Comment.Math.Univ.Carolin. 36,4 (1995)641–653 641

Upper and lower estimates in Banach sequence spaces

Raquel Gonzalo

Abstract. Here we study the existence of lower and upper ℓ_p-estimates of sequences in some Banach sequence spaces. We also compute the sharp ℓ_p estimates in their basis. Finally, we give some applications to weak sequential continuity of polynomials.

Keywords: estimates, polynomials Classification: 46B10, 46G20

The existence of ℓ_p-estimates in the sequences in a Banach space is of great interest in the study of the structure of the space. It is also relevant in some questions of non linear analysis such the behaviour of polynomials (see [4], [8], [11], [22], [25]) and the smoothness of a Banach space, in the sense of the existence of real bump functions with higher order of differentiability (see [11]). Here we study how these estimates are in some well known Banach sequence spaces.

Let X be a Banach space over K, where K = R or C and 1 < p, q < ∞. Recall that a sequence {x_n} is said to have an upper p-estimate (respectively, a lower q-estimate) if there exists a constant C > 0 such that for all scalars a_1, . . . , a_n ∈ K and n ∈ N we have ‖ ‖^n∑ i=1 a_ix_i ‖ ‖ ≤ C(^n∑ i=1 |a_i|^p

)_{1/p}

( respectively C

(^n∑ i=1 |a_i|^q

)_{1/q} ≤ ‖ ‖ ‖ n∑ i=1 a_ix_i ‖ ‖ ‖ ) . A Banach space X has S_p-property [18], 1 < p < ∞, if every weakly null normalized sequence in X has a subsequence with an upper p-estimate. Analogously, a Banach space X has T_q-property [10], 1 < q < ∞, if every weakly null normalized sequence has a lower q-estimate. In the same way, X has US_p-property [18] (respectively UT_q-property) if there exists a constant C > 0 such that every weakly null normalized sequence {x_n} has a subsequence {x_{nk} } with constant C, i.e. for all a_1, . . . , a_n ∈ K, n ∈ N, ‖ ‖ ‖ n∑ i=1 a_ix_{ni} ‖ ‖ ‖ ≤ C

(^n∑ i=1 |a_i|^p

)_{1/p}

( respectively C

(^n∑ i=1 |a_i|^q

)_{1/q} ≤ ‖ ‖ ‖ n∑ i=1 a_ix_{ni} ‖ ‖ ‖ ) .

In [18] it is proved that S_p and US_p-property coincide. The properties T_q and UT_q-property are not equivalent, even in reflexive spaces, as we shall see in Example 1.3.

Related to these properties the following indexes have been defined in [10]:

l(X) = sup{p ≥ 1; X has S_p-property} ∈ [1, ∞] u(X) = inf{q ≥ 1; X has T_q-property} ∈ [1, ∞].

It is clear that for X = ℓ_p, 1 < p < ∞, we have l(ℓ_p) = u(ℓ_p) = p. In Section 1 we compute these indexes for Orlicz sequence spaces; we also compute the exact lower and upper estimates in the usual basis of these spaces.

The same is done for Lorentz sequence spaces in Section 2. We also compute the exact upper estimate for the canonical basis. By using these results we obtain a very easy way to find examples of non superreflexive Lorentz spaces.

Section 3 is devoted to the study of these indexes for James spaces, and we also compute S_p-property for the James type spaces introduced by Lohman-Cassaza [19].

In the last section we obtain some applications of these results regarding to weak sequential continuity of polynomials on these spaces.

1. Orlicz sequence spaces

Recall that an Orlicz function M is a continuous, convex, and non decreasing function defined for all t ≥ 0 and such that M(0) = 0 and lim_{t→∞} M(t) = ∞. The Orlicz sequence space h_M with Orlicz function M is the Banach space consisting of all sequences {a_k} of scalars such that ∞∑ n=1 M(|a_n|/λ) < ∞ for all λ > 0,

endowed with the norm

‖{a_n}‖_{hM} = inf{λ > 0; ∞∑ n=1 M(|a_n|/λ) ≤ 1}.

