Comment.Math.Univ.Carolin. 38,2 (1997)349–360 349

On the density of the hyperspace of a metric space

A. Barbati, C. Costantini

Abstract. We calculate the density of the hyperspace of a metric space, endowed with the Hausdorff or the locally finite topology. To this end, we introduce suitable generalizations of the notions of totally bounded and compact metric space.

Keywords: hyperspace, density, metric and metrizable space, Hausdorff metric hypertopology, locally finite hypertopology, GTB space, GK space Classification: Primary 54B20; Secondary 54A25, 54E35

1. Introduction

The behaviour of cardinal functions on hyperspaces has not been as well investigated as that relative to other topological operations. Generally speaking, this kind of investigation often consists of computing the value of a given cardinal function on the hyperspace in terms of its value on the base space, and possibly other topological properties of the latter.

Some recent results showed that it can turn out to be somehow surprising, such as the possibility that a cardinal function decreases by passing from the base space to the hyperspace (see [5]).

In this paper, we study the density of the hyperspace of a metric (or metrizable) space, equipped with the Hausdorff or the locally finite topology. To this end, besides the density of the base space, two suitable generalizations of the notions of totally bounded and compact metric space will play a fundamental role. Such notions turn out to be of some independent interest, and will be studied in detail in the forthcoming paper ([3]).

In the following, the symbol |A| will denote the cardinality of the set A, while cof (ν) will be the cofinality of the cardinal ν. Every topological space is assumed to be infinite.

2. Generalized total boundedness and compactness

Definitions. For every ε > 0 let UD_ε be the family of all ε-uniformly discrete subsets of X, i.e.

UD_ε = {A ⊂ X | ∀ x, y ∈ A : (x ≠ y ⇒ d(x, y) ≥ ε)}. Let UD = ⋃ ε>0 UD_ε be the family of all uniformly discrete subsets.

Let UD^{max}_ε be the subfamily of UD_ε containing all the elements which are maximal with respect to the set-theoretic inclusion.

Remark 1. For every ε > 0, the family UD^{max}_ε is not empty; this fact follows by Zorn’s lemma as the collection UD_ε is clearly inductive. More precisely, every ε-uniformly discrete subset is contained in a maximal ε-uniformly discrete subset.

Every U ∈ UD^{max}_ε enjoys, in addition to being ε-uniformly discrete, the following property, which is easily proved using maximality:

(D) for all x ∈ X there exists u ∈ U such that d(x, u) < ε.

Definition. A subset U that satisfies condition (D) is said to be ε-dense (see [7]).

In fact, the elements of UD^{max}_ε are exactly the subsets which are ε-uniformly discrete and ε-dense at the same time.

Lemma 2. Let (r_n)_{n∈N} (where N = ω \ {0}) be a sequence of positive real numbers such that lim_{n→∞} r_n = 0, and let U_n be an element of UD^{max}_{rn} for every n ∈ N. Then dX = sup_{n∈N} |U_n|.

Proof: As every discrete subset has cardinality less than or equal to the density of the space ([7, Theorem 4.1.15]), the inequality dX ≥ sup_{n∈N} |U_n|

is obviously true. We have to show the opposite inequality.

First of all, sup_n |U_n| cannot be finite. By contradiction, suppose it is finite, and let n be an index for which the supremum is attained. Take a point z ∈ X \U_n (such a point exists by our global assumption that X is infinite) and let k be a suitable integer greater than or equal to n such that r_k < min{^1_2 r_n,^1_2 d(z, U_n)}.

For every x ∈ U_n there exists by the r_k-density of U_k an element ϕ(x) ∈ U_k such that d(x, ϕ(x)) < r_k. The map ϕ : U_n → U_k is injective because if y ∈ U_n satisfies ϕ(x) = ϕ(y) then

d(x, y) ≤ d(x, ϕ(x)) + d(ϕ(y), y) < r_k + r_k < r_n 2 + r_n 2 = r_n

and this implies x = y by the r_n-uniform discreteness of U_n. As |U_k| ≤ |U_n| (by the choice of n) and both sets are finite, ϕ is bijective.

