Comment.Math.Univ.Carolin. 34,2 (1993)367–373 367

On the metric dimension of converging sequences

Ladislav Mišík Jr., Tibor Žáčik

Abstract. In the paper, some kind of independence between upper metric dimension and natural order of converging sequences is shown — for any sequence converging to zero there is a greater sequence with an arbitrary (⩽ 1) upper dimension. On the other hand there is a relationship to summability of series — the set of elements of any positive summable series must have metric dimension less than or equal to 1/2.

Keywords: metric dimension, converging sequences, summability of series

Classification: 54F50, 40A05

Let (K, d) be a compact metric space. We say that an open covering C of K is an r-covering if for every C ∈ C diam(C) < r. Let us denote by N(r, K) the least cardinality of an r-covering of K. The following characteristic of the “massiveness” of the set K: dim K = lim inf_{r>0} log N(r, K) − log r was defined in [P-S] and it is called the lower metric dimension of the set K. In [K-T] both lower and upper (defined by lim sup) dimensions were investigated.

Let us recall some basic relations of the lower and upper metric dimensions to the well known topological dimension – td and Hausdorff dimension – hd. The inequalities td K � hd K � dim K � dim K

hold (c.f. [V]) for each totally bounded metric space K. For some “nice” spaces K (e.g., for the subsets of R^n with nonempty interior) the inequality td K = dim K holds. On the other hand, the main difference between the lower (upper) metric dimension and Hausdorff dimension consists in the fact that Hausdorff dimension of any countable set is zero, while the lower (upper) metric dimension can be positive. It is proved in [M-Z, Theorem 4] that in each compact metric space K there is a converging sequence S of points of K with dim S = dim K (by the upper metric dimension of the sequence we mean the upper metric dimension of the set of points of the sequence), which is not true for lower metric dimension. This fact was the starting point of our interest in the upper metric dimension of sequences. On the other hand, the upper metric dimension gives an important characteristic of sequences — a characteristic of another kind compared with a ‘speed of convergence’ (see Theorem 2).

Conventions: For simplicity we will speak about dimension instead of the upper metric dimension. For the converging sequence {a_n}^∞_{n=1} we will write A = {a_n} instead of A = ⋃ n∈N {a_n} ∪ { lim_{n→∞} a_n } if there is no danger of misunderstanding. For

a_n ∈ R, the symbols a_n↗ a (a_n↘ a) will mean that the sequence {a_n} is strictly monotonically increasing (decreasing) and converging to a. By X we will denote the cardinality of the set X. R, R^+ and N will denote the set of all real, positive real and natural numbers, respectively. By minimal r-covering of the set K we mean any r-covering consisting of N(r, K) sets.

In this paper we will deal with the upper metric dimension of the converging sequences of real numbers. The outstanding position of the real sequences is given by the following fact.

Proposition 1. Let (K, d) be a compact metric space and S = {s_n} a sequence in K converging to s_0. Put d_n = d(s_0, s_n) for each n ∈ N and D = {d_n}. Then dim D � dim S.

This fact is a consequence of the following

Theorem 1. Let (K, d) and (L, ϱ) be two compact metric spaces. Let f : K → L be α-Hölderian for α ∈ (0, 1⟩, i.e., there is a constant L > 0 such that

(1) ρ ( f(x), f(y) ) < L [d(x, y)]^α

for any x ≠ y. Then dim f(K) �^1_α dim K.

Proof: Take r > 0 and let C(r) be a minimal r-covering of K. Then by (1) we have diam f(C) < L · r^α for every C ∈ C(r) and, moreover, all sets f(C) cover f(K). Each f(C) has a neighbourhood with diameter less than Lr^α. Therefore N ( Lr^α, f(K) ) � N(r, K) and

dim f(K) = lim sup_{r→0+} log N ( r, f(K) ) − log r

= lim sup

r→0^+

log N(Lr^α, f ( K) ) − log Lr^α � � lim sup

r→0^+

log N(r, K) −α log r − log L = 1 α lim sup

r→0^+

log N(r, K) − log r

=^1_α dim K . □ Remark 1. We will use the previous theorem for a Lipschitzian (α = 1) surjective mapping f : K → L, in this case we have dim L � dim K.

