Comment.Math.Univ.Carolin. 35,3 (1994)467–483 467

Bipolar barotropic nonnewtonian fluid

Šárka Matušů - Nečasová, Mária Medviďová

Abstract. The paper describes the special situation of barotropic nonnewtonian fluid, where stress tensor can be written in the form of potentials which depend on e_{ij} and (^{∂eij}_{∂xk} ). For this case, we prove the existence and uniqueness of weak solution.

Keywords: barotropic nonnewtonian fluid, bipolar fluid, existence, uniqueness, weak solution Classification: 76N, 35Q

1. Introduction

In this paper we follow the ideas of the works of [2], [4], [8]. The main step is the study of nonnewtonian bipolar barotropic fluid. We investigate the properties of the momentum equations.

First we prove the existence of the weak solutions. We use the Galerkin method and the method of characteristics. We obtain apriori estimates. Now, similarly as in [5], we pass to the limit and we use a very useful Aubin lemma. Having obtained the existence of solution we prove its uniqueness. 2. Formulation of the problem

We consider the barotropic fluid, which means that the pressure p ∈ C^1(0, +∞) depends only on the density ϱ. The expression

(2.1) P (ϱ) =

∫_ϱ 0 p^′(σ) σ dσ exists for every ϱ > 0.

Let Ω ⊂ R^N , N = 2, 3, be a bounded domain with a smooth infinitely differentiable boundary and let I = (0, T ), Q_T = I × Ω be the time-space cylinder. We assume that the body forces are given and (2.2) b ∈ L^∞(Q_T ).

Our aim is to find the velocity vector v = (v_1, . . . , v_N ) : Q_T → R^N and the density ϱ : Q_T → R of compressible barotropic viscous fluid, the motion of which is governed by the continuity equation

(2.3) ∂ϱ ∂t + ∂(ϱv_i) ∂x_i = 0

468^ˇS. Matušů - Nečasová, M. Medvi^ˇdová

and the momentum equations

(2.4)

∂(ϱv_i) ∂t + ∂ ∂x_j

(ϱv_iv_j + δ_{ij}p − τ^d_{ij}) = ϱb_i, i = 1, 2, . . . , N.

Let us note that we always use the summation convention that one has to take the sum over an index occurring twice in some term. Now we will specify our bipolar nonnewtonian fluid.

A standard symmetric stress tensor τ_{ij} is considered such that

(2.5) τ_{ij} = −pδ_{ij} + τ^d_{ij} .

The deformation stress tensor is supposed to be expressed in the form of two potentials

(2.6) τ^d_{ij} =

∂V (e) ∂e_{ij} − ∂ ∂x_k

( ∂W (De)

∂(^{∂eij}_{∂xk} ) ) ,

where e = ( e_{ij}

)_N

i,j=1, De =

( ∂e_{ij} ∂x_k

)_N

i,j,k=1

, e_{ij} = e_{ij}(v) =^1_2

(_{∂vi}

∂x_j +

∂v_j ∂x_i ) . We also consider a third stress tensor τ^d_{ijk}, the form of which is the following

(2.7) τ^d_{ijk} =

∂W (De) ∂(^{∂eij}_{∂xk} ) .

The Clausius-Duhem inequality implies (see [2])

τ^d_{ij} (v)e_{ij} (v) + τ^d_{jj1i}(v)

∂^2v_j ∂x_{j1} ∂x_i + (2.8) + ∂ ∂x_p

(τ^d_{jip}(v))

∂v_j ∂x_i

≥ 0.

The reader interested in the physical background is referred to [2]. We use (2.6), (2.7) and (2.8) and derive ( ∂V ∂e_{ij}

(e(v)) − ∂ ∂x_k ( ∂W ∂ (_{∂eij}

∂x_k ) ( De(v) ) )) ∂v_j ∂x_i + (2.8^′)

+ ∂ ∂x_p

( ∂W (De) ∂ (_{∂eij}

∂x_p ) ) e_{ij}(v) +

∂W (De) ∂ (_{∂ejj1}

∂x_i ) ∂^2v_j ∂x_{j1} ∂x_i

≥ 0.

We assume the following conditions:

c_1 ( 1 + | | |De | | | )_{q−2}

|ξ|^2 ≤

∂^2W (De)

∂(^{∂eij}_{∂xk} )∂(^{∂ei1j1}_{∂xk1} ) ξ^k_{ij}ξ^{k1}_{i1j1}

(2.9)

≤ c_2 ( 1 + | | |De | | | )_{q−2}

|ξ|^2, q > N;

c_3(1 + |e|)^{q−2}|ξ|^2 ≤

∂^2V (e) ∂e_{ij}∂e_{i1j1} ξ_{ij} ξ_{i1j1}

(2.9^′)

≤ c_4(1 + |e|)^{q−2}|ξ|^2,

where c_1, c_2, c_3, c_4 are positive constants and | · | is a usual Euclidean norm of vector. Let us note that we will always suppose throughout the paper that q > N.

Assume

W (0) = 0, V (0) = 0;

(2.10) ∂W ∂ (_{∂eij}

∂x_k

) (0) = 0, ∂V ∂e_{ij}

(0) = 0.

(2.11)

The system (2.3), (2.4), is completed by the initial conditions

(2.12) v(0) = v_0, ϱ(0) = ϱ_0, ϱ_0 > 0

and the boundary conditions

τ^d_{ijk}ν_j ν_k = 0 on (0, T ) × ∂Ω,

(2.13)

v = 0 on (0, T ) × ∂Ω.

(2.14)

Now, we are ready to give the weak formulation of (2.3), (2.4), (2.12)–(2.14).