Furthermore, r_k-density of U_k also implies the existence of u ∈ U_k such that d(z, u) < r_k. We have

2r_k < d(z, U_n) ≤ d(z, ϕ^{−1}(u)) ≤ d(z, u) + d(u, ϕ^{−1}(u)) < r_k + r_k = 2r_k, which is a contradiction. We have then proved that sup_{n∈N} |U_n| ≥ ℵ_0.

Now, consider the set U = ⋃ n∈N U_n : clearly U is dense in X, and by sup_{n∈N} |U_n| ≥ ℵ_0 we easily obtain that |U| = sup_{n∈N} |U_n|. □

Corollary 3. If cof (dX) > ℵ_0 then there exists U ∈ UD with |U| = dX.

Proof: Let us use the notations of the preceding lemma with, for instance, r_n =^1_n . If for every n it were |U_n| < dX, then by the definition of cofinality and the lemma it would follow that cof (dX) = ℵ_0. This contradicts the hypothesis and so there exists an n for which |U_n| = dX. □

Definition. A metric space (X, d) is said totally bounded in the generalized sense or simply GTB iff for every ε > 0 there exists an ε-dense subset N ⊂ X with |N| < dX.

A totally bounded metric space is a GTB space, as such a space is separable (i.e. has density ℵ_0) and so the condition |N| < dX means that N is finite.

An equivalent definition of generalized total boundedness is given by the following theorem. In practice, it says that uniformly discrete subsets of a GTB space cannot achieve the highest cardinality.

Theorem 4. A metric space X is GTB iff U ∈ UD implies |U| < dX.

Proof: Let X be GTB, and U ∈ UD_ε with ε > 0. Consider a^ε_2 -dense subset N with |N| < dX; then for every x ∈ U there exists ϕ(x) ∈ N such that d(x, ϕ(x)) < ε 2 . With computations analogous to those performed in Lemma 2 it can be shown that the application ϕ is injective. Then |U| ≤ |N| < dX and one implication is thus proved. The other implication is easily proved using the fact that any set in UD^{max}_ε is ε-dense. □

Corollary 5. If X is a GTB space then cof (dX) = ℵ_0.

Proof: Apply the theorem with Corollary 3. □

Example 6. If ν is a cardinal with cof (ν) = ℵ_0 then there exists a GTB space X with dX = ν.

Proof: Let ν be a cardinal with countable cofinality. Assume ν > ℵ_0 as the case ν = ℵ_0 is trivial. Then there exists an ascending sequence of infinite cardinals ν_n with ν_n < ν and ν = sup_{n∈N} ν_n. For every n let X_n be a set with cardinality ν_n (we can suppose the X_n mutually disjoint). Consider the set X = ⋃ n∈N X_n, and for every x ∈ X define the “level” l(x) as the unique n ∈ N such that x ∈ X_n. Endow X with the metric

d(x, y) =

0 if x = y, 1 n if x ≠ y and l(x) = l(y) = n, 1 if l(x) ≠ l(y).

This metric induces the discrete topology on X and so dX = |X| = ν. On the other hand, if U is an ε-uniformly discrete subset of X, then it is easily seen that U splits up into two parts, whose one is contained in some

⋃_N n=1 X_n for a large enough N, and the other one has at most countably many elements. Hence |U| < ν, and using Theorem 3 we have that X is a GTB space. □

The notion of GTB space leads us in a natural way to introduce a generalization of compact spaces. We will say that a topological space X is compact in the generalized sense (briefly, GK) if for every open cover U of X, there exists a subcover V such that |V| < dX. We will consider only metrizable GK spaces.

