Comment.Math.Univ.Carolin. 36,2 (1995)279–291 279

Estimators for epidemic alternatives

Marie Hušková

Abstract. We introduce and study the behavior of estimators of changes in the mean value of a sequence of independent random variables in the case of so called epidemic alternatives which is one of the variants of the change point problem.

The consistency and the limit distribution of the estimators developed for this situation are shown. Moreover, the classical estimators used for ‘at most change’ are examined for the studied situation.

Keywords: change point problem, estimators, linear models

Classification: 62F05, 62J05

1. Introduction

Consider the following model:

X_i = θ_0 + e_i, i = 1, ..., m_1, = θ_0 + δ_n + e_i, i = m_1 + 1, ..., m_2, = θ_0 + e_i, i = m_2 + 1, ..., n,

where θ_0, δ_n, 1 ≤ m_1 < m_2 < n are unknown parameters, e_1, ..., e_n are i.i.d. random variables, Ee_i = 0 and 0 < var e_i = σ^2 < ∞ with σ^2 unknown. The model describes the situation, where the normal state with the mean value θ_0 runs up to the m_1-th observation then it changes to the epidemic one with the mean value θ_0 + δ_n that goes from m_1 + 1-st through m_2-nd observation and the normal state is restored afterwards. This model is called the epidemic alternative.

The testing problem H_0 : δ_n = 0 against H_1 : δ_n ≠ 0 was first considered by Kline and Levin [13] for the case when e_i’s have normal distribution. Yao [16] published a survey of the available test procedures together with their comparison. Lombard [14] and Gombay [9] deal with rank test procedures. Brodsky and Darkhovsky [6] constructed estimators (see (2.3) below) of the change points m_1, m_2 in a series of dependent observations and proved their consistency.

The object of the present paper is to develop estimators of the change points m_1, m_2 and to derive their asymptotic properties for local changes (δ_n → 0). Namely, we shall study an estimator related to the maximum likelihood one when

The research was partially supported by the grant GAČR 201/94/0472

the errors e_i’s are normally distributed (see (2.2) below) and the estimator introduced by Brodsky and Darkhovsky [6] based on the argmax of differences of certain averages (see (2.3) below). Moreover, the performance of three types of estimators used for the case ‘at most one change’ (see (2.4)–(2.9) below) is examined in the model (1.1). It is shown that all considered estimators have the same rate of consistency and have the limit distribution as the argmax of certain Gaussian processes. The main results are formulated in Theorem 2.1 and Theorem 2.2. Results of simulation study will be published in [3].

2. Main results

The estimators of the change points are based on the partial sums

(2.1) S_k = k∑ i=1 (X_i − X_n), k = 1, ..., n,

where X_n = 1 n n∑ i=1 X_i.

The estimator related to the maximum likelihood estimator when the errors e_i’s have normal distribution is defined as follows:

(2.2) (m̂_{11}(ϵ), m̂_{21}(ϵ)) = argmax { √ n (k_2 − k_1)(n − k_2 + k_1)

|S_{k2} − S_{k1} |;

1 ≤ k_i ≤ n, i = 1, 2, nϵ ≤ k_2 − k_1 ≤ (1 − ϵ)n}, where 0 < ϵ < 1/2.

Darkhovsky and Brodsky [6] introduced the estimator

(2.3) (m̂_{12}(ϵ), m̂_{22}(ϵ)) = argmax { n^2 (k_2 − k_1)(n − k_2 + k_1)

|S_{k2} − S_{k1} |;

1 ≤ k_i ≤ n, i = 1, 2, nϵ ≤ k_2 − k_1 ≤ (1 − ϵ)n}

= argmax {| 1 (k_2 − k_1)

S_{k2} − 1 (n − k_2 + k_1)

(S_{k1} + S_n − S_{k2} )|;

1 ≤ k_i ≤ n, i = 1, 2, nϵ ≤ k_2 − k_1 ≤ (1 − ϵ)n}, where 0 < ϵ < 1/2. They investigated the consistency when δ_n = δ ≠ 0 is fixed (not depending on n) and X_i, i = 1, ..., n, need not be independent.

