Comment.Math.Univ.Carolin. 35,3 (1994)549–552 549

Note on dense covers in the category of locales

Jan Paseka

Abstract. In this note we are going to study dense covers in the category of locales. We shall show that any product of finitely regular locales with some dense covering property has this property as well.

Keywords: frame, locale, topological space, cover, dense cover

Classification: Primary 06A23, 06D20; Secondary 54C30

Introduction

This note is closely related to the paper [8] in which the preservation of some covering properties of locales w.r. to products is investigated. We shall now concentrate on the preservation of dense covering properties.

The paper is organized as follows. In Section 1 we introduce the new notions which are not contained in [8]. Section 2 contains the main result of the paper – the general dense cover theorem. The applications of the general dense cover theorem close Section 2. The Axiom of Choice is a prerequisite of our considerations.

The basic reference for the theory of locales is the classic book of Johnstone [3], for facts concerning topology in general we refer to [2], [6]. Our notation and terminology agree with the book [3] of Johnstone and with the papers [1], [7], [8].

First, let us clarify the terminology. For F, G sets, F a finite subset of G we write F ⊆⊆ G. If X is a topological space we put τ(X) for its frame of open subsets and Ω(X) for the corresponding locale. For a locale L we denote by τ(L) the frame we are dealing with. A nucleus j : L → L on a locale L is said to be (i) dense if j(a) = 0 implies a = 0, (ii) codense if j(a) = 1 implies a = 1.

Let L be a locale, C, D ⊆ τ(L). We shall say that D finitely regular refines C if, for each d ∈ D, there exists F ⊆⊆ C such that d ◁ ⋁ F (i.e. there is an element e ∈ τ(L) such that e ∧ d = 0, e ∨ ⋁ F = 1). We shall write D ◁_f C. We shall say that a locale L is finitely regular if each cover of L has a finitely regular refinement which is a cover as well.

Let L be a locale. A dense cover of L is a subset D of L such that ( ⋁ U)^∗ = 0.

The system of all dense covers of the locale L is denoted by D(L).

Let B, F be functions with the domain Loc and the codomain Set as in [8] satisfying the following conditions:

(A0) L ∈ Loc implies 1 ∈ B(L), B(L) ⊆ τ(L) is closed under finite meets, (A1) L ∈ Loc, t ∈ B(L) implies {t} ∈ F(L), F(L) ⊆ 2^{B(L)}, (A2) L ∈ Loc, t ∈ B(L), F ∈ F(L) implies {t} ∧ F ∈ F(L), (A3) L ∈ Loc, F ∈ F(L) and for each f ∈ F(L) there is F_f ∈ F(L) such that f = ⋁ F_f implies ⋃ {F_f : f ∈ F } ∈ F(L), (A4) L, K ∈ Loc, F ∈ F(L), H ∈ F(K) implies τ(π_L)(F ) ∧ τ(π_K )(H) ∈ F(LxK).

If F ∈ F(L), we shall speak about a set of a type F. Recall that the foregoing conditions (A1), (A2) and (A3) in fact coincide with the conditions (i), (ii) and (iii) in [1]. It is sometimes convenient to suppose the following strengthening of the condition (A1):

(A1’) L ∈ Loc, C ⊆⊆ B(L) implies C ∈ F(L), F(L) ⊆ 2^{B(L)}. We shall say that a locale L is an FD-locale if C ∈ C(L) implies there is D ∈ D(L) ∩ F(L) such that D < C. A morphism f : L → K of locales is said to be FD-good if τ(f)(F(K)) ⊆ F(L). We shall say that a space X is an FD-space if τ(X) is an FD-locale.

In the following we shall assume that B(L) = L.

A subset F of a locale L is called locally finite if there is a cover C of L such that F (c) = {f ∈ F : c ∧ f ≠ 0} ⊆⊆ F for all c ∈ C. If F(L) is the system of locally finite subsets of L for every locale L, L is said to be almost paracompact if it is an FD-locale.