The lower and upper Boyd indexes associated to M (see e.g. [20]) are defined by α_M = sup{p ≥ 1; sup_{0<u,v≤1}

M(uv) u^pM(v)

< ∞}

β_M = inf{q ≥ 1; inf_{0<u,v≤1}

M(uv) u^pM(v)

> 0}.

Concerning the S_p-property the following result was proved in [16].

Theorem 1.1 ([16]). Consider 1 < p < ∞ and let h_M be an Orlicz sequence space that does not contain ℓ_1. The following statements are equivalent:

(i) h_M has S_p-property. (ii) The function M satisfies sup 0<u,v≤1

M(uv) u^pM(v)

< ∞.

In a similar way we have the following result:

Theorem 1.2. Consider 1 < q < ∞ and let h_M be an Orlicz sequence space that does not contain ℓ_1. The following statements are equivalent:

(i) h_M has UT_q-property. (ii) The function M satisfies inf 0<u,v≤1

M(uv) u^qM(v)

> 0.

Proof: (i) ⇒ (ii). Consider C > 0 such that every weakly null normalized sequence admits a subsequence which has a lower q-estimate with constant C. For each k ∈ N consider 1/λ_k = ‖

∑_k

i=1 e_i‖, and we construct the following sequence for each k as in [16]:

b^{(k)}_m = λ_k k∑ i=1 e_{mk+i}.

Since h_M does not contain ℓ_1, {b^{(k)}_m }_m is a weakly null sequence, and therefore a subsequence of {b^{(k)}_m }_m has a lower q-estimate with constant C. Then it is easy to see that for any k ‖ ‖^n∑ i=1 b^{(k)}_i ‖ ‖ ≥ Cn_{1/q}.

Now, consider 0 < s, t ≤ 1 and choose k ∈ N such that λ_{k+1} ≤ s < λ_k and n ∈ N verifying 1 C(n + 1)^{1/q}

≤ t < 1 Cn^{1/q} . We may assume that s < λ_1 and t < 1/C. Then

M(st) M(s)t^q ≥ M(λ_{k+1}/C(n + 1)^{1/q}) M(λ_k)(1/Cn^{1/q})^q ≥ C^qn (k + 1)(n + 1)M(λ_k) = and since M(λ_k)k = 1, = C^qnk (k + 1)(n + 1) ≥ 1 4 C^q,

as we required.

(ii) ⇒ (i). If (ii) holds, by [20, p. 139] there exists C > 0 such that for every choice of pairwise disjoint elements x_1, . . . , x_n ∈ h_M in X, we have C (^n∑ i=1 ‖x_i‖^p

)_{1/p} ≤ ‖ ‖^n∑ i=1 x_i ‖ ‖.

Then since every weakly null sequence has a subsequence equivalent to a block basis sequence, the result follows. □

Remark 1.3. It is not true in general that T_q and UT_q-properties are equivalent; indeed, there is a reflexive Banach space X which has T_q-property but fails UT_qproperty. In order to see this we consider the example which appears in [15] (see Example 1). Let 1 < p < 2. For each 0 < λ < 1 let X_λ be the subspace of (ℓ_p ⊕ ℓ_p)_{ℓp} generated by {λe_n + δ_n}_n where {e_n}_n (respectively {δ_n}_n) is the unit vector basis of ℓ_p (respectively in ℓ_2). Each X_λ is isomorphic to ℓ_p. Consider X = (⊕_nX_{1/n})_{ℓp} . By using Proposition 3.1 in [15], every weakly null normalized sequence in X contains a subsequence that is equivalent to the unit vector basis of ℓ_p. In particular X has T_p-property. Fix M > 0, and for m large enough we construct the following sequence

x_n = m^{−1} ( 1 + m^p )( 1 m e_n + δ_n ) ; which is a weakly null and normalized sequence in X and verifies that for any k_1 < · · · < k_n ‖ ‖ ‖ n∑ i=1 x_{ki} ‖ ‖ ‖ ≤ M 2 n^{1/p}.

