Comment.Math.Univ.Carolin. 35,2 (1994)263–266 263

A contribution to the equivalence results for the product of distributions

Jiří Jelínek

Abstract. Products [S] · [T ] and [S] · T , defined by model delta-nets, are equivalent.

Keywords: distribution, model delta-sequence, model delta-net Classification: 46F10

Introduction

Let S and T be distributions on R^d. Kamiński in [3] considers the following definitions for their product by regularization using model delta-sequences: [S · T ] = lim_{n→∞}(S ∗ φ_n) · (T ∗ φ_n), (1) [S] · [T ] = lim_{n→∞}(S ∗ φ_n) · (T ∗ ψ_n), (2) [S] · T = lim_{n→∞}(S ∗ φ_n) · T. (3) The model delta-sequence {φ_n} ⊂ D(R^d) is defined to be a sequence of testing functions (4) φ_n(x) = β^d_n φ (β_nx) ( x ∈ R^d )

where φ ∈ D(R^d) ∫ φ = 1, β_n ∈ R, β_n → ∞. For each of the definitions of the product above it is required that the limit in the second member exists and does not depend on the choice of delta-sequences {φ_n}, {ψ_n}.

Oberguggenberger [4], Wawak [8] and others use nets of testing functions instead of sequences. The model delta-net {φ_ε}_{ε>0} is defined by

(5) φ_ε(x) = ε^{−d}φ_1

(_x ε ) , where φ_1 ∈ D(R^d), ∫ φ_1 = 1, ε ∈ R, ε > 0. It is natural to define the product of distributions using delta-nets to be [S · T ] = lim_{ε↘0}(S ∗ φ_ε) · (T ∗ φ_ε), (6) [S] · [T ] = lim_{ε↘0}(S ∗ φ_ε) · (T ∗ ψ_ε), (7) [S] · T = lim_{ε↘0}(S ∗ φ_ε) · T (8) whenever, for each definition, the limit in D^′ exists and does not depend on the choice of model delta-nets {φ_ε}, {ψ_ε}.

It is well known (see Kamiński [3]) that the definitions (2) and (3) are equivalent, while the definition (1) is strictly more general. It is easy to see that the definitions (3) and (8) are equivalent, too. In other words, it does not matter if we use model delta-nets or model delta-sequences for defining the product [S] · T . However, the equivalence between (7) and (8) is not so evident and for proving this equivalence, we cannot refer to the results contained in [3] concerning the equivalence between (2) and (3). The definition (7) looks to be more general than (2). The matter is as follows. The choice of the number sequence {β_n} in (4) influences the speed of convergence of the sequence {φ_n} to the Dirac measure δ. Hence, from the existence of the product [S] · [T ] by (2) we can easily deduce that the product [S] · T by (3) is the same, if we let the sequence {ψ_n} converge to δ “much more quickly” than {φ_n}. On the other hand, for the definition (7) this method fails, because the speed of convergence of both nets {φ_ε}, {ψ_ε} is the same. The aim of the paper is to remove this gap showing the equivalence of the definitions (7) and (8). Thanks to what is said above, it suffices to prove the following theorem.

Theorem. Let K be the closed unit ball in R^d and suppose that for any nets {φ_ε}_{ε>0}, {ψ_ε}_{ε>0} satisfying (5) with φ_1 ∈ D(K), φ_1 ≥ 0 ∫ φ_1 = 1 and the same for ψ_1, the relation

lim_{ε↘0}⟨(S ∗ φ_ε)(T ∗ ψ_ε) , ω⟩ = ⟨W, ω⟩

holds for any testing function ω ∈ D(R^d). Then

lim_{ε↘0}⟨(S ∗ φ_ε)T, ω⟩ = ⟨W, ω⟩ .

For proving the theorem, we use Lemma 5 of Itano [2], p. 166, as follows.

Lemma. Let K_1, K_2 be compact subsets of R^{d1} , R^{d2} resp. and let W_ε ∈ D^′(K_1 × K_2) for ε > 0. The sufficient (and necessary) condition for the net {W_ε}_{ε>0} to be convergent to a distribution W ∈ D^′(K_1 × K_2) is that for any two testing functions φ ∈ D(K_1), ψ ∈ D(K_2) the relation

(9) lim_{ε↘0}⟨W_ε(x, y), φ(x)ψ(y)⟩ = ⟨W (x, y), φ(x)ψ(y)⟩

holds.

