holds for almost all x ∈ R^N .

Proof: Using the fact that u_μ is bounded, we conclude from (D1) and (E) that there exists a constant R_c > R_0 such that

(4.1) q_+(x)u^{σ1}_μ (x) ≤ c holds for almost all x ∈ {y; |y| > R_c}.

The function ψ may be defined by

ψ(x) = A_c exp(−(−λ(μ) − c)^{1/2}|x|) (x ∈ R^N ).

Here, the constant A_c may be chosen such that

(4.2) ψ(x) ≥ u_μ(x) holds for almost all x ∈ {y; |y| ≤ R_c}.

Then it follows that ψ ∈ H^1 and that

(4.3) ∫ ▽ψ▽v dx ≥ (λ(μ) + c) ∫ ψv dx

holds for all nonnegative functions v ∈ H^1.

Inequality (4.2) shows that (u_μ − ψ)_+ is a nonnegative function on H^1 satisfying (u_μ − ψ)_+(x) = 0 for almost all x ∈ {y; |y| ≤ R_c}. Hence, we obtain from (3.4), (4.1) and (4.3) that

‖▽(u_μ − ψ)_+‖^2 = ∫ ▽(u_μ − ψ)▽(u_μ − ψ)_+ dx

≤ λ(μ) ∫ u_μ(u_μ − ψ)_+ dx + c ∫ u_μ(u_μ − ψ)_+ dx

− (λ(μ) + c) ∫ ψ(u_μ − ψ)_+ dx

= (λ(μ) + c)‖(u_μ − ψ)_+‖^2 ≤ 0

and consequently that u_μ ≤ ψ. □ Lemma 4.2. Let q and r satisfy the assumptions (A)–(D) and suppose that σ_2 ≤ σ_1. Then λ(μ) < 0 holds for all μ ∈ (0, μ_a). Proof: Since ξ(u_μ) < 0, we see that ∫ r|u_μ|^{2+σ2} dx < −((2 + σ_2)/2)‖▽u_μ‖^2 + ((2 + σ_2)/(2 + σ_1)) ∫ q|u_μ|^{2+σ1} dx

and that

λ(μ) < ‖u_μ‖^{−2}_2 ( −(σ_2/2)‖▽u_μ‖^2 + ((σ_2 − σ_1)/(2 + σ_1)) ∫ q|u_μ|^{2+σ1} dx ) . Then using the fact that ∫ q|u_μ|^{2+σ1} dx > −(2 + σ_1)ξ(u_μ) > 0,

we obtain the assertion. □

Now, we consider the case that σ_1 < σ_2. Since I(·) is a monotone decreasing function on [0, μ_a), we can find a measurable subset M of [0, μ_a) such that [0, μ_a)\M has measure zero and I(·) is differentiable on M (see [4, Theorem 17.12]). Then, we see that

(4.4) I^′(μ) ≤ 0 holds for all μ ∈ M.

Lemma 4.3. The function I(·) is Lipschitz continuous on [0, μ_a) and for all μ ∈ M we have I^′(μ) ≥ μ^{−1}‖u_μ‖^2λ(μ).

Proof: Let 0 ≤ ν < μ < μ_a. Then, we obtain I(ν) ≤ ξ((ν/μ)u_μ) and therefore that

(4.5)

I(ν) − I(μ) ≤ 1 2 ((ν/μ)^2 − 1) ∫ |▽u_μ|^2 dx

− (2 + σ_1)^{−1}((ν/μ)^{2+σ1} − 1) ∫ q|u_μ|^{2+σ1} dx

+ (2 + σ_2)^{−1}((ν/μ)^{2+σ2} − 1) ∫ r|u_μ|^{2+σ2} dx.

Thus, (4.5) implies for μ ∈ M: I^′(μ) ≥ μ^{−1}‖u_μ‖^2λ(μ). Moreover, we obtain |I(μ) − I(ν)||μ − ν|^{−1} = (I(ν) − I(μ))(μ − ν)^{−1} ≤ (2 + σ_1)^{−1}(1 − (ν/μ)^{2+σ1} )(μ − ν)^{−1} ∫ q_+|u_μ|^{2+σ1} dx

≤ (1 − (ν/μ))(μ − ν)^{−1} ∫ q_+|u_μ|^{2+σ1} dx

= μ^{−1} ∫ q_+|u_μ|^{2+σ1} dx.