Similarly, we call a subset F of a locale L prime-finite if, given any prime (∧-irreducible) element p of L, the inequality f ≰ p holds for at most a finite number of elements f of F . A subset G of a locale L is said to be disjoint if the meet of any two distinct elements of G is the bottom element of L. If a subset H of L is a union of countably many prime-finite (disjoint) subsets of L we shall speak about a σ-prime-finite (σ-disjoint) set.

If F(L) is the system of prime-finite subsets (σ-prime-finite, σ-disjoint subsets, countable subsets, subsets of a cardinality ≤c) of L for every locale L, L is said to be almost prime-metacompact (almost σ-prime-metacompact, almost screenable, almost Lindelöf, almost c-compact) if it is an FD-locale. One easily checks that the conditions (A0)–(A4) are satisfied.

2. A general dense cover theorem

In the sequel, let L_γ , γ ∈ Γ, be a family of finitely regular FD-locales, B^′ the set-theoretical product of the L_γ, B = {x^′ ∈ B^′ : π_γ (x^′) = 1 for all but finitely many γ ∈ Γ}, L is the categorical product of the L_γ , s : P(B^′) → P(L) a map which determines to each subset of B^′ its representation in L, K ⊆ B, ⋁ s(K) = 1, and let K = {x ∈ B : x ∈ M^′ ⊆⊆ B, ⋁ s(M^′) = 1 implies there is a subset Q^′_x ⊆ B,

s(Q^′_x) ∈ D(L), s(Q^′_x) < s(K ⋃ (M^′ − {x})), s(Q^′_x)◁_f s(K ⋃ (M^′ − {x})),

s(Q^′_x) ∈ F(L)}.

Note on dense covers in the category of locales 551

Lemma 2.1. Let S_γ , γ ∈ Γ, be a system of covers of L_γ , γ ∈ Γ, S_γ = {1} for all but finitely many γ ∈ Γ. Then there are T_γ , γ ∈ Γ, T_γ < S_γ , T_γ ◁_f S_γ , T_γ ∈ D(L) ∩ F(L) such that T_γ = {1} for all but finitely many γ ∈ Γ.

Proof: The proof follows the same arguments as the proof of Lemma 3.3 in [8]. □ Lemma 2.2. Let t ∈ B, s(t) ∈ B(L), A ⊆⊆ B, W ⊆⊆ K, (K ∪ A) ∩ W = ∅, s(t)◁_f (A ∪ W ). Then there is a subset T ⊆ B such that s(T ) < s(K ∪ A), s(T )◁_f s(K ∪ A), s(T ) ∈ F(L), ( ⋁ s(T ))^{∗∗} = (s(t))^{∗∗}.

Proof: The proof will be done by induction according to card W . If card W = 0, it is enough to put T = {t}. Now, let card W = n > 0 and the lemma holds for all k < n. Then there is an element w ∈ W such that ⋁ s(D(t) ∪ A ∪ (W − {w}) ∪ {w}) = 1,

where D(t) ⊆⊆ B satisfies ⋁ s(D(t)) = s(t)^∗. Since w ∈ W ⊆⊆ K, s(D(t) ∪ A ∪ (W − {w})) is finite there is a subset Q_w ⊆ B such that s(Q_w) ∈ D(L), s(Q_w) < s(K ∪ (D(t) ∪ A ∪ (W − {w}))), s(Q_w)◁_f s(K ∪ (D(t) ∪ A ∪ (W − {w}))), s(Q_w) ∈ F(L).

