Comment.Math.Univ.Carolin. 34,4 (1993)711–715 711

A note on linear mappings between function spaces

Jan Baars^1

Abstract. Arhangel’skiǐ proved that if X and Y are completely regular spaces such that C_p(X) and C_p(Y ) are linearly homeomorphic, then X is pseudocompact if and only if Y is pseudocompact. In addition he proved the same result for compactness, σ-compactness and realcompactness. In this paper we prove that if ϕ : C_p(X) → C_p(Y ) is a continuous linear surjection, then Y is pseudocompact provided X is and if ϕ is a continuous linear injection, then X is pseudocompact provided Y is. We also give examples that both statements do not hold for compactness, σ-compactness and realcompactness.

Keywords: function space, topology of pointwise convergence

Classification: 54C35, 57N17

1. Introduction.

Let X be a completely regular space. By C(X) we denote the set of all realvalued continuous functions on X. We endow C(X) with the topology of pointwise convergence and denote that by C_p(X). The function space C_p(X) is a topological vector space which is a dense subspace of R^X with the product topology. Two function spaces C_p(X) and C_p(Y ) are linearly homeomorphic if there exists a homeomorphism between C_p(X) and C_p(Y ) which is also linear.

In [1], Arhangel’skiǐ proved the following

Theorem 1.1. Let X and Y be completely regular spaces such that C_p(X) and C_p(Y ) are linearly homeomorphic. Then

(a) X is pseudocompact if and only if Y is pseudocompact. (b) X is compact if and only if Y is compact. (c) X is σ-compact if and only if Y is σ-compact. (d) X is realcompact if and only if Y is realcompact.

Instead of considering linear homeomorphisms one can also look at continuous linear surjections or continuous linear injections. In this paper we show that if ϕ : C_p(X) → C_p(Y ) is a continuous linear surjection then Y is pseudocompact provided X is and if ϕ is injective instead of surjective, X is pseudocompact provided Y is. Easy examples show that both statements are false for compactness, σcompactness or realcompactness. Before we can prove our results we need some auxiliary results.

1This paper was written during the author’s stay at York University, North York, Ontario, Canada in 1992–1993. The author’s fellowship was financially supported by the Netherlands Organization for Scientific Research (NWO).

Let X and Y be completely regular spaces, let ϕ : C_p(X) → C_p(Y ) be a continuous linear function and let y ∈ Y be fixed. The function ψ_y : C_p(X) → R defined by ψ_y(f) = ϕ(f)(y) is continuous and linear, hence an element of L(X) the dual of C_p(X). The evaluation mappings ξ_x (x ∈ X) defined by ξ_x(f) = f(x) for f ∈ C_p(X) form a Hamel basis for L(X) (for a proof of this well-known fact we refer to [2]), so for ψ_y ≠ 0 there are x_1, . . . , x_n ∈ X and λ_1, . . . , λ_n ∈ R \ {0} such that ψ_y =

∑_n i=1 λ_iξ_{xi} . We define supp (y), the support of y in X, to be the finite set {x_1, . . . , x_n} ⊂ X. Note that for all f ∈ C_p(X) we have ϕ(f)(y) =

∑_n i=1 λ_if(x_i).

We usually write ϕ(f)(y) = ∑ z∈supp (y) λzf(z), where λz has its obvious meaning.

If ψ_y = 0, the support of y is defined to be the empty set. For A ⊂ Y we denote ⋃ {supp (y) : y ∈ A} by supp A. The notion of support here is a special case of a more general definition given by Arhangel’skiǐ in [1]. If A ⊂ X, we say that A is bounded in X if for every f ∈ C_p(X) we have f(A) is a bounded subset of R. In [1], Arhangel’skiǐ proved the following

Proposition 1.2. Let X and Y be completely regular spaces and let ϕ : C_p(X) → C_p(Y ) be a continuous linear function. If A is a bounded subset of Y , then supp A is a bounded subset of X.

2. The results.

Lemma 2.1. Let X and Y be completely regular spaces, and let ϕ : C_p(X) → C_p(Y ) be a continuous linear surjection. Then for each closed and bounded subset K of X, the set L = {y ∈ Y : supp (y) ⊂ K} is a closed and bounded subset of Y .

