Comment.Math.Univ.Carolin. 36,1 (1995)57–67 57

Coincidence points and maximal elements of multifunctions on convex spaces

Sehie Park

Abstract. Generalized and unified versions of coincidence or maximal element theorems of Fan, Yannelis and Prabhakar, Ha, Sessa, Tarafdar, Rim and Kim, Mehta and Sessa, Kim and Tan are obtained. Our arguments are based on our recent works on a broad class of multifunctions containing composites of acyclic maps defined on convex subsets of Hausdorff topological vector spaces.

Keywords: convex space, polytope, multifunction (map), upper semicontinuous (u.s.c.), lower semicontinuous (l.s.c.), compact map, acyclic, Kakutani map, acyclic map, admissible class, almost p-affine, almost p-quasiconvex, maximal element

Classification: 47H10, 49A40, 54H25, 55M20

0. Introduction

Recently, in [P1]–[P4], the author established very general coincidence and fixed point theorems on multifunctions in a broad class containing composites of acyclic maps defined on convex subsets of Hausdorff topological vector spaces. We also showed that our new results subsume many of historically well-known theorems.

On the other hand, there have appeared a number of coincidence theorems and maximal element theorems by several authors [Se], [MS], [BDG], [Be], [YP], [M1], [M2], [KT], [F1]–[F3], [Ha], [Ki], [Ta]. Those results are of the same nature as our recent works and can be deduced from the Knaster-Kuratowski-Mazurkiewicz theory originated from [KKM].

In the present paper, improved versions of those results are obtained from our new coincidence and fixed point theorems in [P2], [P3]. Section 2 deals with coincidence theorems and Section 3 with maximal element theorems. In Section 4, we give some equivalent formulations of the Himmelberg fixed point theorem [Hi].

1. Preliminaries

All Hausdorff topological vector spaces are abbreviated as t.v.s. For a t.v.s. E, S(E, w) denotes the set of all weakly continuous seminorms. Let co, Int, and — denote the convex hull, interior, and closure, respectively.

Supported in part by the SNU-Daewoo Research Fund in 1994.

A convex space X is a nonempty convex set with any topology that induces the Euclidean topology on the convex hulls of its finite subsets. Such convex hulls are called polytopes.

A multifunction (or map) F : X → 2^Y is a function from a set X into the power set 2^Y of a set Y .

For topological spaces X and Y , a multifunction F : X → 2^Y \{∅} is said to be upper semicontinuous (u.s.c.) if for each closed subset C of Y , F^{−1}(C) = {x ∈ X : F x ∩ C ≠ ∅} is closed; lower semicontinuous (l.s.c.) if for each open subset D of Y , F^{−1}(D) is open; and compact if the range F (X) is contained in a compact subset of Y .

A nonempty topological space is acyclic if all of its reduced Čech homology groups over rationals vanish.

Given a class L of multifunctions, L(X, Y ) denotes the set of multifunctions T : X → 2^Y belonging to L, and L_c the set of finite composites of multifunctions in L. For topological spaces X and Y , we define

f ∈ C(X, Y ) ⇐⇒ f is a (single-valued) continuous function.

T ∈ K (X, Y ) ⇐⇒ T is a Kakutani map; that is, Y is a convex space and T is u.s.c. with compact convex values.

T ∈ V(X, Y ) ⇐⇒ T is an acyclic map; that is, T is u.s.c. with compact acyclic values.

An abstract class A of multifunctions is defined by (i) A contains C;

(ii) each T ∈ A_c is u.s.c. and compact-valued; and (iii) for any polytope P , each T ∈ A_c(P, P ) has a fixed point. Note that C, K , and V are examples of A. See Park [P2], [P3]. Moreover, the class A of approachable maps in topological vector spaces [BD1]–[BD3], the class of admissible maps in the sense of Górniewicz [Go], and the class of permissible maps of Dzedzej [D] also belong to A. Moreover, we define

T ∈ A^σ_c (X, Y ) ⇐⇒ for any σ-compact subset K of X, there is a Γ ∈ A_c(K, Y ) such that Γx ⊂ T x for x ∈ K.

T ∈ A^κ_c (X, Y ) ⇐⇒ for any compact subset K of X, there is a Γ ∈ A_c(K, Y ) as above.

Note that A^κ_c (X, Y ) ⊃ A^σ_c (X, Y ) ⊃ A_c(X, Y ) ⊃ A(X, Y ). The class K^σ_c is due to Lassonde [L] and V^σ_c to Park, Singh, and Watson [PSW]. Note that K^σ_c includes classes K , R, and T in [L].

