Comment.Math.Univ.Carolin. 35,4 (1994)773–778 773

A metrizable completely regular ordered space

Hans-Peter A. Künzi, Stephen Watson

Abstract. We construct a completely regular ordered space (X, T , ≤) such that X is an I-space, the topology T of X is metrizable and the bitopological space (X, T^♯, T^♭) is pairwise regular, but not pairwise completely regular. (Here T^♯ denotes the upper topology and T^♭ the lower topology of X.)

Keywords: completely regular ordered, strictly completely regular ordered, pairwise completely regular, pairwise regular, I-space

Classification: 06F30, 54F05, 54E15

1. Introduction

It is the aim of this note to answer affirmatively the following question posed in [2] (see also Problem 11 of [5]):

Problem. Does there exist a completely regular ordered space (X, T , ≤) such that X is an I-space, the topology T of X is normal and the bitopological space (X, T^♯, T^♭) is pairwise regular, but not pairwise completely regular (compare [2, Proposition 1])?

For a discussion of the origin and importance of that question we refer the reader to [2], [5], [6]. Before presenting the construction let us introduce the necessary terminology and recall some facts.

A topological space X endowed with a partial order ≤ is called a topological ordered space. A mapping f : X → Y between two topological ordered spaces X and Y is said to be increasing (decreasing) if f(x) ≤ f(y) (f(x) ≥ f(y)) whenever x, y ∈ X and x ≤ y.

Given a topological ordered space X a subset A of X is called an upper set of X if x ≤ y and x ∈ A imply that y ∈ A. Similarly, we say that a subset A of X is a lower set of X if y ≤ x and x ∈ A imply that y ∈ A. For any subset E of X, i(E) (d(E)) will denote the intersection of all upper (lower) sets of X containing E. A topological ordered space X is called an I-space [7] if d(G) and i(G) are open whenever G is an open subset of X. In the following we shall consider the bispace

This paper was written while the first author was supported by the Swiss National Science Foundation under grant 21–30585.91.

During his visit to the University of Berne the second author was supported by the first author’s grant 21-32382.91 from the Swiss National Science Foundation.

(X, T^♯, T^♭) associated with a given topological ordered space (X, T , ≤) where T^♯ denotes the collection of T -open upper sets of X and T^♭ denotes the collection of T -open lower sets of X.

We recall that a topological ordered space X is said to be completely regular ordered if there exists a quasi-uniformity U on X that determines X (i.e. T (U^∗) is the topology of X and ∩U is the partial order of X). Here U^∗ denotes the coarsest uniformity finer than U on X. Clearly each completely regular ordered space has a completely regular topology and a closed partial order. (Let us mention that in [8] it is shown that these two conditions are not sufficient for a topological ordered space to be completely regular ordered.) On the other hand, it will follow from the examples presented in this paper that even under strong conditions the bispace associated with a completely regular ordered space need not be pairwise completely regular.

A completely regular ordered space X is called strictly completely regular ordered if given a closed lower (resp. upper) set A and a point x ∈ X \A, there exists a continuous increasing function f : X → [0, 1] such that f(A) = 0 and f(x) = 1 (resp. f(A) = 1 and f(x) = 0). In [2, Proposition 1] it is noted that a completely regular ordered space (X, T , ≤) is strictly completely regular ordered if and only if the bispace (X, T^♯, T^♭) is pairwise completely regular.

2. Results

We first describe a relatively simple example of a metrizable completely regular ordered I-space that is not strictly completely regular ordered, since its associated bispace is not pairwise regular. Example 1 nicely illustrates the basic idea used in our main example (Example 2).

Example 1. A countable, completely regular ordered I-space (X, T , ≤) determined by a quasi-uniformity having a countable base such that (X, T^♯, T^♭) is not pairwise regular. Let X = {∞} ∪ ([ω ∪ (ω × ω)] × {1}) ∪ ([ω ∪ (ω × ω)] × {0})

and let Δ_X be the diagonal of X. Define a partial order ≤ on X as follows: Set ≤= Δ_X ∪ < where <= {((k, m, 0), (k, m, 1)) : k, m ∈ ω}.

