Comment.Math.Univ.Carolin. 37,2 (1996)415–418 415

A counter-example to some recent existence results on implicit variational inequalities

Paolo Cubiotti

Abstract. In this note we prove that some recent results on an implicit variational inequality problem for multivalued mappings, which seem to extend and improve some well-known and celebrated results, are not correct.

Keywords: quasi-variational inequalities, lower semicontinuity, partition of unity, mini- max Classification: 49J40

1. Introduction

Very recently, in [1], J. Fu introduced the following implicit variational inequality problem for multivalued mappings; given two topological vector spaces X and Y , two nonempty subsets C and D of X and Y , respectively, two multivalued mappings E : C → 2^C and F : C → 2^D, two real functions f : C × C × D → R and g : C × C → R, with f(x, x, y) ≥ 0 for any x ∈ C and any y ∈ F (x), find (v, u) ∈ C × D such that

(1) v ∈ E(v), u ∈ F (v) and g(v, v) ≤ f(v, w, u) + g(v, w) for all w ∈ E(v).

Such problem extends an implicit variational problem studied by Mosco [2].

In [1], Fu stated the following assertion which he employed to obtain existence results for problem (1) and for some special cases as quasi-variational inequalities (for the basic definitions, we refer to [1]).

Assertion A (Theorem 1 of [1]). Let X, Y be Hausdorff locally convex topological vector spaces, C be a nonempty compact convex set of X and D be a nonempty closed convex set of Y . Let E : C → 2^C be upper hemicontinuous with nonempty closed convex values and F : C → 2^D be a mapping with nonempty values. Suppose that f : C × C × D → R satisfies the following conditions:

(i) for each x ∈ C and y ∈ F (x), f(x, x, y) ≥ 0;

(ii) for any fixed x ∈ C and y ∈ D, the function f(x, u, y) of u is convex; (iii) for any fixed u ∈ C, the function sup_{y∈F (x)} f(x, u, y) of x is upper semicontinuous.

Then there exists x^∗ ∈ C such that

x^∗ ∈ E(x^∗) and sup_{y∈F (x∗)} f(x^∗, u, y) ≥ 0 for all u ∈ E(x^∗).

The aim of this note is to point out that Assertion A, in general, is false, together with several of its consequences obtained in [1]. We shall do this by means of a simple counter-example. We shall also illustrate in detail the gap in the original proof of Assertion A.

2. The counter-example

The following example shows that Assertion A, in general, is false.

Example 2.1. Let X = Y = D = R, C = [0, 1], F (x) ≡ {1},

E(x) =

[_3 4 , 1 ] if x ∈ [ 0,^1_2 [ [ 0, 1 ] if x =^1_2 [ 0,^1_4 ] if x ∈

]_1 2 , 1 ] , f(x, u, y) = y(u − x). It is immediate to realize that all the assumptions of Assertion A are satisfied. In particular, we note that the graph of E is closed, hence, since C is compact, E is upper semicontinuous. Therefore, by Lemma 1 of [3], E is upper hemicontinuous. We note that the only fixed point of E is x^∗ =^1_2 . However, we have sup_{y∈F (x}∗_) f(x^∗, u, y) = u − x^∗ < 0 for all u ∈ [0,^1_2 [ ⊆ E(x^∗). Thus, Assertion A fails.

Remarks. (i) Example 2.1 also shows that Theorems 2, 3 and 9 of [1] are false.

(ii) We note that Theorem 2 of [1], if correct, would imply, in particular (taking into account Theorem 1.4.16 of [4]), that the celebrated Chan and Pang’s existence theorem for generalized quasi-variational inequalities (see Theorem A in [5]) would be true without assuming the lower semicontinuity of the multifunction E : C → 2^C . Example 2.1 shows that such improvement of Chan and Pang’s result is not possible.

We note that the original proof of Assertion A (proof of Theorem 1 in [1]) is arranged as follows.

First step. By assuming that the conclusion is false, it is shown that there exists a finite set {p_1, . . . , p_n} ⊆ X^∗ (where X^∗ denotes the topological dual space of X) such that

C = V_0 ∪ n⋃ i=1 V (p_i),

A counter-example to some recent existence results on implicit variational inequalities 417

where we put

V (p_i) = { x ∈ C : Re⟨p_i, x⟩ − sup_{z∈E(x)} Re⟨p_i, z⟩ > 0 } , and V_0 = ⋃ u∈A { x ∈ C : sup_{y∈F (x)} f(x, u, y) < 0 } , with A = { u ∈ C : ∃ x ∈ C such that u ∈ E(x) and sup_{y∈F (x)} f(x, u, y) < 0 } , and ⟨·, ·⟩ is the usual pairing between X^∗ and X.

Second step. The author considers a continuous partition of unity {β_0, β_1, . . . , β_n} subordinated to the open covering {V_0, V (p_1), . . . , V (p_n)} of C.

Third step. The author defines a function φ : C × C → R by setting

φ(x, u) = −β_0(x) sup_{y∈F (x)} f(x, u, y) + n∑ i=1 β_i(x)Re⟨p_i, x − u⟩

and observes that by the Ky Fan minimax principle (Theorem A of [3]) there exists x̂ ∈ C such that

(2) φ(x̂, u) ≤ 0 for all u ∈ C.

Fourth step. The author claims that inequality (2) is a contradiction. In particular, he claims that if β_0(x̂) > 0, then there exists u_0 ∈ A ⊆ C such that φ(x̂, u_0) > 0.

But the gap is exactly here, since the inequality (2) does not imply, in general, any contradiction. To see this, take X, Y, D, C, F, f, and E, as in Example 2.1. The reader can easily check that in this case we have A = [0,^1_2 [ , V_0 = ]0, 1]. Since V (−1) = [0,^1_2 [ , we can take n = 1, p_1 = −1,

β_0(x) =

2x if x ∈ [ 0,^1_2 [ , 1 if x ∈

[_1 2 , 1 ] , β_1(x) =

1 − 2x if x ∈ [ 0,^1_2 [ , 0 if x ∈

[_1 2 , 1 ] . According to Ky Fan minimax principle, there exists x̂ ∈ [0, 1] such that

φ(x̂, u) = (β_0(x̂) − β_1(x̂))(x̂ − u) ≤ 0 for all u ∈ [0, 1].

In fact, one can take x̂ =^1_4 since β_0(^1_4 ) = β_1(^1_4 ) =^1_2 , hence φ(^1_4 , u) = 0 for all u ∈ [0, 1]. Thus, the contradiction claimed in the final part of the original proof of Assertion A does not hold.

418 P. Cubiotti

References

[1] Fu J., Implicit variational inequalities for multivalued mappings, J. Math. Anal. Appl. 189 (1995), 801–814.

[2] Mosco U., Implicit variational problems and quasivariational inequalities, in Lecture Notes in Math., vol. 543, Springer-Verlag, Berlin, 1976, pp. 83–156.

[3] Shih M.H., Tan K.K., Generalized quasi-variational inequalities in locally convex topological vector spaces, J. Math. Anal. Appl. 108 (1985), 333-343.

[4] Aubin J.P., Frankowska H., Set-Valued Analysis, Birkhäuser, Boston, 1990. [5] Cubiotti P., An existence theorem for generalized quasi-variational inequalities, Set-Valued Anal. 1 (1993), 81–87.

Department of Mathematics, University of Messina, 98166 Sant’ Agata – Messina, Italy

(Received June 8, 1995)