Definition 2.15. A couple (ϱ, v) is said to be a weak solution to the problem (2.3), (2.4), (2.12)–(2.14), if the following conditions are fulfilled

ϱ ∈ L^∞ ( I; W^{1,q}(Ω) ) , (i) ∂ϱ ∂t ∈ L^∞ ( I; L^q(Ω) ) , (ii)

v ∈ L^∞ ( I; W^{2,q}(Ω) ∩ W^{1,2}_0 (Ω) ) , (iii) ∂v ∂t ∈ L^2(Q_T ),

(iv)

470^ˇS. Matušů - Nečasová, M. Medvi^ˇdová

(v) the continuity equation (2.3) is satisfied in the sense of distributions on Q_T , ∫ Ω ∂ ∂t (ϱv_i)φ_i − ∫ Ω ϱv_iv_j

∂φ_i ∂x_j − ∫ Ω p ∂φ_i ∂x_i + (vi) + ∫ Ω ∂V (e(v))

∂e_{ij} e_{ij}(φ) + ∫ Ω ∂W (De(v)) ∂ (_{∂eij}

∂x_k ) ∂e_{ij} ∂x_k

(φ) =

= ∫ Ω ϱb_iφ_i

holds for a.e. t ∈ I and for every φ ∈ W^{2,q}(Ω; R^N ) ∩ W^{1,2}_0 (Ω; R^N ), (vii) the initial conditions (2.12), where ϱ_0 ∈ C^1(Ω) and v_0 ∈ W^{2,q}(Ω)∩ W^{1,2}_0 (Ω), are fulfilled.

3. A modified Galerkin method

First we construct a sequence of suitable approximations. Let us denote

V = W^{2,q}(Ω; R^N ) ∩ W^{1,2}_0 (Ω; R^N ),

(3.1) W = W^{2,2}(Ω; R^N ) ∩ W^{1,2}_0 (Ω; R^N ).

It is easy to see that V ⊂ W , W is a Hilbert space. Let << . , . >> be a scalar product in W , {z^k}^∞_{k=1} be a complete orthogonal system of eigenfunctions in W which is given by the solution of the following eigenvalue problem

<< v, z^k >>= λ_k(v, z^k) ∀v ∈ W,

where (v, z^k) = ∫ Ω vz^k dx and 0 < λ_1 ≤ λ_2 ≤ . . . . From the regularity of elliptic equations (see [3]) we obtain z^k ∈ C^∞(Ω̄) ∩ C_0(Ω), k = 1, 2, . . . .

Let L^2_m = span{z^1, . . . , z^m} in L^2(Ω; R^N ), W_m = span{z^1, . . . , z^m} in W and V_m = span{z^1, . . . , z^m} in V . Then we have an orthogonal projector P_m :

(3.2) P_mv = m∑ k=1 λ_k(v, z^k)z^k v ∈ L^2(Ω)

from L^2 onto L^2_m and also from W onto W_m. Moreover the continuity of P_m in V can be shown by Banach-Steinhaus theorem (see [7]), so

‖P_mv‖_W 2,q_{(Ω)} ≤ c‖v‖_W 2,q_{(Ω)} ∀v ∈ W^{2,q}(Ω).

We put

(3.3) v^m(t, x) = m∑ k=1 c_k(t)z^k(x), where c = (c_1, . . . , c_m) ∈ C^1(Ī).

Let us look for ϱ_m ∈ C^1(Q̄_T ) such that

(3.4)

∂ϱ_m ∂t + ∂ ∂x_i

(ϱ_mv^m_i ) = 0.

We shall suppose throughout the paper

ϱ_m(0, x) = ϱ_0(x) ∈ C^1(Ω̄); ϱ_0(x) > 0 in Ω̄.

The relation between Lagrangian and Euler coordinates leads us to the problem

ẋ^m(t) = v^m ( t, x^m(t) ) (3.5) x^m(0) = y, y ∈ Ω̄.

For every t ∈ Ī, y → x^m(t) is a diffeomorphism of Ω̄ onto Ω̄. For σ_m = ln ϱ_m we have

∂σ_m ∂t + ∂ ∂x_i

(σ_m)v^m_i = d dt σ_m ( t, x^m(t) ) = − ∂ ∂x_i ( v^m_i (t, x^m) ) . Hence

(3.6) ϱ_m(t, x) = ϱ_0(y) exp ( − ∫_t 0 ∂v^m_i (τ, x^m(τ)) ∂x_i dτ ) , where y = x^m(0), x = x^m(t).

Now, let us look for v̄^m, v̄^m(t, x) =

∑_m k=1 c̄_k(t)z^k(x) such that for every t ∈ I we have: ∫ Ω ( ϱ_m

∂v̄^m_i ∂t + ϱ_mv^m_j

∂v̄^m_i ∂x_j + ∂p ∂x_i ) z^ℓ_i dx =

(3.7)

= − ∫ Ω ∂V ∂e_{ij}

(e(v̄^m)) · e_{ij}(z^ℓ) − ∫ Ω ∂W ( De(v̄^m) ) ∂ (_{∂eij}

∂x_k ) · ∂e_{ij} ∂x_k

(z^ℓ) + ∫ Ω ϱ_mb_iz^ℓ_i ,

ℓ = 1, 2, . . . , m.

The equations (3.7) will be completed by the initial conditions

(3.8) ∫ Ω m∑ k=1 N∑ i=1 c̄_k(0)z^k_i z^ℓ_i dx = ∫ Ω N∑ i=1 v̄_i(0, x)z^ℓ_i (x) dx,

where ℓ = 1, . . . , m. Now, it is enough to assume that

(3.9) v_0(x) = v̄(0, x) ∈ L^2(Ω; R^N ).

472^ˇS. Matušů - Nečasová, M. Medvi^ˇdová

The main point is that for t : 0 ≤ t ≤ T det ( ∫ Ω N∑ i=1 ϱ_m(x, t)z^ℓ_i (x)z^k_i (x) dx

)_m

ℓ,k=1

≠ 0.

So (3.7), (3.8), turn to a system of ordinary differential equations for c̄_i(t) that is uniquely solved.