Fix n ∈ ω. Set

G_n = {{∞} ∪ ([(ω \ n) ∪ ((ω \ n) × (ω \ n))] × {1})}∪ {{p} × (ω \ n) × {1} : p ∈ n}∪ {{(p, 1)} ∪ [(ω \ n) × {p} × {1}] : p ∈ n}∪ {{(k, m, 1)} : k, m ∈ n}∪ {{(p, 0)} ∪ [{p} × (ω \ n) × 2] : p ∈ n}∪ {{(k, m)} × 2 : k, m ∈ n}.

Furthermore let T_n = ⋂ G∈G_n ([(X \ G) × X] ∪ [G × G]).

Then {T_n : n ∈ ω} is a countable transitive subbase for a quasi-uniformity U on X.

It is readily checked that for any x ∈ X, ⋂ n∈ω T_n(x) = i(x). Therefore ∩U =≤. We consider the completely regular ordered space (X, T (U^∗), ∩U). Note that (X, T (U^∗)) is a countable metrizable space. By considering the sets (T_n ∩ T^{−1}_n )(x) for n ∈ ω and x ∈ X, we see that the topology T (U^∗) on X can be described as follows: The points (k, m, t) where k, m ∈ ω and t ∈ 2 are isolated. A neighborhood base of the point ∞ is given by

{{∞} ∪ ([(ω \ n) ∪ ((ω \ n) × (ω \ n))] × {1}) : n ∈ ω}.

Similarly, {{(p, 0)} ∪ [{p} × (ω \ n) × {0}] : n ∈ ω}

is a neighborhood base at (p, 0) where p ∈ ω and

{{(p, 1)} ∪ [(ω \ n) × {p} × {1}] : n ∈ ω}

is a neighborhood base at (p, 1) where p ∈ ω.

Obviously, the space (X, T (U^∗), ∩U) is an I-space, since for each G ∈ T (U^∗), d(G) \ G and i(G) \ G consist of isolated points by the definition of ≤.

Set F = ω × {0}. Then F is a closed upper set and ∞ /∈ F . Let G_1 be an open lower set containing ∞ and let G_2 be an open upper set containing F . There is an n ∈ ω such that (ω \ n) × (ω \ n) × {0} ⊆ G_1, because G_1 is an open lower set containing ∞. Moreover (n, k, 0) belongs to G_2 for all but finitely many k ∈ ω, since (n, 0) ∈ G_2 and G_2 is open. We conclude that G_1 ∩ G_2 ≠ ∅. Thus (X, (T (U^∗))^♯, (T (U^∗))^♭) is not pairwise regular. (Note that this example answers Problem 11 of [3] positively.)

In connection with Example 1 the following observation may be noteworthy.

Remark. Let (X, T , ≤) be a completely regular ordered second countable I-space such that (X, T^♯, T^♭) is pairwise regular. Then (X, T^♯, T^♭) is pairwise completely regular.

Proof: Let B be a countable base for T . Then {i(B) : B ∈ B} is a countable base for T^♯, because (X, T , ≤) is an I-space. Similarly, {d(B) : B ∈ B} is a countable base for T^♭. Since (X, T^♯, T^♭) is pairwise regular and both topologies T^♯ and T^♭ are second countable, by a result of J.C. Kelly [1, Theorem 2.8] the bispace (X, T^♯, T^♭) is quasi-pseudo-metrizable, in particular it is pairwise normal. It follows that (X, T^♯, T^♭) is pairwise completely regular [4].

We are now ready to discuss our main example.

Example 2. We construct a metrizable completely regular ordered I-space (X, T , ≤) such that (X, T^♯, T^♭) is pairwise regular, but not pairwise completely regular. Let X = {∞} ∪ [(ω^ω ∪ (ω × ω × ω^ω × 2)) × ω × {1}] ∪ [(ω ∪ (ω × ω × ω^ω × 2)) × ω × {0}] and let Δ_X be the diagonal of X. Define a partial order ≤ on X in the following way. Let ≤= Δ_X ∪ < where

<= {((k, m, f, 1, l, 0), (k, m, f, 0, l, 1)) : k, m, l ∈ ω, f ∈ ω^ω}∪ {((k, m, f, 1, l, 1), (k, m, f, 0, l + 1, 0)) : k, m, l ∈ ω, f ∈ ω^ω}.