If X had UT_p-property with constant M > 0 it would follow that

Mn^{1/p} ≤ ‖ ‖ n∑ i=1 x_{ki} ‖ ‖ ≤ M 2 n^{1/p}

for a certain subsequence {x_{ni} } of {x_n}, which is not possible.

Corollary 1.4. Let h_M be an Orlicz sequence space. Then l(h_M ) = α_M and u(h_M ) = β_M .

Proof: From Theorems 1.1 and 1.2 and since h_M contains an isomorphic copy of ℓ_{αM} and ℓ_{βM} , the result follows. □

Now we compute the exact upper and lower estimates in the canonical basis in Orlicz sequence spaces. We define

γ_M = sup{p ≥ 1 : sup_{0<t≤1}

M(t) t^p

< ∞}

δ_M = inf{q < ∞ : inf_{0<t≤1}

M(t) t^q

> 0}.

Proposition 1.5. Let h_M be the Orlicz sequence space associated to an Orlicz function M that does not contain ℓ_1. Let {e_n} be the unit vector basis in h_M . Then the following statements are equivalent:

(i) sup_{0<t≤1}^{M(t)}_{tp} < ∞ (respectively inf_{0<t≤1}^{M(t)}_{tq} > 0). (ii) The sequence {e_n} satisfies an upper p-estimate (respectively a lower qestimate). Besides

γ_M = sup{p ≥ 1 : {e_n} satisfies an upper p-estimate} δ_M = inf{q < ∞ : {e_n} satisfies a lower q-estimate}.

Proof: We shall only prove the assertion concerning γ_M ; the assertion concerning δ_M can be proved in an entirely similar way.

(i) ⇒ (ii). Assume that M(t) ≤ At^p for all 0 < t ≤ 1. Consider x =

∑_∞ i=1 a_ie_i, ‖x‖ > 0. Then 1 = ∞∑ n=1 M ( |a_n| ‖x‖ ) ≤ A^{1/p} ∞∑ n=1 |a_n|^p ‖x‖^p

and therefore {e_n} has an upper p-estimate.

(ii) ⇒ (i). If (i) does not hold, there is a decreasing to zero real sequence {t_n} verifying: M(t_n) t^p_n

→ ∞ when n → ∞.

As it is done in [21, Corollary 2.4], for each n, consider λ_n = ‖

∑_n i=1 ‖. Since {e_n} has an upper p-estimate, there exists a constant C > 0 such that λ_n ≤ Cn^{1/p} for all n. Consider a subsequence {t_{nj} } of {t_n} such that

n_j ≥ ( 1 Ct_{nj}

)_p

≥ n_j−1 .

Then 1 C(n_j )^{1/p}

≤ t_{nj} ≤ 1 C(n_j−1 )^{1/p} .

Therefore, since nM(1/λ_n) = 1,

1 ≥ (n_j−1 )M ( 1 C(n_j−1 )^{1/p} ) ≥ (n_j−1 )

M(t_{nj} ) t^p_{nj} t^p_{nj} ≥ ≥ (n_j−1 )M(t_{nj} ) Cn_j t^p_{nj} ≥ 1 2C M(t_{nj} ) t^p_{nj} → ∞ which is not possible. □

From the above proposition we easily deduce the following well known result: Corollary 1.5. Let M be an Orlicz function. Then if 1 < p < ∞, the following statements are equivalent:

(i) ℓ_M is isomorphic to ℓ_p.

(ii) M ∼= t^p at 0, i.e there exist constants A, B > 0 such that At^p ≤ M(t) ≤ Bt^p when t ∈ [0, 1].