The following three estimators for the case ‘at most one change’ will be investigated:

(2.4) m̂_{13}(ϵ) = min{ argmax { √ n k(n − k)

S_k; nϵ ≤ k ≤ n(1 − ϵ)},

argmin { √ n k(n − k)

S_k; nϵ ≤ k ≤ n(1 − ϵ)}},

(2.5) m̂_{23}(ϵ) = max{ argmax { √ n k(n − k)

S_k; nϵ ≤ k ≤ n(1 − ϵ)},

argmin { √ n k(n − k)

S_k; nϵ ≤ k ≤ n(1 − ϵ)}},

(2.6) m̂_{14} = min{ argmax {S_k; 1 ≤ k_i ≤ n}, argmin {S_k; 1 ≤ k ≤ n}},

(2.7) m̂_{24} = max{ argmax {S_k; 1 ≤ k_i ≤ n}, argmin {S_k; 1 ≤ k ≤ n}} and (2.8) m̂_{15}(G) = min{ argmax {S_{k+G} − 2S_k + S_{k−G}; G < k < n − G}, argmin {S_{k+G} − 2S_k + S_{k−G}; G < k < n − G}},

(2.9) m̂_{25}(G) = max{ argmax {S_{k+G} − 2S_k + S_{k−G}; G < k < n − G}, argmin {S_{k+G} − 2S_k + S_{k−G}; G < k < n − G}}, where 0 < ϵ < 1/2 and G should be small w.r.t. n (see assumption (2.17) below). The behavior of the estimators m̂_{i3}(ϵ) and m̂_{i4}, i = 1, 2, in the case of at most one change was deeply studied in [4]. The behavior of m̂_{i5}(G), i = 1, 2, both in the case of at most one change and more changes was studied in a more general framework in [2].

The following expectations give a simple transparent picture on the behavior of the estimators

(2.10)

ES_k = −δ_nk m_2 − m_1 n 1 ≤ k ≤ m_1,

= δ_n(k n − m_2 + m_1 n − m_1) m_1 < k ≤ m_2,

= −δ_n(n − k) n − m_2 + m_1 n m_2 < k ≤ n, and E(S_{k+G} − 2S_k + S_{k−G}) = 0 G < k ≤ m_1 − G, = δ_n(k + G − m_1) m_1 − G < k ≤ m_1 = δ_n(G − k + m_1) m_1 < k ≤ m_1 + G, = 0 m_1 + G < k ≤ m_2 − G,

(2.11) = −δ_n(k + G − m_2) m_2 − G < k ≤ m_2, = −δ_n(G − k + m_2) m_2 < k ≤ m_2 + G, = 0 m_2 + G < k < n − G.

We see that ES_k, k = 1, ..., n and E(S_{k+G} − 2S_k + S_{k−G}), k = G + 1, ....., n − G, are piece-wise linear functions in k with extremes at k = m_1, m_2.

Now, we shall state two main results.

Theorem 2.1. Let X_1, ..., X_n follow the model (1.1) and let, as n → ∞, m_i n → γ_i, i = 1, 2, 0 < γ_1 < γ_2 < 1

(2.12) δ_n → 0, |δ_n| √ n → ∞

(2.13) then (2.14) δ^2_n σ^2

(m̂_{ij} (ϵ) − m_i)^d−→ argmax{W_j(s) − |s|g_{ij}(s), s ∈ R} and (2.15) δ^2_n σ^2

(m̂_{i4} − m_i)^d−→ argmax{W_4(s) − |s|g_{i4}(s), s ∈ R} for i = 1, 2; j = 1, 2, 3 and 0 < ϵ < min(γ_1, 1 − γ_2, γ_2 − γ_1, 1 − γ_2 + γ_1), where

(2.16)

W_j (s) = W_{j1}(s) s < 0 = W_{j2}(s) s > 0, W_{j1} and W_{j2} are independent Wiener processes, j = 1, ..., 4, g_{j1}(s) = 1/2 s ∈ R, j = 1, 2 g_{12}(s) = 1 − γ_2 + γ_1 s < 0

