Comment.Math.Univ.Carolin. 37,4 (1996)803–808 803

Dimension and ε-translations

Tatsuo Goto

Dedicated to Professor Akihiro Okuyama on his 60th birthday

Abstract. Some theorems characterizing the metric and covering dimension of arbitrary subspaces in a Euclidean space will be obtained in terms of ε-translations; some of them were proved in our previous paper [G1] under the additional assumption of the boundedness of subspaces.

Keywords: metric dimension, covering dimension, ε-translation, uniformly 0-dimensional mappings

Classification: Primary 55M10

1. Introduction

In the previous paper [G1] we proved some theorems which characterize the metric dimension μdim for bounded subspaces in a Euclidean space in terms of ε-translations. In this paper, these results will be extended for arbitrary (unbounded) subspaces and also, we will obtain some results characterizing the covering dimension dim in terms of some classes of ε-translations such as U -0- dimensional mappings in the sense of [Z-S] or uniformly 0-dimensional mappings of Katětov [Ka1].

Throughout this paper, all spaces are assumed to be metric and mappings are continuous.

2. Metric dimension and ε-translations

Let X ⊆ R^n and ε > 0. Then a mapping f : X → R^n is called an ε-translation if ‖ x − f(x) ‖< ε for every x ∈ X. The metric dimension μdim X of X is defined to be the least integer m for which X admits open covers of order ≤ m + 1 with arbitrarily small meshes [Sm1]. Suppose U is a locally finite open cover of X and P = {p_U : U ∈ U} is an arbitrary set in R^n. Consider the rectilinear closed (degenerate in general) simplex (p_{U0} , . . . , p_{Ur} ) with vertices p_{U0} , . . . , p_{Ur} for every finite number of elements U_0, . . . , U_r ∈ U with U_0 ∩ · · · ∩ U_r ≠ ∅. Let N be the family of all of these simplexes and we call N the complex determined by U and P . Then the κ-mapping f : X → ∪N relative to U and P is defined by

f(x) = ∑ U∈ U

f_U (x)p_U where f_U (x) = d(x, X − U) ∑ V ∈ U d(x, X − V )

for x ∈ X.

If for some ε > 0, δ(U ∪ {p_U }) < ε for every U ∈ U, then f is an ε-translation. By a simplicial complex K in R^n, we mean a geometric (not necessarily finite) simplicial complex which is locally finite in R^n at every point in ∪K. Also, a polyhedron means an underlying space of a simplicial complex. If P = ∪K and K is a uniform complex in the sense of Smirnov [Sm2], then we call K a uniform triangulation of P . We note that if a polyhedron P in R^n admits a uniform triangulation, then P is closed in R^n [Sm2]. The following lemma is an extension of [Eg, Theorem 3].

Lemma 1. Let X be an arbitrary subspace in R^n with μdim X ≤ m, 0 ≤ m ≤ n − 1. Then for every ε > 0 and every sequence {H_i} of (n − m − 1)-dimensional planes in R^n, there exists an ε-translation of f : X → P ⊆ R^n − ∪H_i where P is an m-dimensional polyhedron with a uniform triangulation.

Proof: Take a δ > 0 with 4 √ nδ/3 < ε. For every integer k, we denote by E(k) the open interval ((k −^2_3 )δ, (k +^2_3 )δ) and set

E = {E(k_1, . . . , k_n) : k_1, . . . , k_n ∈ Z} where E(k_1, . . . , k_n) = E(k_1) × · · · E(k_n).

Then E is an open cover of R^n by open n-cubes with mesh < ε. For E ∈ E, we denote by p_E the center of E and set P = {p_E : E ∈ E}. Let N be the complex determined by E and P. Denote by τ(k_1, . . . , k_n) the closed n-cube {x ∈ R^n : k_iδ ≤ x_i ≤ (k_i + 1)δ , 1 ≤ i ≤ n}, and we set T = {τ(k_1, . . . , k_n) : k_1, . . . , k_n ∈ Z}. Then for every simplex σ ∈ N there exists τ ∈ T such that all vertices of σ are those of τ. For τ ∈ T , let V_τ be the set of vertices of τ. Then the family of all (n − 1)-dimensional planes determined by n points from V_τ defines a cellular decomposition of τ, and applying the barycentric decomposition [AH], we obtain a simplicial decomposition K_τ of τ. Then K = ∪{K_τ : τ ∈ T } defines a uniform triangulation of R^n since every K_τ is finite and congruent to each other.