Remark 1.6. As a consequence of Proposition 1.5 we obtain that the existence of an upper p-estimate (or lower q-estimate) in a basis, even in a symmetric basis, does not imply the existence of upper p-estimates (or lower q-estimates) in the sequences of the space, since α_M is, in general, different from γ_M (the same for β_M and δ_M ), see [20, p. 140].

2. Lorentz sequence spaces

We now study lower and upper estimates in the Lorentz sequence spaces. Let 1 ≤ p < ∞ and let w = {w_n} ∈ c_0 \ ℓ_1, such that 1 ≥ w_1 ≥ w_2 ≥ . . . . The Banach space of all sequences of scalars x = (x_1, x_2, . . . ) for which

‖x‖ = sup_{σ∈Π}

(^∞∑ i=1 | |x_{σ(i)} | |^pw_i ) < ∞ where Π ranges over all the permutations of the integers, is denoted by d(w, p) and it is called the Lorentz sequence space associated to w and p. For the basic properties of these spaces see for instance [20].

Proposition 2.1 ([5]). The Lorentz sequence space d(w, p) has S_p-property, if 1 < p < ∞.

Corollary 2.2. If 1 < p < ∞, then l(d(w, p)) = p.

Proof: The result follows from Proposition 2.1 and since d(w, p) contains ℓ_p. □ In the sequel we compute upper estimates in the usual basis in the Lorentz sequence space. In order to get it we define the following index associated to space d(w, p):

r = r(w) = inf{s ∈ [1, ∞]; {w_n} ∈ ℓ_s}, (note that such an index only depends on w).

Proposition 2.3. Let {e_n} be the unit vector basis of d(w, p). Then, if^1_r +^1_{r∗} = 1, where r^∗ = 1 (respectively r^∗ = ∞) if r = ∞ (respectively r = 1), we have

pr^∗ = sup{s > 1 : {e_n} has an upper s-estimate}.

Proof: We first prove that if q > p, the following statements are equivalent:

(a) {e_n} has an upper p-estimate. (b) {w_n} ∈ ℓ_{(q/p)}∗ .

(a) ⇒ (b). Let M > 0 be verifying that for any a_1, . . . , a_n ∈ R and n ∈ N ‖ ‖ n∑ i=1 a_ie_i ‖ ‖ ≤ M

(^n∑ i=1 |a_i|^q

)_{1/q} .

Fix b = {b_n} ∈ ℓ_{q/p}; then

(^n∑ i=1 |b_i|w_i

)_{1/p} ≤ ‖ ‖ ‖ n∑ i=1 |b_i|^{1/p}e_i ‖ ‖ ‖ ≤ M

(^n∑ i=1 |b_i|^{q/p}

)_{1/q} ≤ M‖b‖^{1/p}_{q/p} .

Hence_∞ ∑ i=1 |b_i|w_i ≤ M^p‖b‖_{q/p}

and therefore {w_n} ∈ ℓ_{(q/p)}∗ .

(b) ⇒ (a). Assume that {w_n} ∈ ℓ_{(q/p)}∗ . Consider a = {a_n} ∈ ℓ_q, ‖a‖_q ≤ 1 and a permutation of integers π such that {|a_{π(n)}|} is a decreasing to zero sequence. Then for each n ∈ N ‖ ‖ ‖ n∑ i=1 a_ie_i ‖ ‖ ‖ ≤ ∞∑ n=1 |a_{π(n)}|^pw_n ≤ ‖{w_n}‖_{(q/p)}∗ ,

hence ‖ ‖ n∑ i=1 a_ie_i ‖ ‖ ≤ ‖w‖_{(q/p)}∗ ‖a‖q

and therefore {e_n} has an upper q-estimate.