Now, let us consider the mapping c → c̄ in a small enough interval < 0, α >. If we start with c_i(t) in the ball (3.10) max_{⟨0,α⟩} |c_i(t) − c_i(0)| ≤ 1; i = 1, 2, . . . , m,

we get max_{⟨0,α⟩} |c̄_i(t) − c_i(0)| ≤ 1; i = 1, 2, . . . , m, so max_{⟨0,α⟩} |˙c̄_i| ≤ K(α),

K(α) > 0 if α is small enough. The details of the proof can be found in [3]. Thus, applying the Schauder fixed point theorem, we find that c̄_i = c_i on ⟨0, α⟩, hence v̄^m = v^m. For such a solution we get the following estimates:

(3.11) ∫ Ω_t

ϱ_m dx = ∫ Ω_0

ϱ_0 dx,

1 2 ∫ Ω_t

ϱ_m|v^m|^2 − 1 2 ∫ Ω_0

ϱ_0|v^m(0)|^2 + ∫ Ω_t

P (ϱ_m) − ∫ Ω_0

P (ϱ_0)+

(3.12)

+ ∫ Q_t ∂V ∂e_{ij} e_{ij}(v^m) + ∂W ∂(^{∂eij}_{∂xk} )

∂e_{ij}(v^m) ∂x_k = ∫ Q_t

ϱ_mb_iv^m_i ,

where Ω_t = {(x, t); x ∈ Ω} for any t ∈ I, Ω_0 = {(x, 0); x ∈ Ω}.

The equation (3.11) is obtained from (3.4) by integrating over Q_t, applying the Green theorem for the second term and using the boundary condition (2.14). The second estimate (3.12) can be derived from (3.7), where we put v^m = v̄^m, multiply it by c^ℓ, sum for ℓ = 1, 2, . . . , m and integrate over Q_t, t ∈ I. Now let us multiply (3.7) (v_m = v̄_m) by ċ_ℓ, summed for ℓ = 1, 2, . . . , m and integrated over Q_t, t ∈ I. ∫ Q_t

ϱ_m

(∂vm_i ∂t )_2 + ∫ Q_t

ϱ_m

∂v^m_i ∂x_j v^m_j

∂v^m_i ∂t + (3.13) + ∫ Ω_t V ( e(v^m) ) + ∫ Ω_t W ( De(v^m) ) + ∫ Q_t ∂p ∂ϱ ∂ϱ_m ∂x_i

∂v^m_i ∂t = = ∫ Ω_0 V ( e(v^m(0)) ) + ∫ Ω_0 W ( De(v^m(0)) ) + ∫ Q_t

ϱ_mb_i

∂v^m_i ∂t .

Remark. In the same way as in [6,10] from the properties of ordinary differential equations and from (3.12), it follows that α = T . Let us denote

(3.14) ((v, w)) = ∫ Ω τ^d_{ij} (v)e_{ij} (w) v, w ∈ V.

The next proposition shows that the form ((. , . )) is an elliptic one. Proposition 3.15. The Clasius-Duhem inequality implies

(i) ((v, v)) ≥ 0 ∀ v ∈ V.

If moreover (2.9), (2.9^′) are fulfilled, then

(ii) ((v, v)) ≥ c_1‖v‖^q_{W 2,q (Ω)} + c_2‖v‖^2_{W 2,2(Ω)}; ∀ v ∈ V, c_1, c_2 > 0.

Proof: (i) Using (2.8) it is enough to show that ∫ Ω τ^d_{jj1i}(v)

∂^2v_j ∂x_{j1} ∂x_i + ∂ ∂x_p

(τ^d_{jip}(v))

∂v_j ∂x_i

= 0.

But we have ∫ Ω ∂ ∂x_p

(τ^d_{jip}(v))

∂v_j ∂x_i = − ∫ Ω τ^d_{jip}(v)

∂^2v_j ∂x_p∂x_i + ∫ ∂Ω τ^d_{jip}(v)

∂v_j ∂x_i ν_p.

It can be proved (see [12]) that ∫ ∂Ω τ^d_{jip}(v)

∂v_j ∂x_i ν_p = ∫ ∂Ω τ^d_{jip}(v)

∂v_j ∂ν ν_iν_p = 0,

due to the boundary conditions (2.13), (2.14).

To prove (ii) we use L^p -version (p ≥ 1) of the Korn inequality (see[13]) which has the following form

(3.16) ∫ Ω |e(w)|^p ≥ c‖w‖^p_{W 1,p(Ω)} ∀w ∈ W^{1,p}_0 (Ω).

Moreover, a “version” of (3.16) for De can be proved, for more details see [13].

(3.16^′) ∫ Ω |De(w)|^p ≥ c‖w‖^p_{W 2,p(Ω)} ∀w ∈ W^{2,p}(Ω), w = 0 on ∂Ω.

474^ˇS. Matušů - Nečasová, M. Medvi^ˇdová

Further, using the mean-value theorem, (2.9^′), (2.11) we get

∂V ∂e_{ij}

(e(v)) · e_{ij}(v) = ∂V ∂e_{ij}

(e(v)) · e_{ij}(v) − ∂V ∂e_{ij}

(0) · e_{ij}(v) =

(3.17)

∫_1 0 d dτ ∂V ∂e_{ij}

(τe(v))e_{ij} (v) dτ =

∫_1 0 ∂^2V ∂e_{ij}∂e_{i1j1}

(τe(v))e_{ij} (v)e_{i1j1} (v) dτ ≥ ∫_1 0 c_3(1 + τ|e|)^{q−2}|e|^2dτ ≥ c_1|e|^q + c_2|e|^2, c_1, c_2 > 0.

Similarly for W (De) we obtain

(3.18) ∂W ∂(^{∂eij}_{∂xk} ) ( De(v) ) · ∂e_{ij} ∂x_k

(v) ≥ c_3|De|^q + c_4|De|^2,

where c_3, c_4 > 0.