= γ_2 − γ_1 s > 0

g_{13}(s) = 1 2 (1 −

1 − γ_2 1 − γ_1

) s < 0 = 1 2 (1 +

1 − γ_2 1 − γ_1

) s > 0

g_{23}(s) = 1 2 (1 + γ_1 γ_2

) s < 0 = 1 2 (1 − γ_2 γ_1

) s > 0 and g_{12}(s) = g_{22}(−s) = g_{14}(−s) = g_{24}(s) s ∈ R Proof: is postponed to Section 3. □ Theorem 2.2. If the assumptions of Theorem 2.1 are satisfied and if, as n → ∞, (2.17) G/n → 0, |δ_n|^{−2}G ln n G → 0 then (2.18) δ^2_n σ^2

(m̂_{i5}(G) − m_i)^d−→ argmax {W_5(s) − |s|/6, s ∈ R}, where W_5 is the two-sided Wiener process described in (2.16). Proof: is a consequence of Theorem 4.1 in [2], where we put ψ(x, θ) = x − θ, x ∈ R, θ ∈ R. □

Remarks.

1. If δ_n and σ^2 are replaced by consistent estimators, the assertions of Theorem 2.1 and Theorem 2.2 remain true.

2. Khakhubia [12] and Gombay and Horváth [10] derived the distribution of argmax {W_1(s) − |s|/2, s ∈ R}, which together with the previous item enables us to construct the confidence interval for m_1 and m_2.

3. Going through the proof of Theorem 2.1 we find that m̂_{1i}(ϵ) and m̂_{2i}(ϵ) are asymptotically independent, i = 1, 2, 3. The pairs (m̂_{14}, m̂_{24}) and (m_{15}(G), m̂_{25}(G)) have the same property.

4. The M-type analogs of the estimators can be constructed as follows. Replace the residuals X_i − X_n, i = 1, ..., n by the M-residuals ψ(X_i − θ_n(ψ)), i = 1, .., n, where ψ is a suitable score generating function and θ̂_n(ψ) is the M-estimator of θ_0 with the score function ψ in the model (1.1) with δ_n = 0 (i.e. θ̂_n(ψ) is a solution of the equation

∑_n i=1 ψ(X_i − θ) = 0). The respective properties can be obtained along the line of [2].

5. Since γ_1 and γ_2 are unknown, it is hardly to check the assumption (2.12). We should choose ϵ > 0 sufficiently small in order the assumption (2.12) is met. If we put ϵ = 0, the estimators need not be consistent since the maximum can be reached for k_i /∈ (m_i − nϵ^∗, m_i + nϵ^∗), i = 1, 2, for some ϵ^∗ > 0 with probability larger than some positive constant. For instance, if e_i has the density

f(x) =

2 + Δ 2 |x|^{−3−Δ} |x| ≥ 1

= 0 |x| < 1

with Δ > 0 then

max{ √ n (k_2 − k_1)(n − k_2 + k_1)

|S_{k2} − S_{k1} |;

1 ≤ k_i ≤ n, i = 1, 2, nϵ ≤ k_2 − k_1 ≤ (1 − ϵ)n}

= δ^2_nn(γ_2 − γ_1)(1 − γ_2 + γ_1)(1 + o_p(1)),

while

P (max{ √ n (k_2 − k_1)(n − k_2 + k_1)

|S_{k2} − S_{k1} |;

1 ≤ k_1 < k_2 ≤ n} > Q √ log n) → 1

for some Q > 0, which means that if |δ_n| = o_p(n^{−1/2} √ log n) the maximum need not be reached by (k_1, k_2) close to (m_1, m_2).

3. Proof of Theorem 2.1

Because of a similarity of the proofs of the assertions on m̂_{ij} − m_i for i = 1, 2, j = 1, 2, 3, 4 we shall treat in detail m̂_{11}(ϵ) and m̂_{21}(ϵ) and give an outline of the others.

The proof is divided into three steps. We start with auxiliary results, then show that the rate of consistency of the estimators m̂_{i1}(ϵ) is δ^{−2}_n , i.e. m̂_{i1}(ϵ) − m_i = O_p(δ^{−2}_n ), i = 1, 2, and in the last step we derive the limit distribution of the estimator.