The result is now easily deduced. Indeed, if q < pr^∗ then (q/p)^∗ > r and {w_n} ∈ ℓ_{(q/p)}∗ . By the preceding, {e_n} has an upper q-estimate. Conversely, if {e_n} has an upper q-estimate then {w_n} ∈ ℓ_{(q/p)}∗ and therefore r ≤ (q/p)^∗ and q ≤ pr^∗. □

Corollary 2.4. Let d(w, p) be a Lorentz sequence space, for 1 < p < ∞. Then u(d(w, p)) ≥ r^∗p.

Proof: Assume the contrary, that is, u(d(w, p)) < r^∗p. Choose s such that u(d(w, p)) < s < r^∗p. Since d(w, p) has T_s-property than there is a subsequence of the basis {e_n} with a lower s-estimate. Since {e_n} is a symmetric basis, {e_n} itself would have lower s-estimate. Now, by using Proposition 2.3, {e_n} admits an upper s-estimate; therefore {e_n} is equivalent to the unit vector basis of ℓ_s and then d(w, p) coincides with the space ℓ_s, which is not possible. □

In [2] it is studied when a given function can be the modulus of convexity of a Lorentz sequence space d(w, p). In general, such spaces need not be superreflexive. From the above result we obtain in a very simple way examples of Lorentz sequence spaces that are non superreflexive.

Corollary 2.5. Let d(w, p) be a Lorentz sequence space such that r = inf{p ≤ ∞ : {w_n} ∈ ℓ_p} = 1. Then d(w, p) is not superreflexive.

Proof: Since r = 1, by using Proposition 2.3 we have that {e_n} admits an upper q-estimate for all q > 1. If d(w, p) were superreflexive, it would have T_q-property for some q < ∞ (see [12], [10]). In particular, a subsequence of {e_n} would admit a lower q-estimate, and therefore so would {e_n}; this is impossible. □

3. James type spaces

We now study the James space J; J is the space of all sequences of real numbers, x = (a_1, a_2, . . . ), such that lim |a_n| = 0 and

‖x‖ = sup {[^n∑ i=1 [( a_{p2i−1} − a_{p2i}

)_2]_{1/2}} < ∞ where the supremum is taken when we consider all possible choices of n ∈ N and of integers p_1 < · · · < p_{2n}.

(J, ‖ · ‖) is a Banach space. For an extensive treatment of the properties of this space, see for instance [9]; there, it is proved the following result:

Theorem 3.1 ([9]). Let y_j =

∑_{qjn=p} j α_ne_n, j = 1, 2, . . . be a block basic seminormalized sequence of {e_n} in J. If p_{j+1} − q_j > 1 then the sequence {y_j} is equivalent to the unit vector basis of ℓ_2.

Corollary 3.2. The James space has S_2 and T_2-properties. Therefore l(J) = u(J) = 2.

Proof: Let {x_n} be a weakly null normalized basic sequence in J. Then there is a subsequence of {x_n} which is equivalent to a block basis {y_n} and {y_n} may be assumed to be as in Theorem 3.1. Therefore {y_n} is equivalent to the basis in ℓ_2, in particular has upper and lower 2-estimates. □

Let J^∗ be the dual space of J. The sequence {e^∗_n} of biorthogonal functionals associated to {e_n} in J is a basis in J^∗.

Proposition 3.3. The space J^∗ has S_2 and T_2-properties. Then l(J^∗) = u(J^∗) = 2.

Proof: In the first place, by [10] since J has S_2-property the space J^∗ has T_2- property. We now see that J^∗ has S_2-property. Let {x^∗_n} be a weakly null basic normalized sequence in J^∗. We may assume, by passing to a subsequence and relabeling again, that

x^∗_n =

q_j∑

p_{j+1}

α_ie^∗_i where p_{j+1} − q_j > 1.

