Comment.Math.Univ.Carolin. 34,4 (1993)769–773 769

Weakly Picard mappings

Ioan A. Rus

Abstract. In this paper we generalize the well known converse to the contraction principle due to C. Bessaga, dropping the uniqueness of the fixed point from its hypotheses. Some properties of weakly Picard mappings are given.

Keywords: fixed points, Bessaga mappings, Janoš mappings, Picard mappings Classification: 54H25, 47H10

1. Introduction.

Let X be a nonempty set and f : X → X a mapping. We will use the notation

F_f := {x ∈ X | f(x) = x}, I(f) := {A ⊂ X | f(A) ⊂ A, A ≠ ∅}, and O(f; x) — the f-orbit through x.

In order to characterize different kinds of contractivity of mappings, the following new classes of mappings are given in [15] (see also [16]–[19]):

Definition 1. Let (X, d) be a metric space. A continuous mapping f : X → X is a (strict) Picard mapping if there exists x^∗ ∈ X such that F_f = {x^∗} and ( f^n(x_0) ) n∈N converges (uniformly) to x^∗ for all x_0 ∈ X.

Definition 2. Let (X, d) be a metric space. A continuous mapping f : X → X is (strict) weakly Picard mapping if ( f^n(x_0) ) n∈N converges (uniformly) for all x_0 ∈ X and the limit (which may depend on x_0) is a fixed point of f.

Definition 3. Let X be a nonempty set. A mapping f : X → X is a Bessaga mapping if there exists x^∗ ∈ X, such that

F_f n = {x^∗},

for all n ∈ N.

Definition 4. Let X be a nonempty set. A mapping f : X → X is a Janoš mapping if ⋂ n∈N f^∗(X) = {x^∗}, with x^∗ ∈ X.

It is clear that the Picard and weakly Picard mappings are metric dependent, whereas the Bessaga and Janoš mappings are set-theoretic notions.These definitions have their roots in the following results:

Theorem A (Picard, Banach, Cacciopoli). Let (X, d) be a complete metric space and f : X → X an a-contraction, with 0 ≤ a < 1. Then

(i) F_f = {x^∗};

(ii) F_f = F_f n , for all n ∈ N; (iii) ( f^n(x_0) ) n∈N converges to x^∗ for all x_0 ∈ X.

Theorem B (Bessaga). Let X be a nonempty set and f : X → X a mapping such that F_f = F_f n = {x^∗},

for all n ∈ N. Let a ∈ ]0, 1[ . Then there exists a metric d on X such that (i) (X, d) is a complete metric space; (ii) f : (X, d) → (X, d) is an a-contraction.

Theorem C (Janoš). Let (X, d) be a compact metric space and f : X → X a mapping. We suppose that

(a) f is continuous; (b) ⋂ n∈N f^∗(X) = {x^∗}.

Then for each a ∈ ]0, 1[ there exists a metric ϱ on X such that: (i) d and ϱ are equivalent;

(ii) f : (X, ϱ) → (X, ϱ) is an a-contraction.

Some results on these types of mappings have been given in [15]–[20] (see also [1], [2], [4], [5], [6], [10], [21], [22]). Some open problems were formulated in [17]. Problem 3 in [17] is the following:

Let X be a nonempty set and f : X → X a mapping such that

∅ ≠ F_f = F_f n ,

for all n ∈ N. Let a ∈ ]0, 1[ . Does there exist a metric d on X such that:

(i) (X, d) is a complete metric space; (ii) d(f^2(x), f(x)) ≤ a · d(x, f(x)), for all x ∈ X?

The main aim of the paper is to give a positive answer to this problem.