Hence, Lemma 3.1 and Proposition 3.7 show that |I(μ) − I(ν)| ≤ C(μ^{1+α} + μ^{1+β} )|μ − ν|. □ Lemma 4.4. There exists a monotone decreasing sequence (μ_n) ⊂ (0, μ_a) such that lim_{n→∞} μ_n = 0 and λ(μ_n) < 0 holds for all n.

Proof: Suppose that λ(μ) ≥ 0 holds for all μ ∈ (0, μ_a). Then, according to Lemma 3.6, we see that λ(μ) = 0 holds for all μ ∈ (0, μ_a). Furthermore, (4.4) and Lemma 4.3 would imply that I^′(μ) = 0 for all μ ∈ M and consequently that I(·) is constant on [0, μ_a) (see [4, Theorem 18.15]). In particular, we would obtain that 0 = I(0) = I(min((μ_a/2), 1)) < 0.

Hence, there exists a constant μ_1 ∈ (0, μ_a) such that λ(μ_1) < 0. Now, repeating this procedure, we can find a μ_2 ∈ (0, min(μ_1, 1/2)) such that λ(μ_2) < 0. Moreover, by induction we can show that for each n there is a constant μ_n ∈ (0, min(μ_{n−1}, 1/n)) so that λ(μ_n) < 0. □ Finally, we see that Lemma 4.1 and Lemma 4.2 imply Theorem 1.5 and that Theorem 1.6 is obtained by Lemma 4.1 and Lemma 4.4.

138 W. Rother

References

[1] Anderson D., Stability of time — dependent particle solutions in nonlinear field theories II, J. Math. Phys. 12 (1971), 945–952.

[2] Berestycki H., Lions P.L., Nonlinear scalar field equations I: Existence of a ground state, Arch. Rat. Mech. Anal. 82 (1983), 313–345.

[3] Gilbarg D., Trudinger N.S., Elliptic Partial Differential Equations of Second Order, Springer- Verlag, Berlin, Heidelberg, New York, 1983.

[4] Hewitt E., Stromberg K., Real and Abstract Analysis, Springer-Verlag, Berlin, Heidelberg, New York, 1975.

[5] Rother W., Bifurcation of nonlinear elliptic equations on R^N , Bull. London Math. Soc. 21 (1989), 567–572.

[6] , Bifurcation of nonlinear elliptic equations on R^N with radially symmetric coefficients, Manuscripta Math. 65 (1989), 413–426.

[7] , The existence of infinitely many solutions all bifurcating from λ = 0, Proc. Royal Soc. Edinburgh 118A (1991), 295–303.

[8] , Nonlinear Scalar Field Equations, Differential and Integral Equations, to appear. [9] Ruppen J.-H., The existence of infinitely bifurcation branches, Proc. Royal Soc. Edinburgh 101A (1985), 307–320.

[10] Stampacchia G., Le probleème de Dirichlet pour les équations elliptique du second ordre à coefficients discontinues, Annls Inst. Fourier Univ. Grenoble 15 (1965), 189–257.

[11] , Équations elliptiques du second ordre à coefficients discontinues, Séminaire de Mathématiques Supérieurs, No. 16, Montreal, 1965.

[12] Strauss W.A., Existence of solitary waves in higher dimensions, Commun. Math. Phys. 55 (1977), 149–162.

[13] Stuart C.A., Bifurcation from the continuous spectrum in the L^2 — theory of elliptic equations on R^N , Recent Methods in Nonlinear Analysis and Applications, Proc. SAFA IV, Liguori, Napoli, 1981, pp. 231–300.

[14] , Bifurcation for Dirichlet problems without eigenvalues, Proc. London Math. Soc. (3) 45 (1982), 169–192.

[15] , Bifurcation from the essential spectrum, Lecture Notes in Math. 1017 (1983), 575– 596.

[16] , Bifurcation in L^p(R^N ) for a semilinear elliptic equation, Proc. London Math. Soc.

(3) 57 (1988), 511–541.

[17] , Bifurcation from the essential spectrum for some non-compact non-linearities, Math.

Methods Appl. Sci. 11 (1989), 525–542.

[18] Zhou H.-S., Zhu X.P., Bifurcation from the essential spectrum of superlinear elliptic equations, Appl. Analysis 28 (1988), 51–61.

Department of Mathematics, University of Bayreuth, P.O.B. 101251, W-8580 Bayreuth, Germany

(Received June 12, 1992)