The next characterization generalizes the well-known result that a metrizable space is compact if and only if it has no closed and discrete subset of cardinality ℵ_0, and will prove to be extremely useful in the following.

Theorem 7. A metrizable space X is GK if and only if it has no closed and discrete subset of cardinality equal to dX.

Proof: First, suppose that there exists a closed and discrete subset D of X with |D| = dX = ν. By Hausdorff’s extension theorem, there exists a compatible metric d on X which agrees with the 0 − 1 metric on D. With that metric, D ∈ UD_1 and hence we can find D̃ ∈ UD^{max}_1 with D ⊆ D̃; clearly, the cardinality of D̃ is still equal to ν. Thus the collection {S_d(x, 1) | x ∈ D̃} is a minimal open cover of X of cardinality ν, and X is not GK.

Conversely, suppose that X is not GK. Then there exists an open cover U of X which does not admit any subcover of cardinality less than dX. By paracompactness we may assume that U is locally finite.

Let dX = ν, and define simultaneously by transfinite induction a ν-sequence (x_α)_{α∈ν} of elements of X and a ν-sequence (V_α)_{α∈ν} of elements of U, such that both α → x_α and α → V_α are one-to-one, and x_α ∈ V_α for every α ∈ ν; this is possible as for every α ∈ ν, ⋃ β<α V_β ≠ X. Now, the local finiteness of U implies that the set D = {x_α | α ∈ ν} is closed and discrete. □

As an easy consequence of the preceding result, we obtain the following theorem which generalizes the property that a metrizable space is compact if and only if every compatible metric on it is totally bounded.

Theorem 8. A metrizable space X is GK if and only if every compatible metric on X is GTB.

Proof: If X is GK with dX = ν and d is a compatible metric on X, then given any ε > 0, the open cover {S_d(x, ε) | x ∈ X} (where S_d(x, ε) = {y ∈ X | d(x, y) < ε}) admits a subcover V having cardinality less than ν; taking the central point from each element of V gives an ε-dense subset of X, whose cardinality is less than ν.

Conversely, suppose that X is not GK. Then there exists a set D = {x_α | α ∈ ν} which is closed and discrete in X. Again, by Hausdorff’s extension theorem there exists a compatible metric d on X which agrees with the 0 − 1 metric on D. It is clear that d is not GTB, since no^1_2 -dense subset with cardinality less than ν can be found in X. □

Example 9. If ν is a cardinal number with cof (ν) = ℵ_0, then there exists a GK metrizable space X with dX = ν.

Proof: Consider the topological space constructed in Example 5, and add a point (say “∞”) provided with the fundamental system of neighbourhoods {V_n | n ∈ N} where V_n = {∞} ∪ ( ⋃ n^′≥n Xn^′ ) for every n ∈ N.

It is easily checked that X̃ = X ∪ {∞} is a metrizable space whose density is ν. Furthermore, given any open cover U of X, there exists Ã ∈ U such that ∞ ∈ Ã, and hence we have that ⋃ n^′≥n Xn^′ ⊆ Ã for a suitable n ∈ N; thus it is clear that

we can obtain a subcover with cardinality at most ν_{n−1} < ν.

Notice that the metrizability of X can be easily checked by observing, for instance, that X has a σ-discrete base. Nevertheless, we give here an explicit compatible metric d̃ for X. Put:

l̃(x) = { l(x) if x ∈ X, +∞ if x = ∞,

(where l(x) is the function defined in Example 6) and

d̃(x, y) = { 0 if x = y, 1 min{l̃(x),l̃(y)} if x ≠ y.

The metric d on X does not coincide on X with the metric d of Example 5. Indeed, the latter cannot be extended to the whole of X̃. □

With a slight modification to the preceding example, it is possible to construct a GK space which is also connected (see [7, Exc 4.1.H(b)]).

Let us investigate more deeply the structure of a GK space. Such spaces present a sort of “core” of points with high local density which happens to be non-empty, compact (in the classical sense).