The following coincidence theorem is a particular form of Park [P3, Theorem 5].

Theorem 1.1. Let X be a convex space, Y a Hausdorff space, S, T : X → 2^Y multifunctions, and F ∈ A^κ_c (X, Y ). Suppose that

(1) for each x ∈ X, Sx ⊂ T x and Sx is open; (2) for each y ∈ F (X), T^{−1}y is convex;

(3) there exists a nonempty compact subset K of Y such that F (X) ∩ K ⊂ S(X); and (4) for each N ∈ ⟨X⟩, there exists a compact convex subset L_N of X containing N such that F (L_N )\K ⊂ S(L_N ).

Then there exists an x_0 ∈ X such that F x_0 ∩ T x_0 ≠ ∅.

In Theorem 1.1, ⟨X⟩ denotes the set of all nonempty finite subsets of X. Note that Theorem 1.1 generalizes a number of known results as shown in [P3]. Moreover, a recent work of Mehta and Sessa [MS, Theorem 2.3] is included in Theorem 1.1. Note that, if F is single-valued, the Hausdorffness of Y is not necessary. See [P3].

We also need the following:

Theorem 1.2 [P2, Theorem 5 (vi)]. Let X be a compact convex subset of a t.v.s. E on which E^∗ separates points. Then any F ∈ A^κ_c (X, X) has a fixed point.

Theorem 1.3 [P3, Theorem 4]. Let X be a convex subset of a locally convex t.v.s. E. Then any compact map F ∈ A^σ_c (X, X) has a fixed point.

Let p be a seminorm on a vector space E. For a convex set A, a function g : A → E is said to be

(i) almost p-affine if

p(g(rx + (1 − r)y) − u) ≤ rp(gx − u) + (1 − r)p(gy − u);

(ii) almost p-quasiconvex if

p(g(rx + (1 − r)y) − u) ≤ max{p(gx − u), p(gy − u)}

for x, y ∈ A, u ∈ E, and r ∈ (0, 1).

Note that (i) implies (ii), but not conversely.

2. Coincidence theorems

In this section, we deal mainly with coincidence theorems.

If X itself is not convex in Theorem 1.1, then we have the following variation of Theorem 1.1 from Theorem 1.3.

Theorem 2.1. Let D be a nonempty subset of a convex space X, Y a nonempty convex subset of a locally convex t.v.s. E, and F, G : D → 2^Y multifunctions such that

(1) F ∈ A^σ_c (D, Y ) is compact;

(2) for each y ∈ Y , G^{−1}y is a convex subset of D; and (3) {Int Gx : x ∈ D} covers Y .

Then F and G have a coincidence point x_0 ∈ D; that is, F x_0 ∩ Gx_0 ≠ ∅.

Proof: Since F (D) is compact, Y^′ = co F (D) is σ-compact (see [L]). Since Y^′ is regular, it is paracompact. Therefore, G^{−1}|_Y ′ : Y^′ → 2^D has a continuous selection f : Y^′ → D (see [BDG], [YP]). Hence F f ∈ A^σ_c (Y^′, Y^′). Since F is compact, so is F f. By Theorem 1.3, there exists a y_0 ∈ (F f)y_0. Let x_0 = fy_0 ∈ D. Then y_0 ∈ F x_0 and y_0 ∈ f^{−1}x_0 ⊂ Gx_0, whence we have F x_0 ∩ Gx_0 ≠ ∅. □

Remark. If D itself is convex, Theorem 2.1 is a simple consequence of Theorem 1.1 without assuming the local convexity of E.

Particular forms.

1. Sessa [Se, Theorem 8]: X = E, Y is paracompact, and F ∈ K (D, Y ). 2. Mehta and Sessa [MS, Theorem 2.1]: Y is paracompact and F ∈ K (D, Y ).

Corollary 2.2. Let X be a nonempty convex subset of a locally convex t.v.s. E, D a nonempty compact subset of X, and T : X → 2^D a multifunction such that (1) for each x ∈ X, T x is convex; and (2) {Int T^{−1}y}_{y∈D} covers X.

Then T has a fixed point x_0 ∈ D; that is, x_0 ∈ T x_0.