Fix x =

∑_∞ i=1 a_ie_i, ‖x‖ ≤ 1, and define x_n =

∑_{qjp}

j+1 a_ie_i. By Theorem 3.1 {x_n/‖x_n‖} is equivalent to the unit vector basis of ℓ_2. In particular, {x_n/‖x_n‖} admits a lower 2-estimate, that is, there exists M > 0 such that for any n ∈ N and b_1, . . . , b_n ∈ R (^n∑ i=1 |b_i|^2

)_{1/2} ≤ M ‖ ‖ n∑ i=1 b_i x_i ‖x_i‖ ‖ ‖ . Consider x^∗ =

∑_∞

n=1 b_nx^∗_n, then

|x^∗(x)| = | | | ∞∑ n=1 b_n⟨x^∗_n, x_n⟩ | | | ≤ ∞∑ n=1 |b_n| ‖x^∗_n‖ ‖x_n‖ ≤

≤ (^∞∑ n=1 |b_n|^2‖x^∗_n‖^2

)_{1/2}(^∞∑ n=1 ‖x_n‖^2

)_{1/2} ≤ C (^∞∑ n=1 |b_n|^2

)_{1/2} . Therefore,

‖x^∗‖ = ‖ ‖ ‖ ∞∑ n=1 b_nx^∗_n ‖ ‖ ‖ ≤ C

(^∞∑ n=1 |b_n|^2

)_{1/2}

and {x^∗_n} has an upper 2-estimate. □

In [19] the James’ construction is generalized by considering norms determined by Banach spaces with basis in the following way:

Let X be a Banach space with normalized monotone basis {x_n}; then we define X_J as the space of all scalar sequences {a_n} such that

‖{a_n}‖_{XJ} = sup {‖ ‖ n∑ i=1 ( a_{p2j−1} − a_{p2j} ) x_j ‖ ‖ ‖ } < ∞ where the supremum is taken when we consider all possible choices of n ∈ N and of integers p_1 < · · · < p_{2n}.

Recall that a basis {x_n} in X is said to be block p-Hilbertian if there exists a constant C > 0 such that if {y_n} is a normalized block sequence in X then {y_n} has an upper p-estimate with constant C.

It is easy to see that if X has a block p-Hilbertian basis then X has S_p-property. By using the following result that is proved in [19] we obtain that some James type spaces have S_p-property.

Theorem 3.4 ([19]). If X has a block p-Hilbertian basis then {e_n} is block p-Hilbertian in X_j . In particular, X_j has S_p-property.

Proposition 3.5. The space (lp)_J has S_p-property and T_p-property. Therefore l((ℓ_p)_J ) = u((ℓ_p)_J ) = p.

Proof: (i) By Theorem 3.4 the space (ℓ_p)_J has S_p-property. We now see that (ℓ_p)_J has T_p-property. Let {y_n} be a weakly null normalized sequence in (ℓ_p)_J , by a standard perturbation argument we may assume that {y_n} has a subsequence equivalent to a normalized sequence {x_n}, where

x_n =

p_n∑

i=l_n

a_ie_i

and l_{n−1} < k_n < l_n < k_{n+1}, k_n − l_{n−1} > 2 for all n.

For each n ∈ N, consider a choice of integers p^n_0 < · · · < p^n_{2jn} such that

‖x_n‖ =

(^jn∑ i=1 | |a_{pn2i} − a_{pn2i−1} | |^p

)_{1/p} ≥ 1,

where p^n_0 = k_n − 1 if a_pn_0 = 0 and p^n_{2jn} = 0 if a_pn_{2jn} = 0, and k_n − 1 ≤ p^n_0 < · · · < p^n_{2jn} ≤ l_n + 1.

Now, if α_1, . . . , α_m ∈ K, and if we consider the following choice of integers

p^1_0 < · · · < p^1_{2j1} < p^2_0 < · · · < p^2_{j2} < · · · < p^m_0 < · · · < p^m_{2jm} ,

we have that ‖ ‖ ‖ m∑ n=1 α_nx_n ‖ ‖ ‖^p ≥ m∑ n=1 |α_n|^p

(^jn∑ i=1 | |a_{pn2i} − a_{pn2i−1} | |^p ) ≥ 1 2 m∑ n=1 |α_n|^p.

