Comment.Math.Univ.Carolin. 35,1 (1994)205–208 205

A measure-theoretic characterization of Boolean algebras among orthomodular lattices

Pavel Pták, Sylvia Pulmannová

Abstract. We investigate subadditive measures on orthomodular lattices. We show as the main result that an orthomodular lattice has to be distributive (=Boolean) if it possesses a unital set of subadditive probability measures. This result may find an application in the foundation of quantum theories, mathematical logic, or elsewhere.

Keywords: orthomodular lattice, subadditive probability measure

Classification: Primary 06C15; Secondary 28E15, 81P10

Notions and results

Let us first recall some basic notions as we shall use them in the sequel (see e.g. [1], [10], etc.).

Definition 1. An orthomodular lattice (abbr. OML) is a lattice L endowed with an orthocomplementation relation,^′ : L → L, such that the following conditions are satisfied (a, b ∈ L):

• (i) if a ≤ b, then b^′ ≤ a^′, • (ii) (a^′)^′ = a, • (iii) a ∨ a^′ = 1, • (iv) if a ≤ b, then b = a ∨ (b ∧ a^′) (the orthomodular law).

Let us reserve the letter L for OMLs in that what follows. As known, a typical example of an OML is the lattice of all closed subspaces in a Hilbert space or a Boolean algebra. Obviously, an OML is Boolean (i.e. it is a Boolean algebra) exactly if it is distributive.

We shall deal with (probability) measures on OMLs. Let us call them states to simplify the notation and, also, indicate the link with quantum theories (see e.g. [5]).

Definition 2. Let L be an OML. A mapping s : L → ⟨0, 1⟩ is called a state if it fulfils the following two requirements: (i) s(1) = 1, (ii) if a ≤ b^′, then s(a∨b) = s(a)+s(b). Further, a state s on L is called subadditive if, in addition, it fulfils the following condition: For any a, b ∈ L, we have s(a ∨ b) ≤ s(a) + s(b). Finally, a state s on L is called a valuation if s(a ∨ b) = s(a) + s(b) provided a ∧ b = 0.

Obviously, every valuation is a subadditive state. If L is a Boolean algebra, then every state is a valuation. A general OML may have a very poor set of valuations. For instance, the lattice of all closed subspaces of a finite dimensional Hilbert space has only one valuation - a normalized dimension function. Thus, the latter example possesses many states that are not valuations.

We shall employ the following notion (see also [5]).

Definition 3. An OML, L, is called unital with respect to subadditive states if for any non-zero a ∈ L there exists a subadditive state on L such that s(a) = 1.

It should be noted that there are (finite) OMLs which do not have any state at all (see [4]). Thus, Definition 3 imposes quite a strong condition on L. In fact, we have the following theorem. (It should be noted that this result generalizes Theorem 4 of [7] and, also, gives another proof to this latter Theorem 4.)

Theorem 1. An OML is a Boolean algebra if and only if it is unital with respect to subadditive states.

Proof: 1. If L is a Boolean algebra and if (Ω, L̄) is its set-representation, where L̄ (⊂ exp Ω) is isomorphic to L, then the collection of states which are concentrated in points of Ω obviously makes L̄ a unital OML with respect to subadditive states. Thus, the sufficiency is obvious.

2. In order to establish the necessity, we have to prove that if L is unital with respect to subadditive states, then it is Boolean. We shall do so in a series of propositions. (Let us refer to [10] for technical details and orthomodular folklore.) □ Proposition 1. Suppose that a, b ∈ L and suppose also that a ∧ b = 0. Then

a ∨ b = (a^′ ∧ (a ∨ b)) ∨ (b^′ ∧ (a ∨ b))

Proof: See [3]. □

Proposition 2 (see also [7], [11] and [12]). Every subadditive state on L is a valuation.

Proof: Suppose that s is a subadditive state on L and suppose that a, b ∈ L with a ∧ b = 0. We have to derive the inequality s(a ∨ b) ≥ s(a) + s(b). Making use of the orthomodular law, we see that s(a ∨ b) = s(a) + s(a^′ ∧ (a ∨ b)) and, also, s(a∨b) = s(b)+s(b^′∧(a∨b)). Thus, we have 2·s(a∨b) = s(a)+s(b)+s(a^′∧(a∨b))+ s(b^′ ∧(a∨b)). By Proposition 1, we infer that s(a∨b) ≤ s(a^′ ∧(a∨b))+s(b^′ ∧(a∨b)). It follows that 2 · s(a ∨ b) ≥ s(a) + s(b) + s(a ∨ b), which completes the proof. □

Remark. In view of the above proposition, we can rewrite a classical result of the lattice theory (see [2] and [13]) as follows: If L admits a strictly positive subadditive state, then L is modular and every subset of L consisting of nonzero mutually orthogonal elements is at most countable.

A measure-theoretic characterization of Boolean algebras . . . 207

Proposition 3. Let s be a valuation on L. Then, for any a, b ∈ L, we have s(a) + s(b) = s(a ∨ b) + s(a ∧ b).

Proof: See [2]. □

Proposition 4 (see also [6]). Suppose that L enjoys the following property: If a ∧ b = 0, then a ≤ b^′. Then L is a Boolean algebra.

Proof: We are to show that if the assumption of Proposition 4 is satisfied, then every couple a, b ∈ L is compatible in L. Since (a∧(a∧b)^′)∧(b∧(a∧b)^′) = (a∧b)∧ (a∧b)^′ = 0, our assumption implies that the elements a∧(a∧b)^′ and b∧(a∧b)^′ are orthogonal. We therefore have a = (a∧b)∨(a∧(a∧b)^′), b = (a∧b)∨(b∧(a∧b)^′) and all the elements on the right-hand sides of the equalities are mutually orthogonal. This shows that the couple a, b is compatible in L and Proposition 4 is proved. □ Proposition 5. Suppose that for any nonzero element a ∈ L there is such a valuation s on L that s(a) = 1. Then L is a Boolean algebra.