Proof: Let X = Y , F = 1_D : D → D the identity map on D, and G = T^{−1} : D → 2^X in Theorem 2.1. Then there exists an x_0 ∈ D such that x_0 ∈ Gx_0; that is, x_0 ∈ T x_0. □

Remarks. 1. Corollary 2.2 is due to Ben-El-Mechaiekh et al. [BDG, Theorem 3.2]. Ben-El-Mechaiekh [Be] raised a question whether the local convexity in Corollary 2.2 can be eliminated.

2. It is well known that if X = D is a compact convex space, then we do not need to assume the local convexity in Corollary 2.2. This case is known as the Fan-Browder fixed point theorem.

Particular forms.

1. Yannelis and Prabhakar [YP, Theorem 3.2]: X is paracompact. 2. Mehta [M1, Theorem 2.2]: X is paracompact. He also assumed the nonemptiness of each T x in (1), which is a trivial consequence of (2).

3. Kim and Tan [KT, Lemma]: An equivalent form of Corollary 2.2. The following are two Fan type coincidence theorems:

Theorem 2.3. Let X be a Hausdorff compact convex space and E a t.v.s. on which E^∗ separates points, F : X → 2^E a u.s.c. map with nonempty closed convex values, and g ∈ C(X, E) such that

(1) F x ∩ g(X) ≠ ∅ for all x ∈ X; and (2) g(X) is convex and g^{−1}(u) is acyclic for all u ∈ g(X).

Then there exists an x_0 ∈ X such that gx_0 ∈ F x_0.

Proof: Note that g(X) is a compact convex subset of E. Consider the map T ∈ K (X, g(X)) defined by T x = F x ∩ g(X) for x ∈ X. In fact, T x is nonempty, compact and convex for each x ∈ X. Moreover, if C is a closed subset of g(X), then we have T^{−1}(C) = {x ∈ X : F x ∩ g(X) ∩ C ≠ ∅} = {x ∈ X : F x ∩ C ≠ ∅} = F^{−1}(C) is closed in X since F is u.s.c. Note that g^{−1} : g(X) → X has closed acyclic values and closed graph in g(X) × X, where X is Hausdorff and compact. Therefore, g^{−1} ∈ V(g(X), X) and T g^{−1} ∈ V_c(g(X), g(X)). Hence, by Theorem 1.2, T g^{−1} has a fixed point y_0 ∈ (T g^{−1})y_0; that is, y_0 ∈ T x_0 for some x_0 ∈ g^{−1}y_0. Note that y_0 ∈ T x_0 ⊂ F x_0 and y_0 = gx_0. This completes our proof. □ Theorem 2.4. Let X be a compact convex space, E a t.v.s. on which E^∗ separates points, F : X → 2^E an u.s.c. map with nonempty closed convex values, and g ∈ C(X, E) such that

(1) F x ∩ g(X) ≠ ∅ for all x ∈ X; and (2) g(X) is convex and g is almost p-quasiconvex for each p ∈ S(E, w).

Then there exists an x_0 ∈ X such that gx_0 ∈ F x_0.

Proof: As in the proof of Theorem 2.3, we have the map T ∈ K (X, g(X)) defined by T x = F x ∩ g(X) for x ∈ X. Suppose that gx /∈ F x for each x ∈ X. Then the origin of E does not belong to the compact set K := gx − T x. For each z ∈ K, there exists a linear functional ℓ_z ∈ E^∗ such that ℓ_z(z) ≠ 0. Since ℓ_z is continuous, there exists an open neighborhood V_z of z such that ℓ_z(y) ≠ 0 for every y ∈ V_z. Let {V_{z1} , . . . , V_{zn} } be a finite subcover of the cover {V_z}_{z∈K} of K and p_x(y) := n∑ i=1 |ℓ_{zi} (y)| for each y ∈ E.