Now let U be an open cover of X with mesh U < δ/3 and ord U ≤ m + 1; such a cover exists since μdim X ≤ m by assumption. Since δ/3 is a Lebesgue number of E there exists i : U → E such that U ⊆ i(U) for every U ∈ U. Define an open cover V of X by

V = {V_E : E ∈ E} where V_E = ∪{U ∈ U : i(U) = E}.

Then V is a star-finite open cover of X and ord V ≤ m + 1. Let L be the complex determined by V and P and g : X → ∪L the κ-mapping relative to V and P. Note that ∪L ⊆ ∪K^{(m)} where K^{(m)} is the m-skeleton of K and that g is a λtranslation where λ = mesh E, because δ(V_E ∪ {p_E }) ≤ δ(E) for E ∈ E. Let V_0 = {p_i} be the set of vertices in K^{(m)} . Since K is uniform, so is K^{(m)} . Hence by [Sm2, Corollary to Theorem 2] there exists an ε^′ > 0 satisfying the condition:

if {q_i} ⊆ R^n and ‖ p_i − q_i ‖< ε^′ for every i, then there exist a uniform complex K^′ with vertices in {q_i} and an isomorphism φ : K^{(m)} → K^′ sending each simplex (p_{i0} , . . . , p_{ir} ) to (q_{i0} , . . . , q_{ir} ).

We may assume that λ + ε^′ < ε. Moreover, by [Ku, p. 307] we can choose {q_i} so that {q_i} is in general position relative to {H_i} i.e., σ∩(∪H_i) = ∅ for every simplex σ whose vertices are in {q_i} and dimσ ≤ m. Then the polyhedron P = ∪K^′ is disjoint from ∪H_i and the homeomorphism h : ∪K^{(m)} → P induced from φ, which is linear on each simplex, is an ε^′-translation. Then f = h∘g : X → P is a desired ε-translation since ‖ x − f(x) ‖≤‖ x − g(x) ‖ + ‖ g(x) − h(g(x)) ‖< λ + ε^′ < ε for every x ∈ X. □

Let m, n be integers with 0 ≤ m ≤ n − 1. The space N^n_m is defined to be the set of points in R^n at most m of whose coordinates are rationals. Then we have dimN^n_m = μdim N^n_m = m[E]. The space S^n_m, which was defined in [G2] by modifying the space S_{n,m} in [G1], satisfies the relations:

N^n_m ⊆ S^n_m, μdim S^n_m = m and dimS^n_m = min{2m, n − 1}.

Note that dimX ≤ 2μdim X for every X by [Ka2]. Hence, among those subspaces in R^n of metric dimension m, S^n_m is of the maximal difference with its covering dimension.

The following theorem is an extension of [G1, Theorem 1] which was proved under the additional condition of the boundedness of X.

Theorem 2. Let X be an arbitrary subspace in R^n and m an integer with 0 ≤ m ≤ n − 1. Then the following conditions are equivalent.

(a) μdim X ≤ m.

(b) For every ε > 0 and every polyhedron P in R^n of dimension ≤ n − m − 1, there exists an ε-translation f : X → R^n with f(X)∩P (or Cl(f(X))∩P ) = ∅. (c) For every ε > 0 and every polyhedron P with a uniform triangulation in R^n of dimension ≤ n − m − 1, there exists an ε-translation f : X → R^n with f(X) ∩ P (or Cl(f(X)) ∩ P ) = ∅.

Proof: Since every polyhedron admits a triangulation consisting of countably many simplexes, (a) implies (b) by Lemma 1. Obviously (b) implies (c).

Assume that the condition (c) is satisfied. Then for every ε > 0, as was proved essentially in [G1, Theorem 1], there exists an ε-translation of X into an mdimensional polyhedron; it needs only to observe that the polyhedron B_{i,n−m−1} in [G1] allows a uniform triangulation. Hence by [Sm1, Corollary 2] we have μdim X ≤ m. □

The following theorem which extends [G1, Theorem 2], can be proved similarly by use of Lemma 1 and its proof is omitted.