((v, v)) = ∫ Ω ∂V (e(v))

∂e_{ij} e_{ij}(v) − ∂ ∂x_k

( ∂W (De(v))

∂(^{∂eij}_{∂xk} ) ) e_{ij}(v) =

= ( Green theorem and (2.13) ) = ∫ Ω ∂V (e) ∂e_{ij} e_{ij} + ∫ Ω ∂W (De) ∂(^{∂eij}_{∂xk} )

∂e_{ij} ∂x_k

≥ ( (3.17), (3.18) ) ≥ c_1 ∫ Ω |e|^q + c_2 ∫ Ω |e|^2 + c_3 ∫ Ω |De|^q + c_4 ∫ Ω |De|^2 ≥

≥ ( (3.16), (3.16^′) ) ≥ c_5‖v‖^q_{W 1,q (Ω)} + c_6‖v‖^2_{W 1,2(Ω)} + c_7‖v‖^q_{W 2,q(Ω)}+ + c_8‖v‖^2_{W 2,2(Ω)} ≥ c_7‖v‖^q_{W 2,q(Ω)} + c_8‖v‖^2_{W 2,2(Ω)}. □ The following proposition gives apriori estimates based on (3.11)–(3.13).

Proposition 3.19 (apriori estimates). Let v_0 ∈ V . The solutions (ϱ_m, v^m) of (3.4), (3.7) (v^m = v̄^m) satisfy the following estimates uniformly with respect to m.

‖ϱ_m‖_{L∞}(_{I;L1(Ω)}) ≤ const., (i) ‖v^m‖_{Lq}(_{I;W 2,q (Ω)}) ≤ const.,

(ii) ‖v^m‖_{L2}(_{I;W 2,2(Ω)}) ≤ const.,

(iii) ‖ϱ_m‖_L∞_{(QT )} ≤ const.,

(iv)

‖ϱ_m‖_{L∞}(_{I;W 1,q(Ω)}) ≤ const., (v) ‖ ∂ϱ_m ∂t ‖_{L∞}(_{I;Lq (Ω)}) ≤ const.,

(vi) ‖ ∂v^m ∂t ‖_L2_{(QT )} ≤ const.,

(vii) ‖v^m‖_{L∞}(_{I;W 2,q (Ω)∩W 1,20 (Ω)}) ≤ const..

(viii)

Proof:

(i): From (3.11) we have ∀t ∈ I : ‖ϱ_m‖_L1_{(Ωt)} ≤ ‖ϱ‖_L1_{(Ω0)}, that proves (i).

(ii) and (iii) follow from (3.12) and the ellipticity of the form ((. , . )). More precisely, ∫ Q_t

ϱ_mb_iv^m_i ≤ c

∫_T 0 ‖ϱ_m‖_L1_{(Ω)}‖b‖_L∞_{(Ω)}‖v^m‖_W 2,q_{(Ω)} ≤ (α) ≤ (Young inequality) ≤ c_1(ε)‖ϱ_m‖^{q′}_{L∞(I;L1(Ω))}‖b‖^{q′}_{L∞(QT )} + ε‖v^m‖^q_{Lq (I;W 2,q (Ω))}, where q^′ :^1_{q′} +^1_q = 1; ε > 0 arbitrary. From the properties of the function P , it follows (see [4,11]) (β) ∫ Ω_t

P (ϱ_m) > 0. Further, (γ) 1 2 ∫ Ω_0

ϱ_0|v^m(0)|^2 ≤ c 1 2 ∫ Ω_0

ϱ_0|v_0|^2 ≤ const. and ∫ Ω_0

P (ϱ_0) ≤ const. ,

due to ϱ_0 ∈ C^1(Ω̄), v_0 ∈ V → L^2(Ω) and P_m is orthogonal on L^2(Ω), (2.1). (δ) ∫_t 0 ((v^m, v^m)) ≥ c_1‖v^m‖^q_{Lq ((0,t);W 2,q (Ω))} + c_2‖v^m‖^2_{L2((0,t);W 2,2 (Ω))}.

Putting α, β, γ, δ, into (3.12) we find that ‖ϱ_m|v^m|^2‖_L∞_{(I;L}1_{(Ω))} ≤ const.

476^ˇS. Matušů - Nečasová, M. Medvi^ˇdová and ‖v^m‖_L2_{(I;W} 2,2_{(Ω))} ≤ const., ‖v^m‖_Lq_{(I;W} 2,q_{(Ω))} ≤ const..

(iv): Since we can solve the continuity equation precisely, i.e.

ϱ_m(t, x) = ϱ ( x(0) ) exp ( − ∫_t 0 ∂v^m_i ∂x_i ( τ, x^m(τ) ) dτ ) , we get

ϱ_m(t, x) ≥ c exp ( −γ ∫_T 0 ‖v^m‖_W 2,q_{(Ω)} dτ ) ≥ c exp(−γ_1·T^{1/q′} ), q^′ : 1 q + 1 q^′

= 1.

Similarly we obtain the estimate from above. These estimates imply (iv). Analogously as in [5] we get from (3.6):

(v) ϱ_m ∈ L^∞ ( I; W^{1,q}(Ω) ) and ∂ϱ_m ∂t ∈ L^q ( I; L^q(Ω) ) . Now we will estimate terms in (3.13): ∫ Q_t

ϱ_m

( ∂v^m_i ∂t )_2

≥ c_1 ‖ ‖ ‖ ∂v^m ∂t ‖ ‖ ‖^2_{L2(Qt)}, (α)

∫ Ω_t

V (e(v^m)) + W (De(v^m)) ≥ c_2 ( ‖v^m(t)‖^q_{W 2,q (Ωt)} + ‖v^m(t)‖^2_{W 2,2(Ωt)} ) , (β)

here we used the same idea as in (3.17), L^p-version of Korn inequality and (2.9), (2.9^′), (2.10), (2.11). In an analogous way, one can find ∫ Ω V (e(v^m(0))) + W (De(v^m(0))) ≤ c ( ‖v^m(0)‖^q_{W 2,q (Ω)}+ (γ) + ‖v^m(0)‖^{q−1}_{W 2,q−1(Ω)} + · · · + ‖v^m(0)‖^2_{W 2,2(Ω)} ) ≤ ( using continuity of P_m ) ≤ c_3 ( ‖v_0‖^q_{W 2,q(Ω)}+

+ ‖v_0‖^{q−1}_{W 2,q−1(Ω)} + · · · + ‖v_0‖^2_{W 2,2(Ω)} ) .