Then p_x ∈ S(E, w) such that p_x(z) > 2δ_x for all z ∈ K for some δ_x > 0. Since g is continuous and T is u.s.c., there exists an open neighborhood U_x of x ∈ X such that p_x(gu − v) > δ_x for all u ∈ U_x and v ∈ T u. Since {U_x : x ∈ X} covers X and X is compact, there exists a finite subcover {U_{x1} , . . . , U_{xn} } of X. Let p := max{p_{xi} : 1 ≤ i ≤ k} and δ = min{δ_{xi} : 1 ≤ i ≤ k} > 0. Then p ∈ S(E, w) and p(gx−y) > δ for all (x, y) ∈ T . Now define a map G : X → 2^{g(X)} by Gx = {y ∈ g(X) : p(gx − y) < δ} for each x ∈ X. Since g is almost p-quasiconvex, G^{−1}y = {x ∈ X : p(gx − y) < δ} is convex for each y ∈ g(X). Moreover, since p and g are continuous, Gx is open in g(X) for each x ∈ X. Further, for each y ∈ g(X) = g(X), there exists x ∈ X such that y = gx and hence y ∈ Gx. Therefore, by Theorem 1.1 with X = K, Y = g(X) and F = T ∈ K (X, g(X)), T and G have a coincidence point x_0 ∈ X; that is, there exists a y_0 ∈ T x_0 ∩ Gx_0. Since y_0 ∈ T x_0, we have p(gx_0 − y_0) > δ; and, since y_0 ∈ Gx_0, we have p(gx_0 − y_0) < δ. This contradiction completes our proof. □

Particular forms of Theorems 2.3 and 2.4.

1. If X is a subset of E, g = 1_X , and F : X → 2^X , then Theorems 2.3 and 2.4 include earlier fixed point theorems due to Brouwer [Br], Schauder [S1], [S2], Tychonoff [Ty], Kakutani [K], Bohnenblust and Karlin [BK], Glicksberg [G], Fan [F1], [F3], Granas and Liu [GL], and others. See Park [P1].

2. Fan [F2, Theorem 2]: E is a locally convex t.v.s., F : X → 2^E is a continuous (u.s.c. and l.s.c.) map with nonempty compact convex values, and g satisfies the following instead of condition (2) of Theorem 2.3:

(2)^′ For every closed convex set C in E, g^{−1}(C) is convex or empty. 3. Ha [Ha, Theorem 2]: The map g satisfies (2)^′ instead of condition (2) of Theorem 2.3. Note that (2)^′ implies (2) of Theorems 2.3 and 2.4, but not conversely. It is known that condition (2) of Theorem 2.4 implies condition (2) of Theorem 2.3 whenever p is a norm.

4. Mehta and Sessa [MS, Theorem 2.2]: E is a locally convex t.v.s. and g is almost affine.

Corollary 2.5. Let X be a compact convex subset of a t.v.s. E on which E^∗ separates points and g : X → E a continuous almost p-quasiconvex map such that X ⊂ g(X) and g(X) is convex. Then g has a fixed point.

Particular forms. In particular, if g is almost p-affine for each p ∈ S(E, w), then g has a fixed point. In case g is affine, Corollary 2.5 reduces to Park [P2, Corollary 5.1], [P4, Theorem 7].

We have another coincidence theorem:

Theorem 2.6. Let X be a nonempty convex subset of a locally convex t.v.s. E_1, D a metrizable subset of a complete locally convex t.v.s. E_2, S ∈ A^σ_c (D, X) a compact map, and T : X → 2^D an l.s.c. map such that, for some metric on D, T x is nonempty complete convex for each x ∈ X. Then there exist points x^′ ∈ X, y^′ ∈ D such that x^′ ∈ Sy^′ and y^′ ∈ T x^′.

Proof: Note that X^′ = co S(D) is σ-compact (see [L]) and hence paracompact. Since T^′ = T |_X′ : X^′ → 2^D is l.s.c. and has complete convex values, by the Michael selection theorem [Mi, Theorem 1.2], it has a continuous selection f : X^′ → D. Hence Sf ∈ A^σ_c (X^′, X^′). Since S is compact, so is Sf. Therefore, by Theorem 1.3, there exists an x^′ ∈ X^′ such that x^′ ∈ Sfx^′. Let y^′ = fx^′ ⊂ T^′x^′ ⊂ T x^′. Then x^′ ∈ Sy^′ and y^′ ∈ D. This completes our proof. □

Remark. As Michael [Mi] observed, the completeness of E_2 can be replaced by the compactness of co K for every compact K ⊂ D.

Particular form. Mehta and Sessa [MS, Theorem 2.4]: X is paracompact, D is closed, E_2 is a Banach space, and S ∈ K (D, X).

3. Existence of maximal elements

Any binary relation R in a set X can be regarded as a multifunction T : X → 2^X and conversely by the following obvious way: y ∈ T x if and only if (x, y) ∈ R.

Therefore, a point x_0 ∈ X is called a maximal element of a multifunction T : X → 2^X if T x_0 = ∅.