Now, let us put S = {t}∧Q_w. Evidently, s(S) < s(K ⋃ A∪(W −{w})). Let us take arbitrary fixed z ∈ S. Then z = t ∧ y for some y ∈ Q_w. Using the fact that s(Q_w)◁_f s(K ∪(D(t)∪A∪(W −{w}))), we have s(y)^∗ ∨ ⋁ s(D(t)∪A∪(W −{w})∪ K^′) = 1, for some finite K^′ ⊆⊆ K. This implies s(z)^∗ ∨ ⋁ (A∪(W −{w})∪K^′) = 1, i.e. s(S)◁_f s(K ∪ A ∪ (W − {w})), s(S) ∈ F(L), ( ⋁ s(S))^{∗∗} = s(t)^{∗∗} by the condition (A2). Now, by the induction assumption applied to each z ∈ S, we have a collection of subsets T_z ⊆ B such that s(T_z) < s(K ∪ A), s(T_z)◁_f s(K ∪ A), ( ⋁ s(T_z))^{∗∗} = s(z)^{∗∗}, s(T_z) ∈ F(L) indexed by elements of S. We put T = ⋃ {T_z : z ∈ S}. Then by the preceding and the condition (A3) we have that T ⊆ B satisfies s(T ) < s(K ∪ A), s(T )◁_f s(K ∪ A), s(T ) ∈ F(L) and ( ⋁ s(T ))^{∗∗} = ( ⋁ s( ⋃ {T_z : z ∈ S}))^{∗∗} = ( ⋁ {s(z) : z ∈ S})^{∗∗} = s(t)^{∗∗}. □ Lemma 2.3. K = B.

Proof: The proof is an immediate rewriting of the proof of the Proposition 3.5 in [8]. □

Theorem 2.4 (General dense cover theorem). Let L_γ , γ ∈ Γ, be a family of finitely regular FD-locales. Then the product L = ∏ {L_γ : γ ∈ Γ} is a finitely regular FD-locale L.

Proof: Let C ∈ C(L). Then there is a basic refinement s(K) of C. By Proposition 2.3 we have that 1 ∈ K = B. Now, let us put M^′ = {1}. Then there is a subset Q ⊆ B, s(Q) = D, D ∈ D(L) ∩ F(L), D < s(K) < C. □

Similarly as in [8], we obtain some interesting corollaries.

Corollary 2.5. Let X_γ , γ ∈ Γ, be a family of finitely regular FD-spaces, f : Ω( ∏ X_γ ) → ∏ Ω(X_γ ) be an induced sublocale morphism which is FD-good.

Then we have

(i) If f is a codense map then ∏ X_γ is a finitely regular FD-space.

(ii) If Γ is countable and X_γ are Čech complete spaces, then ∏ X_γ is a finitely regular FD-space.

(iii) If Γ is finite and X_γ are locally compact spaces for all but most one γ ∈ Γ then ∏ X_γ is a finitely regular FD-space.

Proof: The proof copies the proof of the Corollary 3.7 in [8]. □

The following theorem is a straightforward application of the general dense theorem.

Theorem 2.6. Let L_γ , γ ∈ Γ, be a family of finitely regular almost paracompact (almost σ-prime-metacompact, almost prime-metacompact, almost c-compact, almost Lindelöf, almost screenable) locales. Then the product L = ∏ {L_γ : γ ∈ Γ} is a finitely regular almost paracompact (almost σ-prime-metacompact, almost prime-metacompact, almost c-compact, almost Lindelöf, almost screenable) locale L.

References

[1] Dowker C.H., Strauss D., Sums in the category of frames, Houston J. Math. 3 (1976), 17–32.

[2] Engelking R., General Topology, Polish Scientific Publishers, Warsaw, 1977. [3] Johnstone P.T., Stone Spaces, Cambridge Univ. Press, Cambridge, 1982. [4] Kovár M., Finitely Regular and Finitely Normal Topological Spaces (in Czech), Masaryk University, Brno, 1989.

[5] Kříž I., A constructive proof of the Tychonoff’s theorem for locales, Comment. Math. Univ.

Carolinae 26 (1985), 619–630.

[6] Kunen K., Vaughan J.E., Handbook of Set-Theoretic Topology, North Holland, Amsterdam, 1984.

[7] Madden J., Vermeer J., Lindelöf locales and realcompactness, Math. Proc. Cambridge Philos. Soc. 99 (1986), 473–480.

[8] Paseka J., Products in the category of locales: which properties are preserved?, Discrete Mathematics 108 (1992), 63–73.

Department of Mathematics, Faculty of Science, Masaryk University, Janáčkovo nám. 2a, 662 95 Brno, Czech Republic

(Received December 3, 1993)