Definition. If x is a point of a topological space X, we call local density of x in X the cardinal number:

ld(x, X) := min{dV | V is an (open) nbhd of x in X}.

Define the “core” of X as:

Δ(X) = {x ∈ X | ld(x, X) = ν}.

Lemma 10. Let X be an infinite GK metrizable space, and let dX = ν. Then Δ(X) is compact.

Proof: By contradiction, suppose Δ(X) is not compact. Then there exists a closed discrete subset M of X with |M| = ℵ_0. Write M as {x_n | n ∈ N}, where n → x_n is one-to-one; then fix a compatible metric d on X, and for every n ∈ N put ε_n = d(x_n, M \ {x_n}). It follows that the family M = {S_d(x_n,^{εn}_4 ) | n ∈ N} is discrete. Indeed, given any x ∈ X, if x is some x_{n̄} then it is easily shown that S_d(x_{n̄},^3_4 ε_{n̄}) ∩ S_D(x_n,^{εn}_4 ) = ∅ for n ≠ n̄. If, on the contrary, x ≠ x_n for every n ∈ N, put δ = d(x, M) : the open ball S_d(x,^δ_2 ) misses all but at most one element of M.

As cof (ν) = ℵ_0, there exists a strictly increasing sequence (ν_n)_{n∈N} of cardinals whose supremum is ν. For every n ∈ N, we have that dS_d(x_n, ε_n) = ν > ν_n, and hence there exists a closed and discrete subset D_n of S_d(x_n, ε_n) such that |D_n| = ν_n; clearly, each D_n is closed in X too, and the family {D_n | n ∈ N} is discrete. It follows easily that D = ⋃ n∈N D_n is a closed and discrete subset of X.

This is impossible, as |D| = ν and X is GK. □

Lemma 11. If X is an infinite GK metrizable space, then Δ(X) ≠ ∅.

Proof: Let ν = dX and (ν_n)_{n∈N} be as in the preceding lemma. By contradiction, suppose ld(x, X) < ν for every x ∈ X: let us associate to every x ∈ X two open nbhds V_x and W_x of x such that dV_x = ld(x, X), and W_x ⊆ V_x. By paracompactness, there exists a locally finite open cover A of X which refines {W_x | x ∈ X}. For every A ∈ A, the set A is contained in some W_x, which is in turn contained in V_x : therefore dA ≤ dV_x = ld(x, X) < ν. We have two possible cases.

1^{st} case: there exists n̄ ∈ N such that ∀ A ∈ A : dA ≤ dA ≤ ν_{n̄}.

As X is GK, there exists a subcover A^′ of A such that |A^′| < ν. For every A ∈ A^′, fix a dense subset D_A of A with |D_A| = dA ≤ ν_{n̄}, and put D = ⋃ A∈A^′ DA : it is easily shown that D is dense in X, what is impossible, as clearly

|D| ≤ ν_{n̄} · |A^′| < ν.

2^{nd} case: for every n ∈ N, there exists A_n ∈ A such that dA_n > ν_n. This implies that for every n ∈ N, there exists a closed and discrete subset D_n of A_n, with |D_n| = ν_n.

Observe that, for every A ∈ A, the set {n ∈ N | A_n = A} must be finite (as every A with A ∈ A has density less that ν, but the density of the sets A_n tends to ν); this implies — as A is locally finite — that the indexed family {A_n}_{n∈N} is in turn locally finite (in the sense that every x ∈ X has a nbhd V such that the set {n ∈ N | V ∩ A_n ≠ ∅} is finite), and the same is true for the indexed family {D_n}_{n∈N}. Since every D_n is closed in A_n — and hence in X — and discrete, we easily obtain that the set D = ⋃ n∈N D_n is in turn closed and discrete in X; this is impossible because |D| = ν and X is GK. □

Remark 12. If X is a metrizable GK space with dX = ν > ℵ_0, then the subset Δ(X) of X has empty interior. Indeed, let x be any point of Δ(X) and V any (open) nbhd of x : we have that dV ≥ ld(x, X) = ν > ℵ_0. Thus V cannot be contained in Δ(X), as Δ(X) is compact and hence dΔ(X) ≤ ℵ_0.