Proof of Proposition 1: Define π : S → D by π(s_0) = 0 and π(s_n) = d_n for n ∈ N. It is easy to see that for each x, y ∈ S we have the inequality |π(x) − π(y)| � d(x, y). Now it is sufficient to apply Theorem 1 to get the result. □

We can define the algebraic operations of addition and multiplication of two converging sequences as well as the scalar multiplication of a converging sequence — this can be considered as a particular case of multiplication with a constant sequence. Hence, if A = {a_n} and B = {b_n} are two converging sequences, then

A + B = {a_n + b_n} , A · B = {a_n · b_n} , and, for α ∈ R,

α · A = {α · a_n} .

First we will consider the behaviour of the dimension with respect to these operations.

Proposition 2. Let A = {a_n}, B = {b_n} be two converging sequences of real numbers and α ∈ R, α ≠ 0. Then the relations

dim (A + B) � dim A + dim B ,

dim (A · B) � dim A + dim B , and dim A = dim αA

hold.

Proof: First note that the inequality dim (A × B) � dim A + dim B holds for compact A, B ⊂ R. Indeed, if A(r) and B(r) are minimal r-coverings of the sets A and B, respectively, then C = {A × B; A ∈ A(r), B ∈ B(r)} is a ( √ 2 · r)-covering of A × B ⊂ R^2. Hence N( √ 2 · r, A × B) � N(r, A) · N(r, B) and by the properties of lim sup the statement is obtained.

Moreover, dim A � dim B if A ⊂ B and A, B are compact (see [M-Z, Proposition 3 (ii)]). Put D = {(a_n, b_n)} ⊂ A × B and apply the above facts to get dim D � dim A×B � dim A+dim B. Define π : D → A+B by π ( (a_n, b_n) ) = a_n+b_n and note that

|(a_n + b_n) − (a_m + b_m)| � |a_n − a_m| + |b_n − b_m| � √ 2 √ (a_n − a_m)^2 + (b_n − b_m)^2 .

Applying Theorem 1 we get the first inequality.

Now define π^′ : D → A · B by π^′ ( (a_n, b_n) ) = a_n · b_n and choose some α, β > 0 with α > a_n and β > b_n for each n ∈ N. Now the following inequalities are true for each m, n ∈ N:

|a_nb_n − a_mb_m| �

� |a_nb_n − a_mb_m − (a_nb_m − a_mb_n)| + |a_nb_n − a_mb_m + (a_nb_m − a_mb_n)| = = |(a_n + a_m)(b_n − b_m)| + |(a_n − a_m)(b_n + b_m)| � 2α|b_n − b_m| + 2β|a_n − a_m| � � 2 √ 2(α + β) √ (a_n − a_m)^2 + (b_n − b_m)^2 .

Applying Theorem 1 we get the second inequality.

For the proof of the third equality define B = {b_n} by b_n = α for each n ∈ N and note that dimension of finite space is 0. This follows dim αA = dim B · A � dim A. Now define C = {c_n} by c_n =^1_α for each n ∈ N. Thus dim A = dim C · (αA) � dim αA and the proof is finished. □

The following Corollary is a straightforward application of Proposition 2.

Corollary 1. Let A = {a_n}, B = {b_n} be converging real sequences and dim B = 0. Then dim (A + B) = dim A and dim (A · B) � dim A.

Theorem 1 implies that the dimension is invariant under Lipschitzian homeomorphisms. That is the reason why in the rest of the paper we will consider only the sequences converging to zero. Note that dim A = dim − A and dim (A ∪ B) = max{dim A, dim B}, so we can restrict to positive sequences. Moreover, the dimension of the sequence is the dimension of the set of the values of the sequence. That is why we will consider only the set S^+ of positive strictly decreasing sequences converging to zero, where we do not distinguish sequences which differ on the finite set of indexes. Define a partial order on S^+ in the usual way:

{a_n} ≼ {b_n} ⇐⇒ {n; a_n > b_n} is finite .

The relations between dimension and this partial order will be considered in the next part of the paper.

Denote A_k = {^1_{nk} }^∞_{n=1}. By [Y] dim A_k =^1_{k+1} and A_k ≼ A_l for k � l, so that smaller sequence has smaller dimension. The sequence {^1_{2n} } has dim zero and is smaller than any A_n above. On the contrary the sequence {^1_{log n} } is greater than any previous sequence and its dim is 1 (see, e.g., [Z]). It might seem that greater sequences have greater dimensions, but the relations are much more complicated.

Lemma 1. For each {a_n} ∈ S^+ there is a {b_n} ∈ S^+ with {b_n} ≽ {a_n} and dim {b_n} = 0.