Further, ∫ Q_t

ϱ_mb_i

∂v^m_i ∂t ≤ c_4‖ϱ_m‖_L∞_{(QT )}‖b‖_L∞_{(QT )}‖

∂v^m ∂t ‖_L2_{(QT )}, (δ)

− ∫ Q_t

ϱ_m

∂v^m_i ∂x_j v^m_j

∂v^m_i ∂t ≤ ( Hölder inequality) ≤ (ε)

≤ ( ∑ i ∫ Q_t ( ϱ_m

∂v^m_i ∂x_j v^m_j

)_2)^1_2 · ‖ ‖ ‖ ∂v^m ∂t ‖ ‖ ‖_{L2(Qt)} ≤

c_5‖ϱ_m‖^{12}_{L∞(Qt)}‖ϱ_m|v^m|^2‖^{12}_{L∞(I;L1(Ω))}‖v^m‖_Lq_{((0,t);W} 2,q_{(Ω))} ‖ ‖ ∂v^m ∂t ‖ ‖ L^2(Q_t) ,

− ∫ Q_t ∂p ∂ϱ ∂ϱ_m ∂x_i

∂v^m_i ∂t ≤ c_6‖ϱ_m‖_L∞_{(I;W} 1,q_{(Ω))} ‖ ‖ ∂v^m ∂t ‖ ‖ L^2(Q_t) . (ζ)

Putting all these results together into (3.13) we obtain

c_1 ‖ ‖ ∂v^m ∂t ‖ ‖^2 L^2(Q_t)

+ c_2(‖v^m(t)‖^q_{W 2,q (Ωt)} + ‖v^m(t)‖^2_{W 2,2(Ωt)}) ≤

c_3(‖v_0‖^q_{W 2,q (Ω)} + · · · + ‖v_0‖^2_{W 2,2(Ω)}) + c_4‖ϱ_m‖_L∞_{(Qt)}‖b‖_L∞_{(Qt)} ‖ ‖ ∂v^m ∂t ‖ ‖ L^2(Q_t) + c_5‖ϱ_m‖^{12}_{L∞(Qt)}‖ϱ_m|v^m|^2‖^{12}_{L∞((0,t);L1 (Ω))}‖v^m‖_Lq_{((0,t);W} 2,q_{(Ω))} ‖ ‖ ∂v^m ∂t ‖ ‖_{L2(Qt)}+

c_6‖ϱ_m‖_L∞_{((0,t);W} 1,q_{(Ω))} ‖ ‖ ‖ ∂v^m ∂t ‖ ‖ ‖_{L2(Qt)}, t ∈ I.

Hence using (i)–(v) and the Young inequality we find that

(vii) ‖ ‖ ∂v^m ∂t ‖ ‖ L^2(Q_T )

≤ c and (viii) ‖v^m‖_{L∞(I;W 2,q(Ω)∩W} 1,2_{0 (Ω))} ≤ c.

To prove (vi) we show that^∂_{∂xi} (ϱ_mv^m_i ) ∈ L^∞(I; L^q(Ω)) and the rest follows from the continuity equation. So ( ∫ Ω_t | | | ∂ ∂x_i

(ϱ_mv^m_i ) | | |^q dx

)_{1/q} ≤ ( ∫ Ω_t | | | ∂ϱ_m ∂x_i v^m_i | | |^q dx

)_{1/q} + + ( ∫ Ω_t

|ϱ_m

∂v^m_i ∂x_i | | |^q dx

)_{1/q}

≤ ‖v^m‖_C1_(¯_{Ωt)}‖∇ϱ_m‖_Lq_{(Ωt)}+

+ ‖∇v^m‖_{C(}¯_{Ωt)}‖ϱ_m‖_Lq_{(Ωt)} ≤ k‖v^m‖_W 2,q_{(Ωt)}‖ϱ_m‖_W 1,q_{(Ωt)} ≤ c. □

478^ˇS. Matušů - Nečasová, M. Medvi^ˇdová

4. Limit process

Our aim will be to prove the existence theorem. To this goal we will need the well-known Aubin lemma.

Lemma 4.1 (Aubin lemma). Let B be a Banach space, B_i (i = 0, 1) reflexive Banach spaces. Let B_0 →→ B → B_1, 1 < p_i < ∞. Let W = {v; v ∈ L^{p0} (I, B_0);^{∂v}_{∂t} ∈ L^{p1} (I, B_1)}, then W →→ L^{p0} (I, B). (Here, →→ denotes compact imbeddings.)

Theorem 4.1. Let ϱ_0 ∈ C^1(Ω̄), ϱ_0 > 0 in Ω̄, v_0 ∈ V . Let the assumptions (2.8), (2.8^′), (2.9)–(2.13) be satisfied. Then we can choose a subsequence of solutions to (3.4), (3.7) {ϱ^m, v^m}_m such that

(i) ϱ^m → ϱ strongly in L^2(Q_T ); (ii) v^m → v strongly in L^2(I; W^{1,2}(Ω));

v^m → v weakly in L^q ( I; W^{2,q}(Ω) ) ; (iii)

∂v^m ∂t → ∂v ∂t weakly in L^2(Q_T );

(iv)

∂ϱ_m ∂t → ∂ϱ ∂t *-weakly in L^∞ ( I; L^q(Ω) ) ; (v) ∫ Q_T p(ϱm)

∂ϕ_i ∂x_i → ∫ Q_T p(ϱ)

∂ϕ_i ∂x_i

∀ϕ ∈ L^q ( I; W^{2,q}(Ω) ∩ W^{1,2}_0 (Ω) ) ; (vi) ϱ_mv^m → ϱv strongly in L^2(Q_T ); (vii) ϱ_mv^m_i v^m_j → ϱv_iv_j weakly in L^2(Q_T ).