Proof of the theorem: Let us calculate

(10)

⟨(S ∗ φ_ε)(T ∗ ψ_ε) , ω⟩ = ∫ ⟨S(u), φ_ε(z − u)⟩_u ⟨T (v), ψ_ε(z − v)⟩_v ω(z) dz

= ⟨S(u) × T (v), ∫ φ_ε(z − u) ψ_ε(z − v) ω(z) dz⟩ = ⟨ S(u) × T (v), ε^{−2d} ∫ φ_1 ( z − u ε ) ψ_1 ( z − v ε ) ω(z) dz ⟩ .

A contribution . . . for the product of distributions 265

For ε > 0, we can define a distribution W_ε on R^{3d} by

⟨W_ε, Φ⟩ = ⟨ S(u) × T (v), ε^{−2d} ∫ Φ ( z − u ε , z − v ε , z ) dz ⟩ . (11)

(Φ ∈ D(R^d × R^d × R^d)) and for Φ(x, y, z) = φ_1(x)ψ_1(y)ω(z), we have by (10) ⟨W_ε, Φ⟩ = ⟨(S ∗ φ_ε)(T ∗ ψ_ε), ω⟩. Hence by the hypothesis of the theorem, if the functions φ_1, ψ_1 satisfy

(12) φ_1 ≥ 0 , ψ_1 ≥ 0, ∫ φ_1 = 1, ∫ ψ_1 = 1, and Φ(x, y, z) = φ_1(x)ψ_1(y)ω(z),

we have lim_{ε↘0}⟨W_ε, Φ⟩ = ∫ φ_1 · ∫ ψ_1 · ⟨W, ω⟩ .

Evidently this equality remains true even without the conditions (12). Generalizing the lemma above for 3 variables, we obtain

lim_{ε↘0} W_ε(x, y, z) = 1(x) × 1(y) × W (z).

For a given φ_1 satisfying (12), the set of testing functions

Φ_ε(x, y, z) := φ_1(x − y) ω(z − εy) φ_1(x) (0 < ε ≤ 1)

is evidently bounded. By the well known result that a convergent sequence of distributions converges uniformly on a bounded set of testing functions, we have

lim_{ε↘0}⟨W_ε, Φ_ε⟩ = ⟨ W (z), ∫ φ_1(x − y) ω(z) φ_1(x) dx dy ⟩ = ⟨W, ω⟩ .

The first member can be calculated by (11)

⟨W_ε, Φ_ε⟩ = ⟨ S(u) × T (v), ε^{−2d} ∫ φ_1 ( v − u ε ) ω(v)φ_1 ( z − u ε ) dz ⟩

= ⟨ S(u) × T (v), ε^{−d}φ_1 ( v − u ε ) ω(v) ⟩ = ⟨(S ∗ φ_ε) T, ω⟩ ,

which proves the theorem. □

266 J. Jelínek

References

[1] Colombeau J.F., Multiplication of distributions, Lecture Notes in Math. 1532 (1993). [2] Itano M., On the theory of multiplicative products of distributions, J. Sci. Hiroshima Univ.

Ser. A-I 30 (1966), 151–181.

[3] Kamiński A., Convolution, product and Fourier transform of distributions, Stud. Math. 74 (1982), 83–96.

[4] Oberguggenberger M., Products of distributions, nonstandard methods, Z. Anal. Anw. 7.4 (1988), 347–365.

[5] , Multiplication of Distributions and Applications to Partial Differential Equations, Institut für Mathematik und Geometrie, Universität Innsbruck, Austria, 1992, p. 312.

[6] Pietsch A., Nukleare lokalkonvexe Räume, Akademie-Verlag Berlin, 1965, p. 266. [7] Schwartz L., Théorie des distributions, Herman, Paris, 1957.

[8] Wawak R., On the Colombeau product of distributions, Proceedings Conf. Katowice, June 1988.

Department of Mathematics, Charles University, Sokolovská 83, 186 00 Praha 8, Czech Republic

(Received July 2, 1993)