Proof: By induction we will construct two sequences {r_k}^∞_{k=1}, {n_k}^∞_{k=1} such that r_k ↘ 0, n_k ↗ ∞:

Put r_1 =^1_3 and choose an n_1 such that a_{n1} < r_1. Take an r_2 < r_1 for which (_1

r_2

) 1_2

> n_1 + 2 and an n_2 such that a_{n2} < r_2.

Suppose we have chosen all r_{k−1} and n_{k−1}, for some k � 3. Then we can find r_k with (1) ( 1 r_k

) 1_k > n_{k−1} + 2 ,

and, moreover, satisfying the inequality

(2) r_k < r_{k−2} − a_{nk−2} .

Finally, there exists also an n_k such that

(3) a_{nk} < r_k .

Choose an arbitrary sequence b_n ↘ 0, for which

(4) b_{nk+1−1}, . . . , b_{nk} ∈ (a_{nk} , a_{nk} + r_{k+2}).

Let r ∈ ⟨r_{k+1}, r_k). Then

N r_{k+1}, ∞⋃ i=n_{k+1}

{b_i}

= 1 ,

because from (4) and (2) we have b_{nk+1} < a_{nk+1} + r_{k+3} < r_{k+1};

N r_{k+1},

n_{k+1}−1⋃

i=n_k

{b_i}

= 1 ,

as a_{nk} < b_{nk+1−1} < · · · < b_{nk} < a_{nk} + r_{k+2} and r_{k+2} < r_{k+1};

N r_{k+1},

n_k−1⋃

i=n_{k−1}

{b_i} = 1

from the same reason and

N r_{k+1},

n_{k−1}−1 ⋃ i=1 {b_i}

� n_{k−1} − 1 .

Hence by (1) and the choice of r,

N(r, {b_i}) � 1 + 1 + 1 + n_{k−1} − 1 = n_{k−1} + 2 < ( 1 r_k

) 1_k < ( 1 r ) 1_k .

Therefore dim

(_∞ ⋃ i=1 {b_i} ) = 0. □

Theorem 2. For each {a_n} ∈ S^+ and for each α ∈ ⟨0, 1⟩ there is {b_n} ∈ S^+ with {b_n} ≽ {a_n} and dim {b_n} = α.

Proof: Let α ∈ ⟨0, 1⟩ and A = {a_n} be given. Lemma 1 states the existence of a greater sequence D with dimension zero and [M-Z, Theorem 4] guarantees the existence of a sequence C = {c_n} with {c_n} ∈ S^+ and dim C = α. Then B ≡ D + C ≽ D ≽ A and by Corollary 1 dim B = dim C = α. □

The above fact implies that there are arbitrary big sequences with prescribed dimension. This is not true for smaller sequences (see Theorem 4 and Remark 2 below). On the other hand, if two sequences are in some sense mutually uniformly distributed, then their dimensions are equal. This is the content of the following theorem.

Theorem 3. Let A = {a_n} and B = {b_n} be two sequences from S^+ and let there be a constant ℓ ∈ N such that for every k > 0

{i; a_{k+1} < b_i < a_k} < ℓ .

Then dim A � dim B.

Proof: For r > 0 let A(r) be a covering of A by N(r, A) sets of diameter less than r. Denote m = N(r, A) − 1. Then there are numbers n_1, n_2, . . . , n_m such that each interval ⟨a_{n1} , a_1⟩, ⟨a_{n2} , a_{n1+1}⟩, ⟨a_{nm} , a_{nm1 +1}⟩, . . . , (0, a_{nm+1}⟩ is a subset of one set from A(r). This covering covers also all points of the sequence B except for points in the intervals (a_{n1+1}, a_{n1} ), . . . , (a_{nm+1}, a_{nm} ). Their number is at most (ℓ − 1)m, therefore N(r, B) � m + 1 + (ℓ − 1)m < ℓ(m + 1) = ℓ · N(r, A). From this we derive dim B � dim A. □

Example. Let {a_n} be a sequence in R^+, monotonically converging to zero, and dim {a_n} = α. Let {b_n} be a subsequence of {a_n} with b_n = a_{7n}. What we can say about dim {b_n}?

First note that if we denote A = {a_n} and B = {b_n}, then B ⊂ A and by [M-Z, Proposition 3] we obtain the inequality dim B � dim A.

