Comment.Math.Univ.Carolin. 35,4 (1994)741–744 741

On superpositional measurability of semi-Carathéodory multifunctions

Wojciech Zygmunt

Abstract. It is shown that product weakly measurable lower weak semi-Carathéodory multifunction is superpositionally measurable.

Keywords: multifunctions, weak semi-Carathéodory multifunctions, product weakly measurable, superpositionally weakly measurable Classification: 28B20

1. Introduction

This note is closely related to the author’s previous paper [10]. Here we deal with multifunctions of Carathéodory type but we use a concept of a weaker measurability than in [10]. This allows us to establish new facts about the relation between being product weakly measurable and being superpositionally weakly measurable for such multifunctions.

We assume the reader is familiar with basic notions concerning multifunctions. In case of need the necessary information can be found in [1]-[5] and [9].

Throughout this note:

(T, A) is a measurable space, X is Polish space (i.e. X is separable and metrizable by a complete metric), B(X) is a σ-field of Borel subsets of X, A ⊗ B(X) is a product σ-field on T × X (i.e. the minimal σ-field containing all products A × B with A ∈ A, B ∈ B(X)), Y is a topological space.

Let a multifunction F : T × X → 2^Y (2^Y denotes the family of all subsets of Y ) be given. We say that F is product weakly measurable if it is weakly A ⊗ B(X)- measurable and F is superpositionally weakly measurable if for every weakly Ameasurable multifunction G : T → 2^X with nonempty values a multifunction F_G : T → 2^Y defined by the superposition F_G(t) = F (t, G(t)) is weakly Ameasurable where F (t, G(t)) denotes the sum of sets F (t, x) when x ∈ G(t). Further F is called a lower (resp. upper ) weak semi-Carathéodory multifunction if F (·, x) is weakly A-measurable for fixed x ∈ X and F (t, ·) is lower (resp. upper) semicontinuous for fixed t ∈ T .

2. Main result

The following lemma plays a key role in the proof of the main result of this note.

Lemma. Let a multifunction F : T × X → 2^Y be product weakly measurable and let a function g : T → X be A-measurable. Then for every open set U ⊂ Y the set {t ∈ T : F (t, g(t)) ∩ U ≠ ∅} belongs to A.

Proof: Define φ : T → T × X setting φ(t) = (t, g(t)). We claim that φ^{−1}(M) ∈ A for any M ∈ A ⊗ B(X). In fact, if A ∈ A, B ∈ B(X), then

φ^{−1}(A × B) = {t ∈ T : (t, g(t)) ∈ A × B} = A ∩ g^{−1}(B) ∈ A.

Hence φ^{−1}(M) ∈ A for any M ∈ A ⊗ B(X). So, if U ⊂ Y is an open set we get

F^−_g (U) = (F ∘ φ)^−(U) = {t ∈ T : F (t, g(t)) ∩ U ≠ ∅}

= {t ∈ T : (t, g(t)) ∈ F^−(U)} = φ^{−1}(F^−(U)) ∈ A

as F^−(U) ∈ A ⊗ B(X). Thus F_g is superpositionally weakly measurable. □

Now we can prove the following

Theorem. Every lower weak semi-Carathéodory and product weakly measurable multifunction F : T × X → 2^Y is superpositionally weakly measurable.

Proof: First we notice that the lower semicontinuity of F (t, ·) implies the equal- ity {t ∈ T : F (t, B) ∩ A ≠ ∅} = {t ∈ T : F (t, B̄) ∩ A ≠ ∅}

for every B ⊂ X and every open A ⊂ Y (the bar over B denotes the closure of B). Let a weakly A-measurable multifunction G : T → 2^X with nonempty values be given. We claim that the superposition F_G : T → 2^Y is weakly A-measurable. Indeed, because G is weakly A-measurable then obviously the closedness of G, i.e. the multifunction Ḡ : T → 2^X defined by Ḡ(t) = G(t), t ∈ T , is weakly A-measurable too (see [4, Proposition 2.6]).