Theorem 3. For every subspace X in R^n and every integer m with 0 ≤ m ≤ n−1, the following conditions are equivalent.

(a) μdim X ≤ m.

(b) For every ε > 0 there exists an ε-translation f of X into an m-dimensional polyhedron P (with a uniform triangulation) such that P ⊆ N^n_m.

(c) For every ε > 0 there exists an ε-translation f of X into an m-dimensional polyhedron P (with a uniform triangulation) such that P ⊆ S^n_m.

3. Covering dimension and ε-translations

Let U be an open cover of a space X and A ⊆ X. Then we write U-dim A ≤ 0 if there exists a pairwise disjoint open collection U_0 in X such that ∪ U_0 ⊇ A and U_0 refines U. A mapping f : X → Y is called U-0-dimensional (or U-dim f ≤ 0) if for some open cover V of Y, U-dim f^{−1}(V ) ≤ 0 for every V ∈ V [Z-S].

Lemma 4. Let U be a countable star-finite open cover of a space X with ord U ≤ k + 1 and N the complex determined by U and P = {p_U : U ∈ U} ⊆ R^n. If N consists of non-degenerate simplexes and is locally finite in R^n at every point in ∪N , then U-dim f ≤ 0 for the κ-mapping f determined by U and P.

Proof: By [Ku, p. 239], there exists a geometric realization K of the nerve of U in R^{2k+1}. Let Q = {q_U : U ∈ U} where q_U is the vertex of K corresponding to U ∈ U, and let π : K → N be the mapping sending each simplex (q_{U0} , . . . , q_{Ur} ) to (p_{U0} , . . . , p_{Ur} ). Since K is locally finite, π induces a mapping p : ∪K → ∪N uniquely which is linear on each simplex in K. Clearly we have f = p ∘ g for the κ-mapping g relative to U and Q.

Let y ∈ ∪N . Then y is contained in the interior of only finitely many simplexes in N , say σ_1, . . . , σ_s. Since p is homeomorphic on each simplex, p^{−1}(y) consists of exactly s points. For every z_i ∈ p^{−1}(y), we choose a simplex τ_i ∈ K such that z_i is in the interior of τ_i, 1 ≤ i ≤ s. Let W_i be the open star of τ_i in K, and then {W_i : 1 ≤ i ≤ s} is pairwise disjoint. For, if otherwise, there would be a simplex τ ∈ K with distinct faces τ_i and τ_j . But this contradicts that p is homeomorphic on τ. Let L be the subcomplex of K such that ∪L = ∪K − ∪{W_i : 1 ≤ i ≤ s}. Since N is locally finite by assumption, V_y = ∪N − p(∪L) is an open neighborhood of y such that f^{−1}(V_y) = g^{−1}p^{−1}(V_y) ⊆ ∪{g^{−1}(W_i) : 1 ≤ i ≤ s}. Since g is a κ-mapping, {g^{−1}(W_i) : 1 ≤ i ≤ s} refines U . This means U-dim f^{−1}(V_y) ≤ 0 and hence U-dim f ≤ 0. □

Theorem 5. Let X be an arbitrary subspace in R^n and k an integer with 0 ≤ k ≤ n. Then dimX ≤ k iff for every finite open cover U of X, there exists an ε-translation f : X → R^n such that U-dim f ≤ 0 and f(X) (or Cl(f(X))) ⊆ N^n_k .

Proof: Necessity. Let ε > 0 and U = {U_1, . . . , U_r} be an open cover of X. Let E be the cover of R^n by open n-cubes with mesh < ε in the proof of Lemma 1. Since dimX ≤ k, there exists an open cover V = {V (k_1, . . . , k_n; j) : k_1, . . . , k_n ∈ Z, 1 ≤ j ≤ r} such that ord V ≤ k + 1 and V (k_1, . . . , k_n; j) ⊆ E(k_1, . . . , k_n) ∩ U_j for every k_i and j. As in the proof of Lemma 1, we can take P = {p_V : V ∈ V} in R^n such that

P is in general position in R^n, p_V ∈ E(k_1, . . . , k_n) for V = V (k_1, . . . , k_n; j), and ∪N ⊆ N^n_k where N is the complex determined by V and P .