Proof: We first prove that L is closed. Take any y /∈ L. There is x ∈ supp (y) such that x /∈ K. Find any f ∈ C(X) such that f(x) = 1 and f(K ∪(supp (y)\{x})) = 0. Then ϕ(f)(y) = ∑ z∈supp (y) λz f(z) = λx ≠ 0. Let W = {z ∈ Y : ϕ(f)(z) ≠ 0}.

Obviously y ∈ W . If z ∈ W ∩ L we have on the one hand ϕ(f)(z) ≠ 0 and on the other hand supp (z) ⊂ K which implies f(supp (z)) = 0, hence ϕ(f)(z) = 0.

To prove that L is also bounded in Y we assume the contrary. Let h : Y → R be continuous such that h(L) is an unbounded subset of R. Find t_n ∈ h(L) \ {0} such that {t_n : n ∈ N} is a closed and discrete subset of R. For each n ∈ N let y_n ∈ L be such that h(y_n) = t_n and s_n = n · ∑ z∈supp (y_n) |λz|. Note that sn > 0 since the

surjectivity of ϕ implies supp (y_n) ≠ ∅. There exists a continuous g : R → R such that g(t_n) = s_n. Since ϕ is surjective, there is f ∈ C(X) such that ϕ(f) = g ∘ h. By boundedness of K, there is c ∈ R such that f(K) ⊂ [−c, c]. But now for n > c we have,

s_n = ϕ(f)(y_n) = | ∑ z∈supp (y_n)

λ_z · f(z)| ≤ ∑ z∈supp (y_n)

|λ_z | · |f(z)| ≤ c · ∑ z∈supp (y_n)

|λ_z| < s_n

which is a contradiction. □

Corollary 2.2. Let X and Y be completely regular spaces, and let ϕ : C_p(X) → C_p(Y ) be a continuous linear surjection. Then Y is pseudocompact provided X is.

Proof: A space is pseudocompact if and only if it is bounded in itself. By definition we have Y = {y ∈ Y : supp (y) ⊂ X}. □

Recall that a μ-space is a space in which every closed and bounded set is compact.

Corollary 2.3. Let X and Y be completely regular spaces, and let ϕ : C_p(X) → C_p(Y ) be a continuous linear surjection. If Y is a μ-space, then

(a) If X is compact, then Y is compact. (b) If X is σ-compact, then Y is σ-compact.

Proof: Part (a) follows from Corollary 2.2 and the definition of a μ-space. For part (b) suppose X =

⋃_∞ n=1 X_n, where X_n is compact and X_n ⊂ X_{n+1}. Let Y_n = {y ∈ Y : supp (y) ⊂ X_n}. Then by Lemma 2.1 and the definition of a μspace, Y_n is compact. Since Y_n ⊂ Y_{n+1} and the support of a point is always finite, Y = ⋃_∞

n=1 Y_n. □

Corollary 2.4. Let X and Y be completely regular spaces, and let ϕ : C_p(X) → C_p(Y ) be a continuous linear surjection. If Y is normal and X is σ-pseudocompact, then Y is σ-pseudocompact.

Proof: The proof is essentially the same as the proof of part (b) of the previous corollary. Note that a σ-pseudocompact space can always be written as a countable union of closed and bounded subsets and note that in normal spaces the closed and bounded subspaces are pseudocompact. □

Corollary 2.2 is not only stronger than Theorem 1.1 (a) but our proof also provides a new one for Theorem 1.1 (a) than the original in [1]. It is however not possible to do this for the other properties in Theorem 1.1. The following example shows that we have to add some assumptions on the space Y as we did in Corollary 2.3.

Example 2.5. Let X be any pseudocompact space which is not σ-compact. Then X is also not compact and realcompact. Let ϕ : C_p(βX) → C_p(X) be defined by ϕ(f) = f | X. Then ϕ is obviously a continuous linear function. Since X is pseudocompact any real-valued continuous function on X is bounded hence can be extended over βX. This implies the surjectivity of ϕ. Note that ϕ is also injective which makes ϕ a continuous bijection. By Theorem 1.1 (a) ϕ cannot be a homeomorphism, a fact which can also be verified directly.