In the rest of the paper we shall assume δ_n > 0, n ≥ 1. The case δ_n < 0 for some n ≥ 1 can be treated quite analogously.

The estimators (m̂_{11}(ϵ), m̂_{21}(ϵ)) can be defined equivalently as

(3.1) argmax { n (k_2 − k_1)(n − k_2 + k_1)

(S_{k2} − S_{k1} )^2 − n (m_2 − m_1)(n − m_2 + m_1)

(S_{m2} − S_{m1} )^2;

1 ≤ k_i ≤ n, i = 1, 2; nϵ ≤ k_2 − k_1 ≤ n(1 − ϵ)}. Moreover, noticing

(3.2) S_k = k∑ i=1 (e_i − e_n) + δ_n k∑ i=1 (I{m_1 < i ≤ m_2} − m_2 − m_1 n ), where I{A} denotes the indicator of the set A, we may write for 1 ≤ k_1 < k_2 ≤ n

(3.3) n (k_2 − k_1)(n − k_2 + k_1)

(S_{k2} − S_{k1} )^2

= A_1(k_1, k_2) + 2δ_nA_2(k_1, k_2) + δ^2_nA_3(k_1, k_2), where

A_1(k_1, k_2) = n (k_2 − k_1)(n − k_2 + k_1) ( k_2∑

i=k_1+1

(e_i − e_n))^2,

A_2(k_1, k_2) = n (k_2 − k_1)(n − k_2 + k_1)

k_2∑

i=k_1+1

(e_i − e_n)

k_2∑

j=k_1+1

(I{m_1 < j ≤ m_2} − m_2 − m_1 n ),

A_3(k_1, k_2) = n (k_2 − k_1)(n − k_2 + k_1) ( k_2∑

j=k_1+1

(I{m_1 < j ≤ m_2} − m_2 − m_1 n ))^2.

Useful results on A_i(k_1, k_2), i = 1, 2, 3, are proved in the following three lemmas.

Lemma 3.1. If the assumptions of Theorem 1.1 are satisfied then, as n → ∞, (3.4) max{A_1(k_1, k_2); 1 ≤ k_i ≤ n, i = 1, 2, nϵ ≤ k_2 − k_1 ≤ n(1 − ϵ)} = O_p(1)

(3.5) max{|A_1(k_1, k_2) − A_1(m_1, m_2)|; |k_i − m_i| ≤ nϵ_n, 1 ≤ k_i ≤ n, i = 1, 2} = O_p( √ ϵ_n) for any 0 < ϵ < min{γ_2 − γ_2, 1 − γ_2 + γ_1}, for any ϵ_n ≥ 0 satisfying ϵ_n → 0 and nϵ_n → ∞.

Proof: The first assertion is an easy consequence of the Kolmogorov inequality.

The assertion (3.5) is implied by the following relations

A_1(k_1, k_2) − A_1(m_1, m_2) = (

k_2∑

i=k_1+1

(e_i − e_n))^2

n(m_2 − k_2 − m_1 + k_1)(n − m_2 + m_1 − k_2 + k_1) (k_2 − k_1)(m_2 − m_1)(n − k_2 + k_1)(n − m_2 + m_1) + n (m_2 − m_1)(n − m_2 + m_1) ( k_2∑

i=k_1+1

(e_i − e_n) −

m_2∑

i=m_1+1

(e_i − e_n))

( k_2∑

i=k_1+1

(e_i − e_n) +

m_2∑

i=m_1+1

(e_i − e_n))

= O_p(ϵ_n) + O_p( √ ϵ_n) = O_p( √ ϵ_n).

which holds uniformly for |k_i − m_i| ≤ nϵ_n, 1 ≤ k_i ≤ n, i = 1, 2. □ Lemma 3.2. If the assumptions of Theorem 1.1 are satisfied then, as n → ∞, (3.6) max{A_2(k_1, k_2), 1 ≤ k_i ≤ n, i = 1, 2, nϵ ≤ k_2 − k_1 ≤ n(1 − ϵ)} = O_p( √ n)