Remark 13. If X is a metrizable GK space with dX = ν > ℵ_0, X is not homogeneous (recall that a topological space X is said to be homogeneous if for every x, y ∈ X there exists an auto-homeomorphism ϕ : X → X such that ϕ(x) = y). As a matter of fact, since the local density of a point is invariant under homeomorphisms, and since Δ(X) is nonempty by Lemma 11, if X were homogeneous then we would have Δ(X) = X. The latter would imply that X is compact by Lemma 10, and so dX = ℵ_0.

3. The density of the Hausdorff and the locally finite hypertopologies

Let (X, d) be a metric space, the hyperspace c_0(X) is the set of all closed and non-empty subsets of X. On c_0(X) the well known Hausdorff (extended) metric H_d is defined as H_d(A, B) := max(e_d(A, B), e_d(B, A))

where e_d(A, B) := sup_{a∈A} d(a, B).

The topology H_d generated by H_d on c_0(X) is called the Hausdorff metric hypertopology. The purposes of this section is to compute the density of the hyperspace c_0(X) endowed with H_d in terms of the density of X and, possibly, some additional hypotheses on the metric d. To avoid trivialities, we will always assume that X is infinite. The result we are looking for is already known in the separable case [1], [2]:

Theorem 14. If X is a separable metric space then:

d(c_0(X), H_d) = { ℵ_0 if X is totally bounded, 2^{ℵ0} if X is not totally bounded.

To deal with the general case, we first state two cardinal inequalities. The next lemma gives an upper bound for the density of any topology on c_0(X), as it only depends on set-theoretical considerations about the hyperspace.

Lemma 15 (Upper bound). For every metric space (X, d) and every topology τ on c_0(X), we have that d(c_0(X), τ) ≤ 2^{dX} .

Proof: As X is a metric space, its density equals its weight. Thus X admits a base with dX elements, and then at most 2^{dX} subsets of X are closed. Hence d(c_0(X), τ) ≤ |c_0(X)| ≤ 2^{dX} . □

Lemma 16. If U ∈ UD, then d(c_0(X), H_d) ≥ 2^{|U|}.

Proof: U ∈ UD_ε for some positive real ε. If A and B are distinct subsets of U, then it is easy to see that H_d(A, B) ≥ ε. So the power set ℘(U) is an (ε-uniformly) discrete subset of c_0(X). As the density of a space cannot be strictly less than the cardinality of a discrete subset (see [7, Theorem 4.1.15]) we have the estimate. □ As is usual in set theory, we denote with the symbol 2^{<ν} the quantity sup_{ξ<ν} 2^ξ for every cardinal ν.

Theorem 17. If X is a metric space then

d(c_0(X), H_d) = { 2^{<dX} if X is GTB, 2^{dX} if X is not GTB.

Proof: Let us consider first the case when X is not GTB. By Theorem 4 there exists a ε-uniformly discrete subset U of X with |U| = dX. Using both Lemmas 15 and 16 we have 2^{dX} = 2^{|U|} ≤ d(c_0(X), H_d) ≤ 2^{dX} and so equality holds.

Let X be GTB and for every positive integer n choose U_n ∈ UD^{max}_{1/n} . If ξ < dX, then by Lemma 2 there exists an integer n_0 such that ξ ≤ |U_{n0} |. Then Lemma 16 above gives 2^ξ ≤ 2^{|Un0 |} ≤ d(c_0(X), H_d).

As ξ is arbitrary, we proved that 2^{<dX} ≤ d(c_0(X), H_d).

Consider the subset of (c_0(X), H_d) given by U = ⋃ n∈N (℘(U_n) \ {∅}).