Proof: (i) follows from Lemma 4.1 with B = B_1 = L^2(Ω), B_0 = W^{1,2}(Ω), p_1 = p_0 = 2, and 3.19, the assertions (v), (vi).

(ii) can be proved analogously. In Lemma 4.1 we put B_0 = W^{2,2}(Ω), B = W^{1,2}(Ω), B_1 = L^2(Ω) and p_0 = p_1 = 2. The second assertion is obtained from (3.14)(ii).

(iii) and (iv) are the consequences of (3.14)(vii), (vi), respectively. To prove (v) we will need the following lemma (see [6]).

Lemma 4.2. Let G be a bounded domain in R^N × R, q_m and q be functions from L^{p′} (G), 1 < p^′ < ∞ such that ‖q_m‖_{Lp}′_{(G)} < c and q_m → q a.e. in G. Then

q_m ⇀ q in L^{p′} (G).

Since ϱ_m → ϱ in L^2(Q_T ) we find a subsequence, still denoted by ϱ_m, such that ϱ_m → ϱ a.e. in Q_T . Because of (3.14)(iv) ‖p(ϱ_m)‖_Lp_{(QT )} ≤ c for every 1 < p < ∞. Moreover p(ϱ_m) → p(ϱ) a.e. in Q_T , p ∈ C^1(0, ∞). Applying Lemma 4.2 we obtain p(ϱ_m) → p(ϱ) weakly in L^p(Q_T ) for every 1 < p < ∞ that implies (v).

(vi) is a consequence of the following estimates: ( ∫ Q_T

|ϱ_mv^m − ϱv|^2

)_{1/2} ≤ ( ∫ Q_T

(ϱ_m(v^m − v))^2

)_{1/2} + ( ∫ Q_T

(v(ϱ_m − ϱ))^2

)_{1/2} ≤ ≤ ‖ϱ_m‖_L∞_{(QT )}‖v^m − v‖_L2_{(QT )} + ‖v‖_L∞_{(I;C}1_(¯_{Ω))}‖ϱ_m − ϱ‖_L2_{(QT )} ≤

≤ c‖v^m − v‖_L2_{(QT )} + ‖v‖_L∞_{(I;W} 2,q_{(Ω))}‖ϱ_m − ϱ‖_L2_{(QT )} −→ 0, as m → ∞, due to (i) and (ii).

(vii) is shown in this way: ∫ Q_T

(ϱ_mv^m_i v^m_j − ϱv_iv_j )φ ≤ ∫ Q_T

(ϱ_mv^m_i − ϱv_i)v^m_j φ + ∫ Q_T

(ϱv_i)(v^m_j − v_j )φ ≤

≤ ‖ϱ_mv^m_i − ϱv_i‖_L2_{(QT )}‖φ‖_L2_{(QT )}‖v^m_j ‖_L∞_{(I;V )}+ + ‖v^m_j − v_j ‖_L2_{(QT )}‖φ‖_L2_{(QT )}‖ϱ‖_L∞_{(QT )} · ‖v_i‖_L∞_{(I;V )}, for every φ ∈ L^2(Q_T ). Both terms tend to zero due to (ii) and (vi). □ Now we are able to prove the existence of the weak solution to the problem (2.3), (2.4), (2.12)–(2.14), defined in (2.15).

Theorem 4.2. Let the assumptions of Theorem 4.1 be satisfied. Then there exists at least one weak solution to the problem (2.3), (2.4), (2.12)–(2.14), s.t. ϱ ∈ L^∞ ( I; W^{1,q}(Ω) ) , (4.3) ∂ϱ ∂t ∈ L^∞ ( I; L^q(Ω) ) , (4.4)

v ∈ L^∞ ( I; W^{2,q}(Ω) ∩ W^{1,2}_0 (Ω) ) , (4.5) ∂v ∂t ∈ L^2(Q_T ).

(4.6)

Proof: Let us multiply (3.4) by any φ ∈ C^∞_0 (Q_T ). Letting m → ∞ and using (4.1)(iv); (vi) we easily verify that the continuity equation (2.2) holds in the sense of distributions and a.e. in Q_T .

Now we prove that (ϱ, v) satisfy (2.15)(vi) and also (2.4) in the sense of distributions on Q_T . In (3.7) let us put v^m = v̄^m, instead of z^ℓ_i we multiply the equation by any φ ∈ C^1(Ī; V_m) s.t. φ(T ) = 0. By integrating over Q_T we obtain − ∫ Q_T

ϱ_mv^m_i

∂φ_i ∂t − ∫ Q_T

ϱ_mv^m_i v^m_j

∂φ_i ∂x_j − ∫ Q_T

p_m

∂φ_i ∂x_i + (4.7) + ∫ Q_T

∂V (e(v^m))

∂e_{ij} e_{ij}(φ) + ∫ Q_T ∂W ∂ (_{∂eij}

∂x_k ) ( De(v^m)

) ∂e_{ij} ∂x_k (φ)

= ∫ Q_T

ϱ_mb_iφ_i + ∫ Ω ϱ_0v^m_i (0)φ_i(0) ∀φ ∈ C^1(Ī; V_m).

Letting m → ∞ in (4.7) we find that (2.15)(vi) holds a.e. in I and for any smooth test function from

⋃_∞

m=1 V_m. The proof is based on the results from Theorem 4.1. Let us show more precisely the limit process in ((v^m, φ)).

∫_T 0 ∫ Ω_t

( ∂V (e(vm)) ∂e_{ij} − ∂V (e(v))

∂e_{ij} ) e_{ij}(φ) = = ∫_T 0 ∫ Ω_t

∫_1 0 ∂^2V ∂e_{ij}∂e_{i1j1}

(e(v + θ(v^m − v))) dθ · e_{i1j1} (v^m − v)e_{ij}(φ).