(3.7) max{|A_2(k_1, k_2) − A_2(m_1, m_2)|(|k_2 − m_2| + |k_1 − m_1|)^{−1}; q_nδ^{−2}_n ≤ |k_i − m_i| ≤ nϵ_n, 1 ≤ k_i ≤ n, i = 1, 2} = O_p(δ_nq^{−1/2}_n ) and (3.8) max{|A_2(k_1, k_2) − A_2(m_1, m_2) −

k_2∑

k_1+1

e_i +

m_2∑

m_1+1

e_i|

(|k_2 − m_2| + |k_1 − m_1|)^{−1}; |k_i − m_i| ≤ nϵ_n, 1 ≤ k_i ≤ n, i = 1, 2} = O_p(ϵ_n √ n) for any 0 < ϵ < min{γ_2 − γ_1, 1 − γ_2 + γ_1}, for any q_n → ∞ and for any ϵ_n > 0, n ≥ 1 such that ϵ_n → 0 and nϵ_n → ∞.

Proof: The first assertion is a direct consequence of the Kolmogorov inequality.

Since

A_2(k_1, k_2) − A_2(m_1, m_2) −

k_2∑

k_1+1

(e_i − e_n) +

m_2∑

m_1+1

(e_i − e_n)

= k_2∑

k_1+1

(e_i − e_n) n (k_2 − k_1)(n − k_2 + k_1)

k_2∑

j=k_1+1

(I{m_1 < j ≤ m_2} − 1 − m_2 − k_2 − m_1 + k_1 n ) = O_p(n^{−1/2}(|k_1 − m_1| + |k_2 − m_2|)) holds uniformly for |k_i − m_i| ≤ nϵ_n, i = 1, 2, the assertion (3.8) is valid. Finally, by the Hájek-Rényi inequality (see [8, p. 230]) we have for any λ > 0

P (max{ 1 |k_i − m_i| | k_i∑ j=1 e_j −

m_i∑ j=1 e_j|;

δ^{−2}_n q_n ≤ |k_i − m_i| ≤ nϵ_n, 1 ≤ k_i ≤ n, i = 1, 2} ≥ λ)

≤ 2λ^{−2} ∗∑ ( 1 j^2 − 1 (j + 1)^2

)jσ^2 ≤ D_1λ^{−2}δ^2_nq^{−1}_n

where

∑_∗ denotes the summation over the set {k_i, δ^{−2}_n q_n ≤ |k_i − m_i| ≤ nϵ_n, 1 ≤ k_i ≤ n, i = 1, 2}, for some D_1 > 0, which together with (3.8) implies (3.7). □ Lemma 3.3. Under the assumptions of Theorem 1.1 there exist B_1 > 0 and B_2 > 0 (not depending on n) such that (3.9) max{A_3(k_1, k_2) − A_3(m_1, m_2), nϵ_n ≤ |k_i − m_i|, i = 1, 2, nϵ ≤ k_2 − k_1 ≤ n(1 − ϵ), i = 1, 2, 1 ≤ k_1 < k_2 ≤ n} ≤ −B_1nϵ_n and (3.10) |A_3(k_1, k_2) − A_3(m_1, m_2) + |m_2 − k_2| + |m_1 − k_1||(|m_2 − k_2|^2 + |m_1 − k_1|^2)^{−1}; |k_i − m_i| ≤ nϵ_n, 1 ≤ k_i ≤ n, i = 1, 2 for any 0 < ϵ < min{γ_2 − γ_1, 1 − γ_2 + γ_1}, for any ϵ_n > 0, n = 1, 2, . . . satisfying ϵ_n → 0 and nϵ_n → ∞.