Therefore, {x_n} has a lower p-estimate, and (ℓ_p)_J has T_p-property. □

Now we consider the original Tsirelson space T^∗ and the associated Tsirelson- James space T^∗_J space constructed by Aron-Dineen in [3]. Then:

Proposition 3.6. The space T^∗_J has S_p-property for all 1 < p < ∞. In particular, no weakly null normalized subsequence in T^∗_J admits a lower q-estimate for any q, 1 < q < ∞.

Proof: By [3, Corollary 10], if {u_j} is a normalized block basis in T^∗_J then ‖ ‖ ‖ 2n∑ n+1 a_ju_j ‖ ‖ ‖_{T ∗J} ≤ 4 sup

1+n≤j≤2n

|a_j |.

Now, by the same procedure as in [6] it can be proved that {u_j} has an upper p-estimate for any 1 < p < ∞. Therefore, since every weakly null sequence in T^∗_J has a subsequence equivalent to a block basis, we have that T^∗_J has S_p-property for any 1 < p < ∞. □

4. Some applications to polynomials

The upper and lower ℓ_p-estimates in sequences give us much information about weak continuity of polynomials, and this is of a great interest in some problems of smoothness ([11]) and in the study of reflexivity of the spaces of polynomials (see [1], [7], [21]). The relationship between the existence of these estimates and the behavior of polynomials has been studied in [10] and [11].

Proposition 4.1. Let X be a Banach space.

(i) If a sequence {x_n} in X has an upper p-estimate, then for every N-homo-geneous polynomial P on X, with N < p, the sequence {P (x_n)} is convergent to zero.

(ii) If X has a basis {e_n} which satisfies a lower q-estimate, then there exists an N-homogeneous polynomial on X, with N ≥ q, such that P (e_n) ≥ 1 for all n ∈ N.

Proof: (i) is proved in [10]. In order to prove (ii), since {e_n} has a lower pestimate, there is C > 0 such that for all a_1, . . . , a_n ∈ K (^n∑ i=1 |a_i|^q

)_{1/q} ≤ C ‖ ‖ ‖ n∑ i=1 a_ie_i ‖ ‖ ‖. Then the result follows by considering for N ≥ q the polynomial defined by P (^∞∑ i=1 a_ie_i ) = n∑ i=1 (a_i)^N . □ By applying the above result to the spaces studied here we have:

Corollary 4.2.

(i) On the Orlicz sequence space h_M , where h_M does not contain ℓ_1, all polynomials of degree N with < α_M are weakly sequentially continuous; moreover if N < γ_M it follows from Corollary 1.4 and Proposition 4.1 that every N-homogeneous polynomial on h_M verifies that {P (e_n)}_n is convergent to zero and if N > δ_M there exists an N-homogeneous polynomial which is not weakly sequentially continuous.

(ii) On the Lorentz sequence spaces d(w, p) every N-homogeneous polynomial with N < p is weakly sequentially continuous. From Proposition 2.3 and 4.1 it follows that if N < r^∗p and P is an N-homogeneous polynomial then {P (e_n)} is convergent to zero. In the particular case that r = 1, the sequence {e_n} is weak-polynomial convergent to zero, i.e. for all polynomials P with P (0) = 0 we have that {P (e_n)} converges to zero; therefore d(w, p) is not a Λ-space (see [13]).

652 R. Gonzalo

(iii) On the space (ℓ_p)_J every N-homogeneous polynomial with N < p is weakly sequentially continuous. Besides, since (ℓ_p)_J has a quotient isomorphic to ℓ_p, it is proved in [14] (see Remark 3) that there exists an N-homogeneous polynomial for N ≥ p which is not weakly sequentially continuous.

(iv) On T^∗_J all polynomials are weakly sequentially continuous.