480^ˇS. Matušů - Nečasová, M. Medvi^ˇdová

Put w_θ = v + θ(v^m − v). Using (2.9^′) we can estimate the second derivative of the potential V :

∫_T 0 ∫ Ω_t

∫_1 0 c(1 + |e(w_θ)|)^{q−2} dθ|e(v^m − v)||e(φ)| ≤

c‖φ‖_C1_{(Ī;V )}‖v^m − v‖_L2_{(I;W} 1,2_{(Ω))}

∫_1 0 ( ∫ Q_T

(1 + |e(w_θ)|)^{2(q−2)}

)_{1/2} dθ. The last term is bounded by a constant, because

w_θ ∈ L^∞(I; W^{2,q}(Ω)) → L^∞(I; C^1(Ω̄)) ∀ θ ∈ ⟨0, 1⟩ .

Due to the strong convergence of v^m in L^2(I; W^{1,2}(Ω)) the limit equals zero. Further,

∫_T 0 ∫ Ω_t ( ∂W ∂ (_{∂eij}

∂x_k ) ( De(v^m) ) − ∂W ∂ (_{∂eij}

∂x_k ) ( De(v) ) ) ∂e_{ij} ∂x_k

(φ) =

= ∫_T 0 ∫ Ω_t

∫_1 0 ∂^2W ∂ (_{∂eij}

∂x_k ) ∂ (_{∂ei1j1}

∂x_{k1} ) ( De(w_θ) ) dθ ·

∂e_{i1j1} ∂x_{k1}

(v^m − v) ·

∂e_{ij} ∂x_k

(φ).

Now we use that v^m → v weakly in L^q(I; W^{2,q}(Ω)) and show that for all θ ∈ ⟨0, 1⟩: ∫_T 0 ∫ Ω_t

|c(1 + |

∂e_{ij} ∂x_k

(w_θ)|)^{q−2}

∂e_{ij} ∂x_k

(φ)|^p < c,

where p :^1_p +^1_q = 1. But this can be done by Hölder inequality and using the facts

w_θ ∈ L^q(I; W^{2,q}(Ω)), φ ∈ C^1(Ī; ⋃ m V_m) ⊂ C^1(Ī; W^{2,q}(Ω) ∩ W^{1,2}_0 (Ω)). Notice that it is enough to take φ ∈ C^1(Ī; W^{2,q}(Ω) ∩ W^{1,2}_0 (Ω)).

Other terms in (4.7) are evaluated easily. We use (4.1)(vi), (vii), (v), (i), and the fact ‖v^m(0) − v_0‖_L2_{(Ω)} → 0 m → ∞,

due to the definition of projector P_m. So, we can pass to the limit in (4.7) and obtain that (4.7) holds for (ϱ, v) and smooth test functions.

Now, it is just to realize that every term in (4.7) is a linear continuous functional on V . It means that we can complete the set of test functions: φ ∈ C^1(Ī; W^{2,q}(Ω) ∩ W^{1,2}_0 (Ω)). The necessary estimates in ((v, φ^n − φ)) (where φ^n are smooth test functions and φ^n → φ -strongly in V ) can be done in the same way as previously. We only change v^m := v, v := 0 and use (2.11). Other terms in (4.7) do not make problems. We finally obtain that (2.15)(vi) holds a.e. in I and for any test function from V . The momentum equation is satisfied also in the sense of distributions. The estimates (4.3)–(4.6) are fulfilled due to Proposition 3.19. □

5. Uniqueness Theorem 5.1. Let the assumptions of Theorem 4.2 be satisfied. Then there is the unique weak solution to the problem (2.3), (2.4), (2.12)–(2.14). Proof: Let (ϱ, v), (ϱ̄, v̄) be two solutions. We denote ξ = ϱ − ϱ̄ and w = v − v̄. From the continuity equation we obtain

(5.1) ∂ξ ∂t = −ξ

∂v_j ∂x_j − ϱ̄ ∂w_j ∂x_j − ∂ξ ∂x_j v_j − ∂ϱ̄ ∂x_j w_j a.e. in Q_T .

From the weak formulation of the momentum equation we get ∫ Ω_t ϱ̄ ∂w_i ∂t ϕ_i + ∫ Ω_t ξ ∂v_i ∂t ϕ_i + ∫ Ω_t

ξv_j

∂v_i ∂x_j ϕ_i + ∫ Ω_t

ϱ̄w_j

∂v_i ∂x_j ϕ_i + ϱ̄v̄_j

∂w_i ∂x_j ϕ_i =

(5.2)

= ∫ Ω_t

∫_1 0 ∂p ∂ϱ (ϱ̄ + ϑξ)ξ dθ ·

∂ϕ_i ∂x_i − − ∫ Ω_t

∫_1 0 ∂^2V ∂e_{ij}∂e_{kℓ} ( e(v̄ + ϑ^1w) ) dϑ^1 · e_{kℓ}(w)e_{ij} (ϕ) − − ∫ Ω_t

∫_1 0 ∂^2W ∂(^{∂eij}_{∂xℓ} )∂(^{ei1j1}_{∂xℓ1} ) ( De(v̄ + ϑ^2w) ) dϑ^2 ·

∂e_{i1j1} ∂x_{ℓ1} (w) ∂e_{ij} ∂x_ℓ

(ϕ) + ∫ Ω_t

ξb_iϕ_i,

for every ϕ ∈ V , t ∈ I. Now let us multiply (5.1) by ξ and integrate over Q_t, t ∈ I. We use Proposition 3.19, Young inequality and get the estimate

(5.3) 1 2 ∫ Ω_t

ξ^2 dx ≤ c_1K_1(ε) ∫ Q_T

ξ^2 dx dτ + c_2ε

∫_t 0 ‖w‖^2_{W 2,2(Ω)} dτ,

where

c_1 = c(‖v‖_L∞_{(I;W} 2,q_{(Ω))} + ‖ϱ̄‖_L∞_{(QT )} + ‖ϱ̄‖_L∞_{(I;W} 1,q_{(Ω))}); c_2 = c^′(‖ϱ̄‖_L∞_{(QT )} + ‖ϱ̄‖_L∞_{(I;W} 1,q_{(Ω))}), K_1(ε) > 0, ε > 0 arbitrary .