In this section, we deal with the existence of such maximal elements. From Theorem 1.1, we have the following:

Theorem 3.1. Let X be a convex space, Y a Hausdorff space, S, T : X → 2^Y multifunctions, and F ∈ A^κ_c (X, Y ). Suppose that

(1) for each x ∈ X, Sx ⊂ T x and Sx is open; (2) for each y ∈ F (X), T^{−1}y is convex; and (3) there exists a nonempty compact subset K of Y such that, for each N ∈ ⟨X⟩, there exists a compact convex subset L_N of X containing N such that F (L_N )\K ⊂ S(L_N ).

If F x ∩ T x = ∅ for all x ∈ X, then there exists a y ∈ F (X) ∩ K such that S^{−1}y = ∅.

Proof: Suppose that for each y ∈ F (X) ∩ K, there exists an x ∈ S^{−1}y. Then F (X) ∩ K ⊂ S(X). This and (1)–(3) implies the existence of an x_0 ∈ X such that F x_0 ∩ T x_0 ≠ ∅, by Theorem 1.1. This completes our proof. □

Particular forms.

1. Yannelis and Prabhakar [YP, Theorem 5.1]: X = Y = K and F = 1_X . 2. Mehta [M2, Theorem 4]: X = Y = K and F = 1_X .

3. Kim [Ki, Lemma]: X = Y, F = 1_X , with a stronger coercivity condition than (3). Similarly, other results in [Ki] can be improved.

4. Mehta and Sessa [MS, Theorem 3.3]: Y = K and F ∈ K (X, Y ). From Theorem 2.1, we have the following:

Theorem 3.2. Let D be a nonempty subset of a convex space X, Y a nonempty convex subset of a locally convex t.v.s. E, and F, G : D → 2^Y multifunctions such that

(1) F ∈ A^σ_c (D, Y ) is compact;

(2) for each y ∈ Y , G^{−1}y is a convex subset of D; (3) F x ∩ Gx = ∅ for all x ∈ D; and (4) for each y ∈ Y with G^{−1}y ≠ ∅, there exists an x ∈ D such that y ∈ Int Gx.

Then there exists a y ∈ Y such that G^{−1}y = ∅.

Proof: Suppose that G^{−1}y ≠ ∅ for each y ∈ Y . Then by (4), {Int Gx : x ∈ D} covers Y . This and (1), (2) implies the existence of an x_0 ∈ D such that F x_0 ∩ Gx_0 ≠ ∅, by Theorem 2.1. This contradicts (3). □

Particular forms.

1. Yannelis and Prabhakar [YP, Theorem 5.3]: Y is paracompact, D is a compact subset of Y , and F = 1_D.

2. Mehta and Sessa [MS, Theorem 3.1]: Y is paracompact and F ∈ K (D, Y ). From Theorem 2.6, we have the following:

Theorem 3.3. Let X be a nonempty convex subset of a locally convex t.v.s. E_1, D a metrizable subset of a complete locally convex t.v.s. E_2, S ∈ A^σ_c (D, X) a compact map, and T : X → 2^D a l.s.c. map such that, for some metric on D, T x is complete convex for each x ∈ X. If

(∗) for each (x, y) ∈ X × D, x ∈ Sy implies y /∈ T x, then T has a maximal element.

Proof: Suppose that T x ≠ ∅ for each x ∈ X. Then there exists an (x^′, y^′) ∈ X × D such that x^′ ∈ Sy^′ and y^′ ∈ T x^′, which violates (∗). □

Particular forms.

1. Yannelis and Prabhakar [YP, Theorem 5.2]: X = D is compact, S = 1_X , and E_1 = E_2 = R^n.

2. Mehta [M2, Theorem 5]: X = D is compact, E_1 = E_2 is a Banach space, and S = 1_X .

3. Mehta and Sessa [MS, Theorem 3.5]: X is paracompact, D is closed, E_2 is a Banach space, and S ∈ K (D, X).

4. Remarks on Himmelberg’s theorem

Theorem 1.3 with K instead of A^σ_c was due to Himmelberg [Hi, Theorem 2], which generalizes Fan’s well-known fixed point theorem [F1].

In [Ta], Tarafdar defined that a closed-valued map T : X → 2^Y is almost upper semicontinuous (a.u.s.c.) if for each x ∈ X and each open set V containing T x, there exists an open set U containing x such that T (U) ⊂ V . However, as we noted in [PB], this concept is the same as the upper semicontinuity if Y is normal. Using this concept, Tarafdar [Ta] claimed a generalization of Fan’s fixed point theorem. On the other hand, Rim and Kim [RK] claimed a generalization of Himmelberg’s theorem for a.u.s.c. maps. Note that, for a single-valued map, the concept of a.u.s.c. reduces to that of weak continuity due to Levine [Le].