Then N consists of non-degenerate simplexes and is locally finite in R^n. Hence the κ-mapping f relative to V and P is U -0-dimensional by Lemma 4 and is a desired ε-translation since δ(V ∪{p_V }) < mesh E < ε. The proof of the sufficiency is almost evident. □

Let X ⊆ R^n and ε > 0. We denote by T_ε(X) the collection of all ε-translations of X into R^n and set T (X) = ∪{T_ε(X) : ε > 0}. Then T (X) is complete relative to the metric defined by d(f, g) = sup{‖ f(x) − g(x) ‖: x ∈ X}.

Theorem 6. Let X be a bounded subspace in R^n with 0 ≤ k ≤ n. Then dimX ≤ k iff for every ε > 0 there exists a uniformly 0-dimensional ε-translation f : X → R^n such that f(X) (or Cl(f(X))) ⊆ N^n_k .

Proof: The sufficiency of the theorem follows from the fact that every uniformly 0-dimensional mapping does not decrease the dimension [Ka1, Theorem 3.3].

Assume that dimX ≤ k and ε > 0. Let {H_i} be a sequence of (n − k − 1)- dimensional planes in R^n such that R^n − N^n_k = ∪H_i. We set

S_i = {f ∈ T(X) : Cl(f(X)) ∩ H_i = ∅} for i ∈ N, and T = {f ∈ T(X) : f is uniformly 0-dimensional }.

Then S_i is dense and open in T(X), and T is a dense G_δ-set in T(X) [Ka1, Theorem 2.15]. Hence ∩S_i ∩ T is dense in T(X), and there exists f ∈ ∩S_i ∩ T with d(1_X , f) < ε. Then f is an ε-translation of X with Cl(f(X)) ⊆ N^n_k . □

We don’t know whether Theorem 6 is valid for unbounded subspace X.

References

[AH] Alexandroff P., Hopf H., Topologie, Berlin, Springer-Verlag, 1935. [Eg] Egorov V.I., On the metric dimension of points of sets (in Russian), Mat. Sb. 48 (1959), 227–250.

[E] Engelking R., Dimension Theory, North Holland, 1978.

[G1] Goto T., Metric dimension of bounded subspaces in Euclidean spaces, Top. Proc. 16 (1991), 45–51.

[G2] Goto T., A construction of a subspace in Euclidean space with designated values of dimension and metric dimension, Proc. Amer. Math. Soc. 118 (1993), 1319–1321.

[Ka1] Katětov M., On the dimension of non-separable spaces I (in Russian), Czech. Math.

J. 2 (1952), 333–368.

[Ka2] Katětov M., On the relation between the metric and topological dimensions (in Russian), Czech. Math. J. 8 (1958), 163–166.

[Ku] Kuratowski K., Topology I, New York, 1966.

[S] Sitnikov K., An example of a two dimensional set in three dimensional Euclidean space allowing arbitrarily small deformations into a one dimensional polyhedron and a certain new characterization of the dimension of sets in Euclidean spaces (in Russian), Dokl. Akad. Nauk SSSR 88 (1953), 21–24.

[Sm1] Smirnov Ju., On the metric dimension in the sense of P.S. Alexandroff (in Russian), Izv. Akad. Nauk SSSR 20 (1956), 679–684.

808 T. Goto

[Sm2] Smirnov Ju., Geometry of infinite uniform complexes and δ-dimension of points sets, Mat. Sb. 38 (1956), 137–156; Amer. Math. Soc. Transl. Ser. 2, 15 (1960), 95–113.

[Z-S] Zarelua A., Smirnov Ju., Essential and zero-dimensional mappings, Dokl. Nauk SSSR 148 (1963), 1017–1019.

Department of Mathematics, Faculty of Education, Saitama University, Urawa 338, Japan E-mail: tgoto@sacs.sv.saitama-u.ac.jp

(Received November 11, 1995)