Fix n ∈ ω and f ∈ ω^ω. Set G_{n,f} = {X \ ([(ω^ω ∪ (ω × ω × ω^ω × 2)) × l × {1}]∪ [(ω ∪ (ω × ω × ω^ω × 2)) × l × {0}]) : l ∈ n}∪ {X \ ([(ω^ω ∪ (ω × ω × ω^ω × 2)) × l × {1}]∪ [(ω ∪ (ω × ω × ω^ω × 2)) × (l + 1) × {0}]) : l ∈ n}∪ {i((k, m, e, s, l, r)) : k, m, l ∈ n; e ∈ ω^ω; s, r ∈ 2}∪ {{(k, l, 0)} ∪ i[{k} × (ω \ n) × ω^ω × 2 × {l} × {0}] : k, l ∈ n}∪ {{(f, l, 1)} ∪ i[(graph (f) \ graph (f|n)) × {f} × 2 × {l} × {1}] : l ∈ n}.

In the same way as in Example 1 we define a transitive relation T_{n,f} on X with the help of the collection G_{n,f} of X and let U be the quasi-uniformity on X generated by the subbase consisting of the relations T_{n,f} where n ∈ ω and f ∈ ω^ω. Note that ∩U =≤.

The promised example is the completely regular ordered space (X, T (U^∗), ∩U). Considering the sets (T_{n,f} ∩ T^{−1}_{n,f} )(x) where n ∈ ω, f ∈ ω^ω and x ∈ X we can describe the topology T (U^∗) on X as follows:

The set

{{∞} ∪ [(ω^ω ∪ (ω × ω × ω^ω × 2)) × (ω \ n) × {1}]∪ [(ω ∪ (ω × ω × ω^ω × 2)) × (ω \ n) × {0}] : n ∈ ω}

is a neighborhood base of open sets at ∞.

The points (k, m, f, s, l, r) are isolated for k, m, l ∈ ω, f ∈ ω^ω and s, r ∈ 2. The set

{{(k, l, 0)} ∪ [{k} × (ω \ n) × ω^ω × 2 × {l} × {0}] : n ∈ ω} is a neighborhood base of open sets at the points (k, l, 0) where k, l ∈ ω.

Finally, the set

{{(f, l, 1)} ∪ [(graph (f) \ graph (f|n)) × {f} × 2 × {l} × {1}] : n ∈ ω}

is a neighborhood base of open sets at the points (f, l, 1) where f ∈ ω^ω and l ∈ ω.

Clearly the space (X, T (U^∗), ∩U) is an I-space by the argument given in Example 1. It is straightforward to check that X is a (regular Hausdorff) space having a σ-locally finite base. Thus X is metrizable.

Next we show that the bispace (X, (T (U^∗))^♯, (T (U^∗))^♭) is pairwise regular: Let F be a proper closed lower set and let x ∈ X \ F . There is a basic open neighborhood G_x of x (of the form just described above) such that G_x ∩ F = ∅. Observe that i(G_x) ∩ F = ∅. It is easy to check that i(G_x) is T (U^∗)-closed. Then x ∈ i(G_x), F ⊆ X \ i(G_x), i(G_x) is an open upper set and X \ i(G_x) is an open lower set. Thus the proof of this case is complete.

Suppose now that F is a proper closed upper set and x ∈ X \ F . If x ≠ ∞, an argument completely analogous to the one just presented applies. If x = ∞, then there is an n ∈ ω such that F is contained in the open set

G := [(ω^ω ∪ (ω × ω × ω^ω × 2)) × n × {1}] ∪ [(ω ∪ (ω × ω × ω^ω × 2)) × n × {0}].

Thus for the basic open neighborhood

G_∞ := X \ ([(ω^ω ∪ (ω × ω × ω^ω × 2)) × (n + 1) × {1}]∪ [(ω ∪ (ω × ω × ω^ω × 2)) × (n + 1) × {0}])

of ∞ it follows that d(G_∞)∩i(G) = ∅. We have shown that (X, (T (U^∗))^♯, (T (U^∗))^♭) is pairwise regular.

It remains to prove that (X, (T (U^∗))^♯, (T (U^∗))^♭) is not pairwise completely regular. To this end we are going to verify that (X, T (U^∗), ∩U) is not strictly completely regular ordered.

For each n ∈ ω set F_n = ω × {(n, 0)}. Then F_0 is a closed upper set. Suppose that there exists a continuous increasing function h : X → [0, 1] such that h(∞) = 0 and h(F_0) = 1. Note that in order to obtain a contradiction, it suffices to show that for any n ∈ ω, lim sup k→∞ h(k, n, 0) = 1 (∗),

since if we choose f_n ∈ F_n whenever n ∈ ω such that 1 = lim_{n→∞} h(f_n), then 1 = lim_{n→∞} h(f_n) = h(∞) = 0, because lim_{n→∞} f_n = ∞ and h is continuous.