Lemma 2.6. Let X and Y be completely regular spaces, and let ϕ : C_p(X) → C_p(Y ) be a continuous linear injection. Then supp Y is dense in X.

Proof: Suppose x /∈ supp Y . Let f ∈ C(X) be such that f(x) = 1 and f(supp Y ) = 0. For each y ∈ Y we have f(supp (y)) = 0 hence ϕ(f)(y) = ∑ z∈supp (y) λzf(z) =

0. But then ϕ(f) = 0 contradicting the fact that ϕ is injective. □

Corollary 2.7. Let X and Y be completely regular spaces, and let ϕ : C_p(X) → C_p(Y ) be a continuous linear injection. Then X is pseudocompact provided Y is.

Proof: By Lemma 2.6, supp Y is dense in X. Since Y is pseudocompact, by Proposition 1.2 supp Y is bounded in X hence X is pseudocompact. □

It follows that this corollary, and hence Theorem 1.1 (a), is almost an immediate consequence of Arhangel’skiǐ’s Proposition 1.2. The proof of Theorem 1.1 (a) is however completely different. Again our result does not hold for the other properties.

Example 2.8. The ordinal space ω_1 is pseudocompact but not σ-compact. Define ϕ : C_p(ω_1) → C_p(ω_1 + 1) by

ϕ(f)(γ) = f(0) if γ = 0 f(γ) − f(γ − 1) if 0 < γ < ω_1 0 if γ = ω_1.

Then ϕ(f) is obviously continuous on ω_1. Since f is eventually constant on ω_1, ϕ(f) is eventually 0 on ω_1, hence continuous on all of ω_1 + 1. So ϕ is a well-defined linear function. For continuity of ϕ we only need to show that ϕ is continuous at 0. Let P ⊂ ω_1 + 1 be a finite set and ε > 0. Let Q = {γ, γ − 1 : γ ∈ P ∩ ω_1}. Then Q is a finite set and if for all α ∈ Q we have |f(α)| < ε/2, then for each γ ∈ P we have |ϕ(f)(γ)| < ε. To check that ϕ is injective, take f, g ∈ C_p(ω_1) such that f ≠ g. Let α < ω_1 be the first ordinal such that f(α) ≠ g(α). Then it easily follows that ϕ(f)(α) ≠ ϕ(g)(α), hence ϕ(f) ≠ ϕ(g).

3. Remarks.

1. For metric spaces, Lemma 2.1 was proved in [3] and for normal spaces it was proved in [2]. A modification of the proof made it possible to state it for all completely regular spaces.

2. Lemma 2.6 and Corollary 2.7 are also in [2]. For completeness’ sake we included the short proofs.

3. Once we have Example 2.8 the natural question to ask would be if for a linear embedding ϕ : C_p(X) → C_p(Y ) we have X is compact, σ-compact or realcompact provided Y is. The map ϕ in Example 2.8 is however a linear embedding. To prove this fact, let P be a finite subset of ω_1 and let ε > 0. For γ ∈ P , let A_γ be the set of all predecessors of γ up to the first non-successor below γ. Then A = ⋃ γ∈P A_γ is finite and if for all α ∈ A, |ϕ(f)(α)| < ε/|A|, then for each γ ∈ P , |f(γ)| < ε.

Acknowledgment. I would like to thank the participants of the seminar in Set Theory at the York University for their valuable comments during a talk I gave on the subject of this paper. I would also like to thank the Department of Mathematics and Statistics of the York University for their hospitality during my visit in 1992– 1993.

References

[1] Arhangel’skiǐ A.V., On linear homeomorphisms of function spaces, Soviet Math. Dokl. 25 (1982), 852–855.

[2] Baars J., de Groot J., On Topological and Linear Equivalence of Certain Function Spaces, CWI-tract 86, Centre for Mathematics and Computer Science, Amsterdam.

[3] Baars J., de Groot J., Pelant J., Function spaces of completely metrizable spaces, to appear in Trans. of the AMS.

Department of Mathematics and Computer Science, Free University, De Boelelaan 1081a, 1081 HV Amsterdam, The Netherlands

(Received November 13, 1992)