Proof: To show (3.9) we decompose the set of indices (k_1, k_2) as follows:

{(k_1, k_2); |k_i − m_i| ≥ nϵ_n, i = 1, 2, nϵ ≤ k_2 − k_1 ≤ n(1 − ϵ), 1 ≤ k_1 < k_2 ≤ n} = C_{1n} ∪ C_{2n} ∪ C_{3n} ∪ C_{4n} ∪ C_{5n} ∪ C_{6n}, where C_{1n} = {(k_1, k_2); 1 ≤ k_1 < k_2 ≤ m_1, nϵ ≤ k_2−k_1 ≤ (1−ϵ)n} C_{2n} = {(k_1, k_2); m_2 < k_1 < k_2 ≤ n, nϵ ≤ k_2−k_1 ≤ (1−ϵ)n} C_{3n} = {(k_1, k_2); 1 ≤ k_1 ≤ m_1−nϵ_n, m_2+nϵ_n ≤ k_2 ≤ n, nϵ ≤ k_2−k_1} C_{4n} = {(k_1, k_2); m_1+nϵ_n ≤ k_1 <, k_2 ≤ m_2−nϵ_n, nϵ ≤ k_2−k_1}, C_{5n} = {(k_1, k_2); m_1+nϵ_n ≤ k_1 ≤ m_2, m_2+nϵ_n < k_2 ≤ n, nϵ ≤ k_2−k_1 ≤ n(1−ϵ)}, C_{6n} = {(k_1, k_2); 1 ≤ k_1 ≤ m_1−nϵ_n, m_1 < k_2 ≤ m_2−nϵ_n, nϵ ≤ k_2−k_1 ≤ n(1−ϵ)}. Direct computations give that (3.11) max{A_3(k_1, k_2) − A_3(m_1, m_2); (k_1, k_3) ∈ C_{1n}} ≤ − m_2 − m_1 n − m_1 + 1

(n − m_2 + m_1) and (3.12) max{A_3(k_1, k_2) − A_3(m_1, m_2); (k_1, k_3) ∈ C_{2n}} ≤ − m_2 − m_1 m_2 + 1

(m_1 + 1) Further,

A_3(k_1, k_2) =

(m_2 − m_1)^2 n (−1 + n k_2 − k_1

) for (k_1, k_2) ∈ C_{3n} and hence (3.13) max{A_3(k_1, k_2) − A_3(m_1, m_2); (k_1, k_3) ∈ C_{3n}} ≤ (m_2 − m_1)^2 n (−1 + n m_2 − m_1 + 2nϵ_n

) − A_3(m_1, m_2) ≤ −D_2nϵ_n. for some D_2 > 0. Similarly,

A_3(k_1, k_2) =

(n − m_2 + m_1)^2 n (−1 + n n − k_2 + k_1

) for (k_1, k_2) ∈ C_{4n} which implies (3.14) max{A_3(k_1, k_2) − A_3(m_1, m_2); (k_1, k_3) ∈ C_{4n}} ≤ (n − m_2 + m_1)^2 n (−1 + n n − m_2 − m_1 + 2nϵ_n

) − A_3(m_1, m_2) ≤ −D_3nϵ_n for some D_3 > 0. Next, for (k_1, k_2) ∈ C_{5n}

A_3(k_1, k_2) = A_3(m_1, m_2) − (k_2 − m_2)(1 − m_2 − k_2 k_2 − k_1

) − (k_1 − m_1)(1 − m_1 − k_1 n − k_2 + k_1 ) and hence (3.15) max{A_3(k_1, k_2) − A_3(m_1, m_2); (k_1, k_2) ∈ C_{5n}} ≤ −D_4nϵ_n for some D_4 > 0. Quite analogously, we have (3.16) max{A_3(k_1, k_2) − A_3(m_1, m_2); (k_1, k_2) ∈ C_{6n}} ≤ −D_5nϵ_n for some D_5 > 0. Combining (3.11)–(3.16) we receive (3.9). The validity of (3.10) can be checked by direct computations. □ Denoting Z_n(k_1, k_2) = n (k_2 − k_1)(n − k_2 + k_1)

(S_{k2} − S_{k1} )^2, 1 ≤ k_1 < k_2 ≤ n

we find that

(3.17) Z_n(m_1, m_2) = n (m_2 − m_1)(n − m_2 + m_1) ( k_2∑

i=k_1+1

(e_i − e_n))^2

+ 2δ_n

k_2∑

i=k_1+1

(e_i − e_n) + δ^2_n

(m_2 − m_1)(n − m_2 + m_1) n = O_p(1) + O_p(|δ_n| √ n) + δ^2_n

(m_2 − m_1)(n − m_2 + m_1) n = δ^2_nn(γ_2 − γ_1)(1 − γ_2 + γ_1)(1 + o_p(1)).