Let g_n : T → X, n ∈ N, be a Castaing representation of Ḡ i.e. every function g_n is A-measurable and Ḡ(t) = {g_1(t), g_2(t), . . . }. Fix an open set A ∈ Y . By Lemma the sets {t ∈ T : F (t, g_n(t)) ∩ A ≠ ∅}, n ∈ N, belong to A. Thus we have

F^−_G (A) = {t ∈ T : F (t, G(t)) ∩ A ≠ ∅} = {t ∈ T : F (t, G(t)) ∩ A ≠ ∅} = ⋃ n∈N {t ∈ T : F (t, g_n(t)) ∩ A ≠ ∅} ∈ A

and therefore the proof of weakly A-measurability of F_G is complete. The multifunction F is superpositionally weakly measurable because G is an arbitrary multifunction. □

On superpositional measurability of semi-Carathéodory multifunctions 743

Final remarks

A similar result to our theorem was proved by A. Spakowski [8] under the following stronger assumptions: F : T × X → 2^Y has relatively compact values, F (t, ·) is (topologically) continuous and Y is a metric space. Such a multifunction F is lower weak semi-Carathéodory and product weakly measurable. The first statement is obvious. For proving the second one let us observe that the multifunction F̄ having compact values and being topologically continuous with respect to x is also metrically continuous in x (see [2] or [5]). Hence by [6, Proposition 2.3] (or [7, Theorem 3.3]) F̄ is weakly A ⊗ B(X)-measurable and so is F . Therefore F is product weakly measurable.

The following example shows that our Theorem is not valid for upper weak semi-Carathéodory and product weakly measurable multifunction.

Example. Let T be the unit interval [0, 1] equipped with the σ-field of Borel sets. Let N be the irrationals and let B be a closed subset of T × N such that the projection proj_T (B) is not Borel. Recall that N is Polish. The multifunction F : T × N → 2^R is defined as follows:

F (t, x) = { [0, 1] if (t, x) ∈ B, {0} if (t, x) /∈ B.

It is not difficult to verify that F is weakly B(T ) ⊗ B(N )-measurable and F (t, ·) is upper weak semicontinuous.

Let G : T → 2^N be defined by G(t) = N , t ∈ T . Then gr G (i.e. the graf of G) is the whole set T × N . For A = (0, 1) we have F^−(A) = B and

F^−_G (A) = {t ∈ T : F_G(t) ∩ A ≠ ∅} = {t ∈ T : F (t, G(t)) ∩ A ≠ ∅}

= proj_T (F^−(A) ∩ gr G) = proj_T (B ∩ (T × N )) = proj_T (B) ∉ B(T ).

Thus the superposition F_G is not weakly B(T )-measurable and therefore F is not superpositionally weakly measurable.

Let us observe that the triple (T, B(T ); N ) in the above example does not have the projection property. We say that a triple (T, A; X), where (T, A) is a measurable space and X is a topological space, has the projection property if for each A ∈ A ⊗ B(X) proj_T (A) belongs to A. If (T, A; X) has the projection property then for every upper weak semi-Carathéodory product weakly measurable multifunction F : T × X → 2^Y and for every weakly measurable multifunction G : T → 2^X with nonempty closed values the superposition F_G; T → 2^Y is weakly measurable. The proof of this fact is identical to the proof of Theorem 1 [10].

References

[1] Berge Cl., Topological spaces, Oliver Boyd, Edinbourgh-London, 1963. [2] de Blasi F.S., Myjak J., On continuous approximations for multifunctions, Pacific J. Math.

123 No 1 (1986), 9–31.

744 W. Zygmunt

[3] Castaing Ch., Valadier M., Convex Analysis and Measurable Multifunctions, Lecture Notes in Mathematics 580, Springer-Verlag, Berlin, 1987.

[4] Himmelberg C.J., Measurable relations, Fundam. Math. 87 (1975), 53–72. [5] Klein E., Thompson A.C., Theory of Correspondences, Wiley-Interscience, New York, 1984. [6] Nowak A., Random differential inclusions; measurable selection approach, Ann. Polon.

Math. 49 (1989), 291–296.

[7] Papageorgiou N.S., On measurable multifunctions with application to random multivalued equations, Math. Japonica 32 (1987), 437–464.

[8] Spakowski A., On superpositionally measurable multifunctions, Acta Univ. Carol., Math.

Phys. 30 No 2 (1989), 149–151.

[9] Wagner D.H., Survey of measurable selection theorems, SIAM J. Control Optim. 15 (1977), 859-903.

[10] Zygmunt W., On superpositionally measurable semi-Carathéodory multifunctions, Comment. Math. Univ. Carolinae 33 (1992), 73–74.

Instytut Matematyki UMCS, pl. Marii Curie-Skłodowskiej 1, 20-031 Lublin, Poland E-mail: wzygmunt@golem.umcs.lublin.pl

(Received February 16, 1994)