From (5.2) (ϕ = w) using 3.19 and Young inequality 1 2 ∫ Ω_t

|w|^2 dx + ∫ Q_t

∫_1 0 ∂^2V ∂e_{ij}∂e_{i1j1}

(e(v̄ + ϑ_1w)) dϑ_1 · e_{i1j1} (w)e_{ij} (w) dx dτ+

(5.4)

+ ∫ Q_t

∫_1 0 ∂^2W ∂ (_∂

∂x_k eij ) ∂ (_∂

∂x_{k1} ei1j1 ) ( De(v̄ + ϑ_2w) ) dϑ_2·

· ∂ ∂x_k e_{ij}(w) ∂ ∂x_{k1} e_{i1j1} (w) dx dτ ≤

≤ c_3K_3(ε) ∫ Q_T

ξ^2 dx dτ + c_4K_4(ε) ∫ Q_T

|w|^2 dx dτ + c_5ε

∫_t 0 ‖w‖^2_{W 2,2(Ω)} dτ,

482^ˇS. Matušů - Nečasová, M. Medvi^ˇdová

where

c_3 = c (‖ ‖ ∂v ∂t ‖ ‖ ‖^2_{L2(QT )} + ‖v‖^2_L∞_{(I;W} 2,q_{(Ω))} + max_J | | dp dϱ | | + ‖b‖^2_{L∞(QT )} ) ; J = ⟨ 0, ‖ϱ̄‖_L∞_{(QT )} + ‖ϱ‖_L∞_{(QT )} ⟩ ; c_4 = c ( ‖ϱ̄‖_L∞_{(QT )}‖v‖_L∞_{(I;W} 2,q_{(Ω))} + ‖ϱ̄‖_L∞_{(QT )}‖v̄‖_L∞_{(I;W} 2,q_{(Ω))}+

+ ‖v‖^2_{L∞(I;W 2,q (Ω))} ) ; c_5 = c ( ‖ϱ̄‖_L∞_{(QT )}‖v̄‖_L∞_{(I;W} 2,q_{(Ω))} + max_J | | dp dϱ | | + ‖ ‖ ‖ ∂ϱ̄ ∂t ‖ ‖ ‖_{L∞(I;Lq (Ω))} ) , K_2(ε), K_3(ε) > 0, ε > 0 arbitrary.

Similarly as in 3.15 we can show that ∫ Q_t

∫_1 0 ∂^2V ∂e_{ij}∂e_{i1j1}

(e(v̄ + ϑ_1w)) dϑ_1 · e_{i1j1} (w)e_{ij} (w) dx dτ+ + ∫ Q_t

∫_1 0 ∂^2W ∂ (_∂

∂x_k eij ) ∂ (_∂

∂x_{k1} ei1j1 ) ( De(v̄ + ϑ_2w) ) dϑ_2·

· ∂ ∂x_k e_{ij}(w) ∂ ∂x_{k1} e_{i1j1} (w) dx dτ ≥ c

∫_t 0 ‖w‖^2_{W 2,2(Ω)}.

Now we add (5.3), (5.4), and find

(5.5) 1 2 ∫ Ω_t

|w|^2 + |ξ|^2 dx ≤ c

∫_T 0 ∫ Ω |w|^2 + |ξ|^2 dx dt.

Hence Gronwall inequality concludes that

ξ = 0, w = 0 a.e. ∈ Q_T .

This finishes the proof. □

Acknowledgements. This work was supported by the Grant No. 201/93/2177 of the Czech Grant Agency. The authors wish to express their thanks to Prof. J. Nečas for his support.

References

[1] Adams R.A., Sobolev spaces, Academic Press, New York, San Francisco, London, 1975. [2] Nečas J., Šilhavý M., Multipolar viscous fluids, Quart. of Appl. Math. XLIX (1991), 247– 266.

[3] Nečas J., Novotný A., Šilhavý M., Global solutions to the compressible isothermal multipolar fluid, J. Math. Anal. Appl. (1991).

[4] , Global solutions to the viscous compressible barotropic multipolar gas, Theoret.

Comp. Fluid Dynamics 4 (1992).

[5] Nečas J., Novotný A., Some qualitative properties of the viscous compressible heat conductive multipolar fluid, Commun. in Part. Dif. Eq. 16 (1991).

[6] Lions J.J., Quelques méthodes de résolution des problèmes aux limites nonlinéaires, Dunod, Paris, 1969.

[7] Kufner A., John O., Fučík S., Functional Spaces, Academia Prague, 1977. [8] Málek J., Nečas J., Růžička, Measure valued solutions to nonnewtonian incompressible fluids in bounded domains, to appear.

[9] Nečas J., Les méthodes directes en théorie des équations elliptiques, Prague, 1967. [10] Matušů-Nečasová Š., Global solution to the isothermal compressible bipolar fluid in a finite channel with nonzero input and output, Applications of Mathematics 36 (1991), 46–71.

[11] Nečas J., Theory of multipolar viscous fluids, The Mathematics of Finite Elements and Applications VII (1991), 233–244.

[12] Bellout H., Bloom R., Nečas J., Phenomenical behaviour of multipolar viscous fluid, to appear in the Quaterly Appl. Math.

[13] Nečas J., Sur les normes équivalentes dans W^k_p (Ω) et sur la coercivité des formes formellement positives, Les presses de l’Université de Montréal, 1966.

Czech Technical University, Faculty of Mechanical Engineering, Department of Technical Mathematics, Karlovo nám. 13, Praha 2, Czech Republic

Mathematical Institute of Charles University, Sokolovská 83, 186 00 Praha 8, Czech Republic

(Received September 13, 1993)