Let us compute |U|:

|U| ≤ ∑ n∈N |℘(U_n)| = ∑ n∈N 2^{|Un|}

≤ ℵ_0 · sup_{n∈N} 2^{|Un|}

≤ ℵ_0 · 2^{<dX} = 2^{<dX} .

As the other inequality is an immediate consequence of Lemma 2, we have that |U| = 2^{<dX} . The thesis will now follow if we show that U is dense in c_0(X).

Let F ∈ c_0(X) and δ > 0, choose n_0 such that^1_{n0} < δ and consider the set H = { x ∈ U_{n0} | d(x, F ) < 1 n_0 } . Clearly H ∈ U and by construction, e_d(H, F ) ≤^1_{n0} . For every x ∈ F there exists, by maximality of U_{n0} , a u ∈ U_{n0} such that d(x, u) <^1_{n0} . But necessarily u ∈ H and so d(x, H) <^1_{n0} ; passing to the supremum, we have that e_d(F, H) ≤^1_{n0} . Then H_d(H, F ) ≤^1_{n0} < δ and so U is dense in (c_0(X), H_d). □ The interpretation of this result raises an interesting set-theoretic question.

The key point is to decide when, in the relation (1) 2^{<ν} ≤ 2^ν which is always true under ZFC, we can distinguish the equality from the strict inequality.

We have the following result:

Theorem 18. The following statements are equivalent in ZFC:

(i) 2^{<ν} < 2^ν for every cardinal ν;

(ii) ξ < ν implies 2^ξ < 2^ν for every couple of cardinals ξ and ν.

Proof: Suppose that (ii) holds, then, by definition of cofinality

cof (2^{<ν} ) = cof (sup_{ξ<ν} 2^ξ) = cof (ν) ≤ ν.

But in ZFC we always have that cof (2^ν ) > ν (see [8, Corollary 10.41]) and so (i) necessarily holds.

Suppose that (ii) does not hold, so there exist ξ and ν with ξ < ν and 2^ξ = 2^ν. Then 2^ν = 2^ξ ≤ 2^{<ν} ≤ 2^ν

then 2^{<ν} = 2^ν and (i) does not hold. □

Let us say that A holds if one (hence both) of the statements of Theorem 18 holds. It is known that both A and ¬A are consistent with ZFC, and A is implied by GCH.

(ZFC) If ν = ℵ_0, then 2^{<ν} = ℵ_0. We already noticed that GTB coincides with total boundedness in the separable case, so we have old Theorem 14 without additional set-theoretic axioms.

(ZFC +A) In this case the two conditions

(d1) d(c_0(X), H_d) = 2^{<dX} ; (d2) d(c_0(X), H_d) = 2^{dX} ;

are always mutually exclusive. Then they give necessary and sufficient conditions for the base space X to be GTB or not.

Furthermore, we have the additional result:

Theorem 19. If (X, d) is GTB then (c_0(X), H_d) is GTB.

Proof: For every ε > 0 consider in X an^ε_2 -dense subset N with |N| < dX. As cof (dX) = ℵ_0 by Corollary 5, dX is a limit cardinal and so there exists a cardinal ξ with |N| < ξ < dX. We want to show that the family

N = {Cl A | ∅ ≠ A ⊆ N}

is ε-dense in (c_0(X), H_d). To do that, choose an F ∈ c_0(X) and call H the closure of the set {x ∈ N | d(x, F ) <^ε_2 }. By the same calculations of Theorem 17 it can be shown that H_d(F, H) ≤^ε_2 < ε that establishes our claim.

It remains to prove that N has not the highest cardinality, but using axiom A we have |N | ≤ |℘(N)| = 2^{|N|} < 2^ξ ≤ 2^{<dX} as required. □

(ZFC +¬A) By the assumption, there exists a cardinal ν with 2^{<ν} = 2^ν . Then conditions (d1) and (d2) coincide for every space with density ν.