Now, for any natural k � 1 there are exactly seven elements a_{7(k+1)}, a_{7(k+1)−1}, . . . . . . , a_{7k} of A between b_{k+1} and b_k. By the above theorem we have then dim A � dim B, the opposite inequality.

The answer is: dim {b_n} = α.

Theorem 4. Let for a set A of elements of a series^∞ ∑ n=1 a_n, a_n > 0, the inequality

dim A >^1/_2 hold. Then the series is divergent.

Proof: To simplify the proof we will use the equivalent definition (see [K-T] and [M-Z] for more details) of the upper dimension of a given compact K:

(4) dim K = lim sup_{r→0+} log M(r, K) − log r , where M(r, K) for r > 0 means the maximal cardinality of r-discrete subsets of K. X ⊂ K is called r-discrete iff inf{d(x, y); x, y ∈ X, x ≠ y} � r.

By the assumption of the theorem dim A >^1/_2 + α, where 0 < α <^1/_2. Then by (4) for every positive r_0 ∈ R there exists a number r, 0 < r < r_0, such that

(5) M(r, A) � ( 1 r ) 1_{/2+α} . Fix this r for a moment and denote m = M(r, A). Let A(r) be a subset of A corresponding to M(r, A), so that if x, y ∈ A(r) and x > y, then x − y � r. This set is finite, hence it can be ordered as an increasing sequence

0 � a_1(r) < a_2(r) < · · · < a_m(r) , where a_i(r) − a_{i−1}(r) � r, i = 2, . . . , m. By this property we obtain inequalities

a_j(r) � (j − 1)r , j = 1, 2, . . . , m .

Further, using these inequalities and (5),

a_1(r) + a_2(r) + · · · + a_m(r) � r ( 1 + 2 + · · · + (m − 1) ) = r m(m − 1) 2 �

� r (^1_r )^{1/2+α} ( (^1_r )^{1/2+α} − 1 ) 2 = 1 2 ( r^{−2α} − r^{( 1/2−α)} ) . As^1/_2 − α > 0, the last expression tends to infinity for r → 0^+. Therefore for any

ℓ > 0, there is a sufficiently small r > 0 such that^s ∑ k=1 a_k > ℓ, where a_s ≡ a_1(r) for

this r. This means that the series^∞ ∑ n=1 a_n is divergent. □

Remark 2. Theorem 2 states the existence of a greater sequence to a given sequence from S^+ with an arbitrary dimension between 0 and 1. Theorem 4 in [M-Z] guarantees the existence of a smaller sequence with dimension less than or equal to a dimension of a given sequence. But the situation is not wholly symmetrical — Theorem 4 in contrast to Theorem 2 prevents the existence, in general case, of a smaller sequence with an arbitrary dimension near to 1. Indeed, let A = {a_k}^∞_{k=1}

be a sequence such that^∞ ∑ k=1 a_k < ∞. Then for every sequence B = {b_k}^∞_{k=1}, B ≼ A,

we have^∞ ∑ k=1 b_k < ∞ and by Theorem 4 we have dim B �^1/_2.

References

[K-T] Kolmogorov A. N., Tihomirov V. M., ε-entropy and ε-capacity of sets in functional spaces (in Russian), Usp. Mat. Nauk 14 (1959), 3–86; Am. Math. Soc. Transl. 17 (1961), 277–364.

[M-Z] Mišík, L., Žáčik, T., On some properties of the metric dimension, Comment. Math. Univ.

Carolinae 31 (1990), 781–791.

[P-S] Pontryagin L.S., Snirelman L.G., Sur une propriété metrique de la dimension, Annals of Math. 33 (1932), 156–162, Appendix to the Russian translation of “Dimension Theory” by W. Hurewitcz and H. Wallman, Izdat. Inostr. Lit. Moscow, 1948.

[V] Vosburg A.C., On the relationship between Hausdorff dimension and metric dimension, Pacific J. Math. 23 (1967), 183–187.

[Y] Yomdin Y., The geometry of critical and near-critical values of differentiable mappings, Math. Ann. 264 (1983), 495–515.

[Z] Žáčik T., On some approximation properties of the metric dimension, Math. Slovaca 42 (1992), 331–338.

Department of Mathematics, Faculty of Civil Engineering, Slovak Technical University, Radlinského 11, 813 68 Bratislava, Slovak Republic

Mathematical Institute, Slovak Academy of Sciences, Štefánikova 49, 814 73 Bratislava, Slovak Republic

(Received September 14, 1991, revised March 23, 1992)