Next, by (3.4), (3.6), (3.7) and (3.9) we have (3.18) max{Z_n(k_1, k_2) − Z_n(m_1, m_2); |k_i − m_i| ≥ nϵ_n, 1 ≤ k_i ≤ n, i = 1, 2, nϵ ≤ k_2 − k_1 ≤ n(1 − ϵ)}O_p(1) + O_p( √ n|δ_n|) − B_1nδ^2_nϵ_n = −B_1nϵ_n(1 + o_p(1)).

By (3.5), (3.7) and (3.10) we obtain (3.19)

max{Z_n(k_1, k_2) − Z_n(m_1, m_2); δ^{−2}_n q_n ≤ |k_i − m_i| < nϵ_n, 1 ≤ k_i ≤ n, i = 1, 2, nϵ ≤ k_2 − k_1 ≤ n(1 − ϵ)} = O_p( √ |ϵ_n|) − B_1q_n(1 + o(1) + o_p(q^{−1/2}_n )).

Now, (3.17), (3.18) and (3.19) imply that as n → ∞ with probability tending to 1 the maximum of Z_n(k_1, k_2)−Z_n(m_1, m_2) is reached for k_i ∈ (m_i −nϵ_n, m_i +nϵ_n), i = 1, 2, i.e. as n → ∞, P (|m̂_{i1} − m_i| ≤ q_nδ^{−2}_n ) → 1 i = 1, 2 for any q_n → ∞.

Thus the limit distribution of

argmax{Z_n(k_1, k_2); 1 ≤ k_i ≤ n, i = 1, 2, nϵ_n ≤ k_2 − k_1 ≤ n(1 − ϵ_n)} is the same as that

argmax{Z_n(k_1, k_2) − Z_n(m_1, m_2); |k_i − m_i| ≤ q_nδ^{−2}_n , 1 ≤ k_i ≤ n, i = 1, 2} Moreover, noticing that by (3.5), (3.8) and (3.10) we get

max{Z_n(k_1, k_2) − Z_n(m_1, m_2) − 2δ_n

k_2∑

i=k_1+1

e_i + 2δ_n

m_2∑

i=m_1+1

e_i + δ^2_n|k_1 − m_1| + δ^2_n|k_2 − m_2|;

|k_i − m_i| < δ^{−2}_n q_n, 1 ≤ k_i ≤ n, i = 1, 2} = o_p(1), which finally implies that the limit distribution of

argmax {Z_n(k_1, k_2); 1 ≤ k_i ≤ n, i = 1, 2, nϵ_n ≤ k_2 − k_1 ≤ n(1 − ϵ_n)} is the same as that of

(argmax {2V_{1n}(s) − |s|, s ∈ R}, argmax {2V_{2n}(s) − |s|, s ∈ R}), where

V_{in}(s) = (−1)^{i+1}δ_n

m_i∑

j=m_i+[δ^{−2}_n s]

e_j s < 0

= (−1)^iδ_n

m_i+[δ^{−2}_n s] ∑ j=m_i+1

e_j s > 0 = 0 s = 0 i = 1, 2. The processes {V_{1n}(s); s ∈ R} and {V_{2n}(s); s ∈ R} are independent. According to Theorem 16.1 of [5] they converge in distribution to the two-sided Wiener processes {W_1(s); s ∈ R} and {W_2(s); s ∈ R}, respectively, described by

(2.16). This implies that the limit distribution of m̂_{i1}(ϵ) is the same as that of argmax {W_i(s) − |s|/2; s ∈ R}, i = 1, 2, respectively, and that m̂_{11}(ϵ) and m̂_{21}(ϵ) are asymptotically independent. The proof of (2.13) for j = 1 is finished.