Furthermore, we may assume that ν is regular, as if it were singular then we could replace it by ℵ_{α+1}, where ℵ_α is any cardinal less than ν with 2^{ℵα} = 2^ν . Let X be a metric space with density ν (e.g. the 0 − 1 space with cardinality ν); X cannot be a GTB space by Corollary 5 and the regularity of ν (of course ν > ℵ_0), nevertheless (c_0(X), H_d) has density 2^{<ν} . Thus we have a case where condition (d1) is not sufficient to prove that X is GTB.

To obtain a case where condition (d2) is not sufficient to infer that X is not a GTB space, we need to assume something more than ¬A, i.e. that there exists a cardinal μ with both 2^{<μ} = 2^μ and cof (μ) = ℵ_0. In that case the GTB space given by Example 6 will do the job. The additional assumption is consistent with ZFC as, for example, we can pose (see [6, Theorem 1]) for every ordinal α

2^{ℵα} = { ℵ_{ω+1} if α ≤ ω ℵ_{α+1} if α > ω

and choose μ = ℵ_ω : then 2^{<ℵω} = ℵ_{ω+1} = 2^{ℵω} . In this framework, Theorem 19 is false, as if X is GTB with density μ then cof ( d(c_0(X), H_d) ) = cof (2^μ) > μ > ℵ_0

and so c_0(X) cannot be GTB.

Definitions. Let X be a topological space and M any subset of X; we put

M^+ := {C ∈ c_0(X) | C ⊆ M} and M^− := {C ∈ c_0(X) | C ∩ M ≠ ∅}.

Also, if F is a collection of subsets of X, put

F^− := ⋂ F ∈F

F^− = {C ∈ c_0(X) | ∀ F ∈ F : C ∩ F ≠ ∅}.

The locally finite topology LF on c_0(X) is that generated by the subbase

Δ_{LF} := {A^+ | A is open in X}∪

∪ {F^− | F is a locally finite collection of open subsets of X}.

For every C ∈ c_0(X), a generic basic LF-neighbourhood of C is of the form A^+ ∩ F^−, where A is open in X with C ⊆ A, and F is a locally finite collection of open subsets of X such that ∀ F ∈ F : F ∩ C ≠ ∅. It is easily checked that we are allowed to consider only basic LF-neighbourhoods of the form F^− ∩ A^+, where ∀ F ∈ F : F ⊆ A.

Lemma 20. Let (X, d) be a GK metrizable space with dX = ν > ℵ_0, and let F be a locally finite collection of open nonempty subsets of X: then there exists a suitable m ∈ N such that for every F ∈ F, we have that F \ S_d(Δ(X),^1_m ) ≠ ∅.

Proof: By the above remark, no element of F can be contained in Δ(X): thus we can associate to every F ∈ F a point x_F ∈ F \Δ(X). As F is locally finite, the set C = {x_F | F ∈ F} is closed. Put r = D_d(C, Δ(X)): then r > 0 (as Δ(X) is compact), and choosing m ∈ N with^1_m < r, we have that C ∩ S_d(Δ(X),^1_m ) = ∅. Therefore, such an m satisfies the thesis. □

Lemma 21. If X is an infinite GK metrizable space, with dX = ν, then d(c_0(X), LF) ≤ 2^{<ν} .

Proof: The case ν = ℵ_0 is immediate, as if X is compact, then the locally finite topology on c_0(X) coincides with the Hausdorff topology relative to any compatible metric on X. Therefore, suppose ν > ℵ_0. Observe that, for every m ∈ N, the set Y_m = X \ S_d(Δ(X),^1_m ) has density less than ν: indeed, if there exists m ∈ N such that dY_m = ν, then Y_m — as a closed subset of X — is GK, and hence by Lemma 11 there exists ȳ ∈ Y_m such that ν = ld(ȳ, Y_m) ≤ ld(ȳ, X), whence ȳ ∈ Δ(X), what is impossible by the definition of Y_m.