Acknowledgements. We are grateful to B. Gamboa for giving us the idea of Proposition 3.3 and for kindly providing us the reference [9], and to J.A. Jaramillo for several helpful conversations concerning the work in this paper.

References

[1] Alencar R., Aron R., Dineen S., A reflexive space of holomorphic functions in infinitely many variables, Proc. Amer. Math. Soc. 90 (1984), 407–411.

[2] Altshuler R.M., Dineen S., Uniform convexity in Lorentz sequence spaces, Israel J. Math.

20 (1975), 260–274.

[3] Aron R.M., Dineen S., Q-reflexive Banach spaces, preprint.

[4] Aron R., LaCruz M., Ryan R., Tonge A., The generalized Rademacher functions, Note di Math. 22 (1992), 15–25.

[5] Castillo J.M.F., Sánchez F., Weakly p-compact, p-Banach Saks and superreflexive spaces, to appear in J. Math. Appl.

[6] Castillo J.M.F., Sánchez F., Remarks on the basic properties of Tsirelson’s space, to appear in Note di Math.

[7] Farmer J., Polynomial reflexivity in Banach spaces, Israel J. Math. 87 (1994), 257–273. [8] Farmer J., Johnson W.B., Polynomial Schur and Polynomial Dunford Pettis properties, Contemporary Math. 144 (1993), 95–105.

[9] Fetter H., Gamboa B., The James Forest, book in preparation.

[10] Gonzalo R., Jaramillo J.A., Compact polynomials between Banach spaces, Extracta Math.

8 (1993), 42–48.

[11] Gonzalo R., Jaramillo J.A., Smoothness and estimates in Banach spaces, Israel J. Math.

89 (1995), 321–341.

[12] James R., Superreflexive spaces with basis, Pacific J. Math. 41 (1972), 409–420. [13] Jaramillo J.A., Prieto A., On the weak polynomial convergence on a Banach space, Proc.

Amer. Math. Soc. 118 (1993), 463–468.

[14] Jaramillo J.A., Prieto A., Zalduendo I., The bidual of the space of polynomials on a Banach space, preprint.

[15] Johnson W.B., Odell E., Subspaces of L_p which embed into ℓ_p, Compositio Math. 28 (1974), 37–49.

[16] Knaust H., Orlicz sequence spaces of Banach Saks type, Archiv Math. 59 (1992), 562–565. [17] Knaust H., Odell E., On c_0-sequences in Banach spaces, Israel J. Math. 67:2 (1989), 153– 169.

[18] Knaust H., Odell E., Weakly null sequences with upper ℓ_p-estimates, (Longhorn Notes) Lecture Notes in Math. 1470, Springer-Verlag, pp. 85–107.

[19] Lohman R.H., Casazza P.G., A general construction of spaces of the type of R.C. James, Can. J. Math. 27:6 (1975), 1263–1270.

[20] Lindenstrauss J., Tzafriri L., Classical Banach Spaces I, II, Springer-Verlag, 1977, 1979. [21] Maleev R.P., Troyanski S.L., Smooth functions in Orlicz spaces, Contemp. Math. 85 (1989), 355–370.

[22] Pelczynski A., A property of multilinear operations, Studia Math. 16 (1957–58), 173–182.

[23] Ryan R., Applications of topological tensor spaces to infinite dimensional holomorphy, Ph.D. Thesis, University College, Dublin, 1980.

[24] Sánchez F., Suceciones débilmente p-sumables en espacios de Banach, Tesis doctoral Universidad de Extremadura, 1991.

[25] Zalduendo I., An estimate for multilinear forms on ℓ_p-spaces, to appear in Proc. Royal Irish Acad. 93A/1 (1993), 137–142.

Departamento de Análisis Matemático, Facultad de Matemáticas, Universidad Complutense de Madrid, 28040 Madrid, Spain

(Received September 19, 1994)