Proof: We shall make use of Proposition 4. Consider two elements a, b ∈ L, such that a ∧ b = 0. We have to show that a ≤ b^′. Suppose that this is not the case and look for a contradiction. If a ≰ b^′, then a ∧ b^′ < a. It means that (a ∧ b^′)^′ ∧ a ≠ 0. Equivalently, (a^′ ∨ b) ∧ a ≠ 0. Let s be such a valuation that s((a^′ ∨b)∧a) = 1. It follows that s(a^′ ∨b)+s(a)−s((a^′ ∨b)∨a) = 1. Consequently, s(a^′ ∨ b) + s(a) = 2 and therefore s(a^′ ∨ b) = 1 as well as s(a) = 1. We further have s(a^′ ∨ b) = s(a^′) + s(b) − s(a^′ ∧ b) = 1.Thus, s(b) = 1 − s(a^′ ∧ b) and therefore s(b) = 1 − s(a^′ ∨ b) + s(a^′) + s(b). It follows that s(a^′ ∨ b) = 1. Since s(a^′) = 0, we see that s(b) = 1. We have obtained s(a) = s(b) = 1. It follows that s(a ∧ b) = 1 which contradicts our assumption. The proof of Proposition 5 is complete. □

Obviously, the interplay of all the propositions above establishes the required implication — if L is unital with respect to subadditive states, then it has to be Boolean. This completes the proof of Theorem 1.

Let us conclude this note by making two remarks related to the latter theorem. Suppose that s is a valuation on L and suppose that s(a) = 1 for an a ∈ L. Does this imply that a has to be central? (An element a ∈ L is called central if it is compatible to any element of L. Obviously, an affirmative answer to the latter question would give another proof of Theorem 1.) The answer is provided by the following proposition which may be interesting in its own right (see also [9]).

Proposition 6. Let L do not possess any valuation. Then L × {0, 1}, where {0, 1} is understood as a two-element lattice, possesses exactly one valuation, s, and moreover, s is two-valued and s(a, 1) = 1 for any a ∈ L.

Proof: Suppose that s is a valuation on L × {0, 1}. Then we have s(1, 0) + s(0, 1) = s(1, 1) = 1. If the value of s(1, 0) was positive, then we could easily construct a valuation on L. This possibility is, however, excluded by our assumption. Thus, s(1, 0) = 0 and therefore s(a, 0) = 0 for any a ∈ L. It implies that

208 P. Pták, S. Pulmannová

s(0, 1) = 1 and therefore s(a, 1) = 1 for any a ∈ L. What remains to be verified is that the mapping s : L × {0, 1} → ⟨0, 1⟩ defined by s(a, 0) = 0, s(a, 1) = 1 (a ∈ L) is indeed a valuation, but this is easy.

The latter proposition gives a negative answer to the above stated question (as known, valuationless orthomodular lattices exist in plenties — see [4]).

Our last comment concerns a “non-lattice” version of Theorem 1. Suppose that L is an orthomodular poset (see [10]). Let us call a state s on L subadditive if the following condition is satisfied: If a, b ∈ L, then there is an element c ∈ L such that c ≥ a, c ≥ b and s(c) ≤ s(a) + s(b). (The latter definition obviously coincides with the former one if L is a lattice.) In view of Theorem 1, a natural question arises whether any orthomodular poset which is unital with respect to subadditive states has to be Boolean. The answer is no — the example by V. Müller (see [8]) shows (among other remarkable things) that a counterexample can be constructed even in the class of set-representable orthomodular posets.

References

[1] Beran L., Orthomodular Lattices (Algebraic Approach), Academia, Prague, 1984. [2] Birkhoff G., Lattice Theory, 2nd edition, Amer. Math. Soc. Colloq. Publ., New York, 1948. [3] Foulis D.J., A note on orthomodular lattices, Portugal. Math. 21 (1962), 65–72. [4] Greechie R.J., Orthomodular lattices admitting no states, Jour. Comb. Theory 10 (1971), 119–132.

[5] Gudder S.P., Stochastic Methods in Quantum Mechanics, North-Holland, Amsterdam, 1979.

[6] Kalmbach G., Orthomodular Lattices, Academic Press, London, 1983. [7] Majerník V., Pulmannová S., Bell inequalities on quantum logics, Jour. Math. Phys. 33 (6) (1992), 2173–2178.

[8] Müller V., Jauch-Piron states on concrete quantum logics, Int. Jour. Theor. Phys. 32 (1993), 433–442.

[9] Pták P., Exotic logics, Colloquium Math., Vol. LIV (1987), 1–7.

[10] Pták P., Pulmannová S., Orthomodular Structures as Quantum Logics, Kluwer Academic Publishers, Dordrecht-Boston-London, 1991.

[11] Riečanová Z., Topology in a quantum logic induced by a measure, Proc. Conf. Topology and Measure V, Greifswald (1988), 126-130.

[12] Rüttimann G., Wright J.D.M., Kalmbach outer measures and evaluations, to appear. [13] Sarymsakov T., Ajupov S., Khadzhiev D., Chilin V., Ordered Algebras (in Russian), Filial AN, Tashkent, 1983.

The Czech Technical University, Electrical Engineering, Department of Mathematics, Technická 2, 166 27 Prague 6, Czech Republic

Slovak Academy of Sciences, Mathematical Institute, Štefánikova 49, 814 73 Bratislava, Slovak Republic

(Received November 16, 1992, revised November 23, 1993)