2. Weakly Picard mappings.

Our main result is the following

Theorem 1. Let X be a nonempty set and f : X → X a mapping. The following statements are equivalent:

(i) there exists a complete metric d on X such that f : (X, d) → (X, d) is a weakly Picard mapping;

(ii) F_f ≠ ∅ and F_f = F_f n , for all n ∈ N; (iii) there exists a partition of X, X = ⋃ i∈I X_i, such that:

(1) X_i ∈ I(f), for each i ∈ I;

(2) f|_{Xi} is a Bessaga mapping for each i ∈ I;

(iv) for each a ∈ ]0, 1[ , there exists a complete metric d on X and a partition of X, X = ⋃ i∈I X_i, such that:

(1) d(f^2(x), f(x)) ≤ a · d(x, f(x)), for all x ∈ X; (2) X_i ∈ I(f) and card (F_f ∩ X_i) = 1; (3) f|_{Xi} : (X_i, d) → (X_i, d) is continuous;

(v) for each a ∈ ]0, 1[ , there exists a complete metric d on X, such that:

(1) d(f^2(x), f(x)) ≤ ad(x, f(x)), for all x ∈ X;

(2) the mapping φ : (X, d) → R_+, φ(x) = d(x, f(x)) is f-orbitally lower semi-continuous (see [13]);

(vi) there exists a complete metric d on X such that f|_{O(f;x)} is a Picard mapping, for all x ∈ X.

Proof: (i) ⇒ (ii). The definition of weakly Picard mapping implies that F_f ≠ ∅. The convergence of all sequences of successive approximation with the limits in F_f , implies that F_f n = F_f , for all n ∈ N.

(ii) ⇒ (iii). If card F_f = 1, then f is a Bessaga mapping. We suppose that card F_f ≥ 2. Let x_0 ∈ F_f . We take X_x := f^{−1}{x}, for x ∈ F_f \ {x_0}, and X_{x0} := f^{−1}{x_0} ∪ (X \ ⋃ x∈F_f \{x_0} Xx). Thus, X = ⋃ x∈F_f Xx.

(iii) ⇒ (iv). By Bessaga’s theorem for f : X_i → X_i, there exists a complete metric d_i on X_i, such that f : (X_i, d_i) → (X_i, d_i) is an a-contraction, for some a ∈ ]0, 1[ . Now we define a complete metric on X = ⋃ i∈i X_i. Let x^0_i ∈ X_i, i ∈ I.

We take d(x, y) = d_i(x, y) if x, y ∈ X_i and d(x, y) := 1 + d_i(x, x^0_i ) + d_j (y, x^0_j ), if x ∈ X_i, y ∈ X_j, i ≠ j. The mapping d is a metric on X. The completeness of (X, d) follows from the following remark:

d(x, y) < 1 ⇒ ∃ i ∈ I, x, y ∈ X_i.

It is clear that we have (1), (2) and (3).

(iv) ⇒ (v). If f|_{Xi} : (X_i, d) → (X_i, d) is continuous, then the mapping φ is f-orbitally lower semi-continuous.

(v) ⇒ (vi). Follows from the Theorem 1 in [13].

(vi) ⇒ (i). Obvious. □

3. Generalized metric spaces.

In what follows, by a generalized metric on a set X we mean a mapping d : X × X → R_+ ∪ {+∞}, which satisfies the Fréchet’s axioms. For such spaces we have

Lemma 1 (Jung; see [7] or [14] or [15]). Let (X, d) be a generalized metric space. Then there exists a partition of X, X ⋃ i∈I X_i, such that d(x, y) < +∞, for all x, y ∈ X_i, i ∈ I. Moreover, (X, d) is a complete metric space if and only if (X_i, d) is a complete metric space for each i ∈ I.

Now we have another characterization of the weakly Picard mappings.

772 I.A. Rus

Theorem 2. Let X be a nonempty set and f : X → X a mapping. The following statements are equivalent:

(i) there exists a complete metric d on X such that f(X, f) → (X, f) is a weakly Picard mapping;

(ii) for each a ∈ ]0, 1[ , there exists a complete generalized metric ϱ on X such that:

(1) f : (X, ϱ) → (X, ϱ) is an a-contraction; (2) ϱ(x, f(x)) < +∞, for all x ∈ X;

(iii) for each a ∈ ]0, 1[ , there exists a generalized complete generalized metric ϱ on X such that:

(1) ϱ(f^2(x), f(x)) ≤ aϱ(x, f(x)) for all x ∈ X; (2) ϱ(x, f(x)) < +∞, for all x ∈ X; (3) f : (X, ϱ) → (X, ϱ) is continuous;

(iii^′) there exist a ∈ ]0, 1[ and a generalized complete metric ϱ on X such that we have (1), (2) and (3) in (iii).