Clearly assertion (∗) is true for n = 0. Suppose that condition (∗) holds for n ∈ ω, but that for some ϵ > 0, lim sup_{k→∞} h(k, n + 1, 0) < 1 − 2ϵ. By our assumption on n we have that A := {l ∈ ω : h(l, n, 0) > 1 − ϵ} is infinite. By continuity of h for any l ∈ A there is s_l ∈ ω such that s ≥ s_l implies that h(l, s, g, 1, n, 0) > 1 − ϵ whenever g ∈ ω^ω.

778 H.-P.A. Künzi, S. Watson

Suppose that g^′ ∈ ω^ω such that g^′(l) ≥ s_l for infinitely many l ∈ A. Because (l, g^′(l), g^′, 0, n, 1) > (l, g^′(l), g^′, 1, n, 0) whenever l ∈ ω, lim_{l→∞}(l, g^′(l), g^′, 0, n, 1) = (g^′, n, 1) and h is both continuous and increasing, we conclude that h(g^′, n, 1) ≥ 1 − ϵ.

On the other hand, since lim sup_{k→∞} h(k, n + 1, 0) < 1 − 2ϵ, the set D = {l ∈ A : h(l, n + 1, 0) < 1 − 2ϵ} has infinitely many elements. By continuity of h we can choose for each l ∈ D an element g_1(l) ∈ ω with g_1(l) ≥ s_l such that for any p ∈ ω^ω, h(l, g_1(l), p, 0, n + 1, 0) < 1 − 2ϵ. Set g_1(k) = 0 if k ∈ ω \ D. Then h(l, g_1(l), g_1, 0, n + 1, 0) < 1 − 2ϵ whenever l ∈ D. For each l ∈ ω, (l, g_1(l), g_1, 0, n + 1, 0) > (l, g_1(l), g_1, 1, n, 1). By monotonicity of h it follows that 1 − 2ϵ > h(l, g_1(l), g_1, 1, n, 1) whenever l ∈ D. Because lim_{l→∞} h(l, g_1(l), g_1, 1, n, 1) = h(g_1, n, 1) by continuity of h, we see that 1 − 2ϵ ≥ h(g_1, n, 1) — a contradiction, since g_1(l) ≥ s_l for all l ∈ D. We conclude that for any n ∈ ω, lim sup_{k→∞} h(k, n, 0) = 1 and that the bispace (X, (T (U^∗))^♯, (T (U^∗))^♭) is not pairwise completely regular.

Problem. Is there an ordered I-space (X, T , ≤) determined by a quasi-uniformity with a countable base such that (X, T^♯, T^♭) is pairwise regular, but not pairwise completely regular?

References

[1] Kelly J.C., Bitopological spaces, Proc. London Math. Soc. 13 (1963), 71–89. [2] Künzi H.P.A., Completely regular ordered spaces, Order 7 (1990), 283–293. [3] , Quasi-uniform spaces — eleven years later, Top. Proc. 18 (1993), to appear. [4] Lane E.P., Bitopological spaces and quasi-uniform spaces, Proc. London Math. Soc. 17 (1967), 241–256.

[5] Lawson J.D., Order and strongly sober compactifications, in: Topology and Category Theory in Computer Science, ed. G.M. Reed, A.W. Roscoe and R.F. Wachter, Clarendon Press, Oxford, 1991, pp. 179–205.

[6] Nachbin L., Topology and Order, D. van Nostrand, Princeton, 1965. [7] Priestley H.A., Ordered topological spaces and the representation of distributive lattices, Proc. London Math. Soc. 24 (1972), 507–530.

[8] Schwarz F., Weck-Schwarz S., Is every partially ordered space with a completely regular topology already a completely regular partially ordered space?, Math. Nachr. 161 (1993), 199–201.

Mathematisches Institut, Universität Bern, Sidlerstrasse 5, CH-3012 Bern, Switzerland E-mail: kunzi@math-stat.unibe.ch

Department of Mathematics, York University, North York, Ontario M3J 1P3, Canada E-mail: watson@vm1.yorku.ca

(Received June 22, 1994)