In this section, we show that those generalizations are actually equivalent to Himmelberg’s theorem.

Lemma 4.1. Let X be a topological space, Y a normal space, and T : X → 2^Y an a.u.s.c. map with nonempty closed values. Then T is u.s.c.

The proof is elementary. See [PB] or [RK, Lemma 1].

Lemma 4.2. Let X be a nonempty convex subset of a locally convex t.v.s. E, K a nonempty compact subset of X, and T : X → 2^K an a.u.s.c. map such that co T x ⊂ K for each x ∈ X. Then co T is u.s.c.

Proof: As in the proof of [RK, Lemma 2], co T is a.u.s.c. with closed values. Therefore, by Lemma 4.1, co T is u.s.c. □

The following is the main result of this section:

Theorem 4.3. Let X be a nonempty convex subset of a locally convex t.v.s. E, and K a nonempty compact subset of X. Then the following equivalent statements hold:

(i) Every u.s.c. map T : X → 2^K with nonempty closed convex values has a fixed point.

(ii) For any a.u.s.c. map S : X → 2^K with nonempty values such that co Sx ⊂ K for each x ∈ X, there exists an x̂ ∈ K such that x̂ ∈ co Sx̂.

(iii) Any map T : X → 2^K such that there exists an a.u.s.c. map S : X → 2^K with ∅ ≠ co Sx ⊂ T x for each x ∈ X has a fixed point.

Proof: Note that (i) is due to Himmelberg [Hi] and a particular form of Theorem 1.3 with K replacing A^σ_c .

(i) =⇒ (ii) By Lemma 4.2, co S is u.s.c. and hence, by (i), co S has a fixed point.

(ii) =⇒ (iii) By (ii), co S has a fixed point x̂ ∈ co Sx̂ ⊂ T x̂. (iii) =⇒ (i) Put S = T in (iii). Note that u.s.c. implies a.u.s.c. □

Remarks. 1. Rim and Kim [RK, Theorem 1] and Tarafdar [Ta, Theorem 2.1] proved (iii) under some additional restrictions. Moreover, (ii) is due to [RK, Corollary 1].

2. Note that closed convex values in Theorem 4.3 can be replaced by closed acyclic values (containing Sx) in view of Theorem 1.3 with V instead of A^σ_c .

References

[Be] Ben-El-Mechaiekh H., The coincidence problem for compositions of set-valued maps, Bull. Austral. Math. Soc. 41 (1990), 421–434.

[BD1] Ben-El-Mechaiekh H., Deguire P., Approximation of non-convex set-valued maps, C.

R. Acad. Sci. Paris 312 (1991), 379–384.

[BD2] , General fixed point theorems for non-convex set-valued maps, C. R. Acad. Sci.

Paris 312 (1991), 433–438.

[BD3] , Approachability and fixed points for non-convex set-valued maps, J. Math.

Anal. Appl. 170 (1992), 477–500.

[BDG] Ben-El-Mechaiekh H., Deguire P., Granas A., Points fixes et coincidences pour les fonctions multivoques, II (Applications de type φ et φ^∗), C. R. Acad. Sci. Paris 295 (1982), 381–384.

[BK] Bohnenblust H.F., Karlin S., On a theorem of Ville, in “Contributions to the Theory of Games,” Ann. of Math. Studies, No. 24, pp. 155–160, Princeton Univ. Press, 1950.

66 Sehie Park

[Br] Brouwer L.E.J., Über Abbildungen von Mannigfaltigkeiten, Math. Ann. 71 (1912), 97– 115.

[D] Dzedzej Z., Fixed point index theory for a class of nonacyclic multivalued maps, Dissertationes Math. 253 (1985), 53pp.

[F1] Ky Fan, Fixed-point and minimax theorems in locally convex topological linear spaces, Proc. Nat. Acad. Sci. U.S.A. 38 (1952), 121–126.

[F2] , A generalization of Tychonoff’s fixed point theorems, Math. Ann. 142 (1961), 305–310.