The proof of this theorem is analogous to that of Theorem 1.

Acknowledgement. The author wishes to thank Dr. Ludvík Janoš for valuable comments and help during the preparation of this paper.

References

[1] Barbuti U., Guerra S., Osservazioni sopra una nota precedente, Rend. Ist. di Matem. Univ.

Trieste 3 (1971), 1–12.

[2] Bellen A., Non-cyclic transformation and uniform convergence of the Picard sequences, Rend.

Ist. di Matem. Univ. Trieste 4 (1972), 1–7.

[3] Bessaga C., On the converse of the Banach fixed point principle, Colloq. Math. 7 (1959), 41–43.

[4] Browder F.E., Petryshyn W.V., The solution by iteration of nonlinear functional equations in Banach spaces, Bull. Amer. Soc. 72 (1966), 571–575.

[5] Belluce L.P., Kirk W.A., Some fixed point theorems in metric and Banach spaces, Canad.

Math. Bull. 12 (1969), 481–491.

[6] Coroian L., α_{DP} -condensing mappings, Univ. of Cluj-Napoca, Preprint No. 3, 1988, 17–22. [7] Iseki K., Fixed point theorems in generalized complete metric space, Tamkang J. Math. 5 (1974), 213–219.

[8] Janoš L., A converse of the Banach’s contraction theorem, Proc. Amer. Math. Soc. 18 (1967), 287–289.

[9] Janoš L., Ko H.-M., Tan K.-K., Edelstein’s contractivity and attractors, Proc. Amer. Math.

Soc. 76 (1979), 339–344.

[10] Leader S., Uniformly contractive fixed points in compact metric spaces, Proc. Amer. Math.

Soc. 86 (1982), 153–158.

[11] Meyers P.R., A converse to Banach’s contraction theorem, J. Res. Nat. Bureau of Standard 71B (1971), 73–76.

[12] Opoijcev W.I., The converse of the contraction mapping principle (in Russian), Usp. Mat.

Nauk 31 (1976), 169–198.

[13] Rhoades B.E., Contractive definitions revisited, Contemporary Math. 21 (1983), 189–205. [14] Rus I.A., Principii şi aplicaţii ale teoriei punctului fix, Ed. Dacia, Cluj-Napoca, 1979. [15] , Generalized contractions, Univ. Cluj-Napoca, Preprint No. 3, 1983, 1–30. [16] , Bessaga mappings, Proc. Colloq. Approx. Optimization, Cluj-Napoca, 1984, 165–175.

[17] , Picard mappings: results and problems, Univ. Cluj-Napoca, Preprint No. 6, 1987, 55–64.

[18] , Picard mappings I., Studia Univ. Babeş-Bolyai 33 (1988), 70–73. [19] , Basic problems of the metric fixed point theory revisited, Studia Univ. Babeş-Bolyai 34 (1989), 61–69.

[20] Rus I.A., Mureşan A.S., Examples and counterexamples for Janoš mappings, Univ. Cluj-Na-poca, Preprint No. 3, 1984, 63–66.

[21] Tan K.-K., Remark on contraction mappings, Boll. U.M.I. 9 (1974), 23–27. [22] Volčič A., Some remarks on a S. Chu and R.D. Moyer’s theorem, Rend. Accad. Naz. Lincei 49 (1970), 236–241.

Univ. of Cluj-Napoca, Str. Kogălniceanu 1, 3400 Cluj-Napoca, Romania

(Received March 2, 1993, revised May 10, 1993)