For every m ∈ N, take a dense subset D_m of Y_m with |D_m| = dY_m and put D_m = {D^′ ⊆ D_m | D^′ is closed in X}; also, let D = ⋃ m∈N D_m. Clearly, |D_m| ≤ 2^{|Dm|} ≤ 2^{<ν}. We will complete the proof showing that the collection D is dense in (c_0(X), LF).

Let F^− ∩A^+ be a basic nonempty LF-open set, where A is open in X and F is a locally finite collection of open subsets of X; as already observed, we may also suppose that ∀ F ∈ F : F ⊆ A. By Lemma 20, there exists an m ∈ N such that ∀ F ∈ F : F \ S_d(Δ(X),^1_m ) ≠ ∅, that is ∀ F ∈ F : F ∩ Y_{m̄} ≠ ∅. For every F ∈ F, choose a point x_F ∈ F ∩ D_{m̄}: as F is locally finite, the set D = {x_F | F ∈ F} is closed, and hence D ∈ D_{m̄} ⊆ D. On the other hand, it is clear that D ∈ F^−, and by the property that ∀ F ∈ F : F ⊆ A we obtain as well that D ∈ A^+. Therefore (F^− ∩ A^+) ∩ D ≠ ∅. □

We can now get the desired result about the density of the locally finite hypertopology, whose symmetry with Theorem 17 is apparent.

Theorem 22. If X is a metric space then

d(c_0(X), LF) = { 2^{<dX} if X is GK, 2^{dX} if X is not GK.

Proof: Suppose first that X is not GK. Then there exists a compatible metric d on X such that (X, d) is not GTB; as d(c_0(X), H_d) = 2^{dX} and H_d ≤ LF (more exactly LF is the supremum of all topologies H_ρ, as ρ varies among the compatible metrics on X [4, Theorem 3.3.12]), we have that d(c_0(X), LF) ≥ 2^{dX} . The opposite inequality is the upper bound proved in Lemma 15.

360 A. Barbati, C. Costantini

Suppose now X is GK. The inequality d(c_0(X), LF) ≤ 2^{<dX} follows from Lemma 21, and the opposite inequality is easily obtained fixing any compatible metric d on X and observing that d(c_0(X), LF) ≥ d(c_0(X), H_d) = 2^{<dX} by Theorem 17. □

Acknowledgment. The authors wish to thank S. Levi for reading the original manuscript and giving helpful suggestions.

References

[1] Barbati A., Strutture boreliane sull’iperspazio, Dissertation, Università degli Studi, Milano, 1992. (Italian) [2] Barbati A., Beer G., Hess C., The Hausdorff metric topology, the Attouch-Wets topology and the measurability of set-valued functions, Journal of Convex Analysis 1 (1994), 107– 119.

[3] Barbati A., Costantini C., On a generalization of totally bounded and compact metric spaces, submitted for publication.

[4] Beer G., Topologies on Closed and Closed Convex Sets, Kluwer Academic Publishers, Dordrecht, 1993.

[5] Bella A., Costantini C., On the Novak number of a hyperspace, Comment. Math. Univ.

Carolinae 33 (1992), 695–698.

[6] Easton W.B., Powers of regular cardinals, Annals of Math. Logic 1 (1970), 139–178. [7] Engelking R., General Topology, Revised and Completed Ed., Sigma series in pure mathematics, vol. 6, Heldermann, Berlin, 1989.

[8] Kunen K., Set Theory. An Introduction to Independence Proofs, Studies in Logic, vol. 102, North-Holland, Amsterdam, 1980.

Dipartimento di Matematica, Università di Milano, Via Saldini 50, 20133 Milano, Italy

Dipartimento di Matematica, Università di Torino, Via Carlo Alberto 10, 10123 Torino, Italy

(Received May 17, 1996)