To prove the assertion (2.14) for j = 2 we proceed similarly as above. Therefore we give some crucial relations only. For 1 ≤ k_1 < k_2 ≤ n we have, as n → ∞,

n^2 (k_2 − k_1)(n − k_2 + k_1)

(S_{k2} − S_{k1} ) = n^2 (k_2 − k_1)(n − k_2 + k_1) ( k_2∑

i=k_1+1

(e_i − e_n) + δ_n

k_2∑

i=k_1+1

(I{m_1 < i ≤ m_2} − m_2 − m_1 n )) and hence, as n → ∞,

n^2 (m_2 − m_1)(n − m_2 + m_1)

(S_{m2} − S_{m1} ) = O_p(n^{−1/2}) + nδ_n = nδ_n(1 + o_p(1))

n^2 (k_2 − k_1)(n − k_2 + k_1)

(S_{k2} − S_{k1} ) ≤ D_6nϵ_nδ_n(1 + o_p(1))

uniformly for |k_i − m_i| ≥ nϵ_n, ϵ_n → 0 and √ nϵ_nδ_n → ∞, i = 1, 2 and for some D_6 > 0.

Finally,

n^2 (k_2 − k_1)(n − k_2 + k_1)

(S_{k2} − S_{k1} ) − n^2 (m_2 − m_1)(n − m_2 + m_1)

(S_{m2} − S_{m1} )

= 1 (γ_2 − γ_1)(1 − γ_2 + γ_1) ( k_2∑

i=k_1+1

e_i −

m_2∑

i=m_1+1

e_i

+min(k_2, m_2)−k_2 −max(k_1, m_1)+k_1 +(γ_2 −γ_1)(k_2 −m_2 −k_1 +m_1))(1+o_p(1))

for |k_i − m_i| ≤ nϵ_n, ϵ_n → 0 and √ nϵ_nδ_n → ∞, i = 1, 2.

The assertion (2.14) for j = 3 and (2.15) can be proved along the same line as Theorem 2 in [4].

References

[1] Antoch J., Hušková M., Change point problem, Computational Aspects of Model Choice (Antoch J., ed.), Physica Verlag, Heidelberg, 1992, pp. 11–38.

[2] , Procedures for the detection of multiple changes in series of independent observations, Proceedings of the 5^{th} Prague Symposium on Asymptotic Statistics (Hušková M. and Mandl P., eds.), Physica Verlag, Heidelberg, 1994, pp. 3–20.

[3] , Tests and estimators for epidemic alternatives, submitted, 1994. [4] Antoch J., Hušková M., Veraverbeke N., Change-point problem and bootstrap, submitted, 1993.

[5] Billingsley P., Convergence of Probability Measures, Wiley, New York, 1968.

[6] Brodsky B.E., Darkhovsky B.S., Nonparametric Methods in Change-Point Problem, Kluwer Academic Press, 1993.

[7] Dümbgen L., The asymptotic behavior of some nonparametric change-point estimators, Annals of Statistics 19 (1991), 1471–1475.

[8] Gänssler P., Stute W., Wahrscheinlichtkeitstheorie, Springer Verlag, Berlin, 1977. [9] Gombay E., Testing for change-points with rank and sign statistics, preprint, 1993. [10] Gombay E., Horváth L., Approximations for the time of change and the power function in change-point models statistics, preprint, 1994.

[11] Horváth L., Some applications of the likelihood method in change-point models statistics, Transactions of the Twelfth Prague Conference, 1994, pp. 106–108.

[12] Khakhubia T.G., A limit theorem for a maximum likelihood estimate of the disorder time, Theory Prob. Appl. 31 (1986), 141–144.

[13] Levin B., Kline J., The Cusum test of homogeneity with the application in spontaneous abortion epidemiology, Statist. in Medicine 4 (1985), 469–488.

[14] Lombard F., Rank tests for changepoint problem, Biometrika 74 (1987), 615–624. [15] Siegmund D., Confidence sets in change-point problems, International Statistical Review 56 (1988), 31–38.

[16] Yao Q., Tests for change-points with epidemic alternatives, Biometrika 80 (1993), 179–191.

Department of Statistics, Charles University, Sokolovská 83, 186 00 Praha 8, Czech Republic E-mail: huskova@karlin.mff.cuni.cz

(Received September 8, 1994)