[F3] , Sur un théorème minimax, C. R. Acad. Sci. Paris 259 (1964), 3925–3928. [G] Glicksberg I.L., A further generalization of the Kakutani fixed point theorem, with application to Nash equilibrium points, Proc. Amer. Math. Soc. 3 (1952), 170–174.

[Go] Górniewicz L., Homological methods in fixed point theory of multivalued maps, Dissertationes Math. 129 (1976), 71pp.

[GL] Granas A., Liu F.-C., Coincidences for set-valued maps and minimax inequalities, J.

Math. Pures et Appl. 65 (1986), 119–148.

[Ha] Ha C.-W., Extensions of two fixed point theorems of Ky Fan, Math. Z. 190 (1985), 13–16.

[Hi] Himmelberg C.J., Fixed points of compact multifunctions, J. Math. Anal. Appl. 38 (1972), 205–207.

[K] Kakutani S., A generalization of Brouwer’s fixed-point theorem, Duke Math. J. 8 (1941), 457–459.

[Ki] Kim W.K., Existence of maximal elements and equilibrium for a non-paracompact N-person game, Proc. Amer. Math. Soc. 116 (1992), 797–807.

[KT] Kim W.K., Tan K.-K., A variational inequality in non-compact sets and its applications, Bull. Austral. Math. Soc. 46 (1992), 139–148.

[KKM] Knaster B., Kuratowski C., Mazurkiewicz S., Ein Beweis des Fixpunktsatzes für n-di-mensionale Simplexe, Fund. Math. 14 (1929), 132–137.

[L] Lessonde M., Réduction du cas multivoque au cas univoque dans les problèmes de coïncidence, in “Fixed Point Theory and Applications” (M.A. Théra and J.-B. Baillon, Eds.), pp. 293–302, Longman Scientific & Technical, Essex, 1991.

[Le] Levine N., A decomposition of continuity in topological spaces, Amer. Math. Monthly 68 (1961), 44–46.

[M1] Mehta G., Fixed points, equilibria and maximal elements in linear topological spaces, Comment. Math. Univ. Carolinae 28 (1987), 377–385.

[M2] , Weakly lower demicontinuous preference maps, Economics Letters 23 (1987), 15–18.

[MS] Mehta G., Sessa S., Coincidence theorems and maximal elements in topological vector spaces, Math. Japonica 37 (1992), 839–845.

[Mi] Michael E., A selection theorem, Proc. Amer. Math. Soc. 17 (1966), 1404–1406. [P1] Park Sehie, Fixed point theory of multifunctions in topological vector spaces, J. Korean Math. Soc. 29 (1992), 191–208.

[P2] , Fixed point theory of multifunctions in topological vector spaces II, J. Korean Math. Soc. 30 (1993), 413–431.

[P3] , Foundations of the KKM theory via coincidences of composites of upper semicontinuous maps, J. Korean Math. Soc. 31 (1994), 493–519.

[P4] , Fixed points of acyclic maps on topological vector spaces, Proc. 1st World Congress of Nonlinear Analysts.

[PB] Park S., Bae J.S., On zeros and fixed points of multifunctions with non-compact convex domains, Comment. Math. Univ. Carolinae 34 (1993), 257–264.

[PSW] Park S., Singh S.P., Watson B., Some fixed point theorems for composites of acyclic maps, Proc. Amer. Math. Soc. 121 (1994), 1151–1158.

[RK] Rim D.I., Kim W.K., A fixed point theorem and existence of equilibrium for abstract economies, Bull. Austral. Math. Soc. 45 (1992), 385–394.

[S1] Schauder J., Zur Theorie stetiger Abbildungen in Funktionalräumen, Math. Z. 26 (1927), 47–65.

[S2] , Der Fixpunktsatz in Funktionalräumen, Studia Math. 2 (1930), 171–180. [Se] Sessa S., Some remarks and applications of an extension of a lemma of Ky Fan, Comment. Math. Univ. Carolinae 29 (1988), 567–575.

[Ta] Tarafdar E., An extension of Fan’s fixed point theorem and equilibrium point of an abstract economy, Comment. Math. Univ. Carolinae 31 (1990), 723–730.

[Ty] Tychonoff A., Ein Fixpunktsatz, Math. Ann. 111 (1935), 767–776. [YP] Yannelis N.C., Prabhakar N., Existence of maximal elements and equilibria in linear topological spaces, J. Math. Economics 12 (1983), 233–245.

Department of Mathematics, Seoul National University, Seoul 151–742, Korea

(Received April 14, 1994)