Comment.Math.Univ.Carolin. 38,2 (1997)205–221 205 a

Relative multiplication and distributive modules

José Escoriza, Blas Torrecillas

Abstract. We study the construction of new multiplication modules relative to a torsion theory τ . As a consequence, τ -finitely generated modules over a Dedekind domain are completely determined. We relate the relative multiplication modules to the distributive ones.

Keywords: torsion theory, semicentered torsion theory, multiplication module, distributive module Classification: 13A15, 13G13

1. Introduction

Multiplications rings constitute an important class of rings and they have been studied by many authors (cf. [7], [8], [10], [18], [19], and [20]). They are generalizations of Dedekind domains. Two concepts of multiplication module have been given. The first one was due to Singh and Mehdi (cf. [11]) and the second one, the most spread, was introduced by Barnard (cf. [2]). Multiplication modules have been recently considered by many authors, either over a commutative ring ([5], [9], [14] and their references) or over a noncommutative ring (cf. [13], [18], [19] and [20]). Multiplication modules relative to a torsion theory have been defined and studied in [6] as a natural generalization of the absolute case.

The aim of this paper is to study the operations of relative multiplication modules in the commutative case. It is a work which will serve to research into the noncommutative case, which will be exposed in a subsequent paper. Section 2 is devoted to preliminaries and notation. We also include some results on relative multiplication ring and ideals. In [6], it was observed that every Krull domain with the canonical torsion theory is a τ-multiplicaton ring. Now, some examples of τ-multiplication rings which are not Krull domains are given. In Section 3, firstly, some properties for any hereditary torsion theory are found and are applied to find out if a module is or not relative multiplication. Then, operations such as intersection, sum, direct sum, multiplication, etc, between multiplication modules relative to a torsion theory have been studied. Finally, these results are applied to find out what modules over a Dedekind domain are τ-multiplication. In Section 4, relative distributive modules are introduced. Distributive modules have been studied in [1], [2], [4] and [17]. Relative distributive rings have been researched by Nǎstǎsescu (cf. [12]). Some elemental properties of relative distributive modules are shown. It is found the relationship between relative distributive modules and relative multiplication modules in the main theorem. In the case of perfect torsion theories the distributive property of a module is characterized in terms of distributive property for its module of quotients with respect to the torsion theory.

2. Preliminaries and general notation

Throughout this paper, τ is a hereditary torsion theory on a commutative ring R and M ∈ R-Mod. The Gabriel filter associated to τ is denoted by F and the set Spec(R) − F is denoted by K(τ). A torsion theory τ is semicentered (cf. [3], [16]) if for each I /∈ F there exists a prime ideal P such that P /∈ F and I ⊆ P . The ring R has enough τ-criticals if for every ideal I /∈ F of R there exists an ideal P such that I ⊆ P and P is maximal with this condition. The set of such ideals is denoted by Max_F (R).

We shall give some easy properties of closure operations that will be useful for future results. If S is a multiplicatively closed subset of R, then S^{−1}τ is the induced torsion theory by τ on the ring of quotients S^{−1}R, whose Gabriel filter is {S^{−1}I; I ≤ R}. If P ∈ Spec(R), then τ_P is the induced torsion theory in R_P with Gabriel filter F_P = {I_P ; I ∈ F}.

Let M, N be two R-modules. We denote by (M : N) = {r ∈ R; r.N ⊆ M} and by (M_P : N_P ) = {x ∈ R_P ; x.N_P ⊆ M_P } where P is any prime ideal of R.

R_τ and M_τ represent the ring and the module of quotients with respect to τ respectively (cf. [16]).

The following lemma recollects some useful technical results. They are wellknown and the proof is omitted.

Lemma 2.1. Let S be a multiplicatively closed subset of R. Let τ be a semicentered torsion theory in R-Mod. Let P ∈ K(τ). Let M, N be two R-modules. Let L ≤ M. Then

1. S^{−1}Cl^M_τ (L) = Cl^{S−1M}_{S−1τ} (S^{−1}L); 2. Cl^{MP}_{τP} (L_P ) = L_P ;

3. if N is τ-finitely generated, then (M : N)_P = (M_P : N_P ) for all P ∈ K(τ); 4. if M is τ-finitely generated, then, for every P ∈ K(τ), (ann(M))_P = ann(M_P ).

Recall that an R-module M is called τ-multiplication if for every τ-closed submodule N of M there exists an ideal I of R such that N = Cl^M_τ (I.M).

The definition of strongly τ-multiplication module is a generalization of Singh and Mehdi’s definition (cf. [11]) for multiplication modules.

Definition 2.2. An R-module M is called strongly τ-multiplication if for all τclosed submodules N ⊆ L, there exists an ideal I of R such that N = Cl^M_τ (I.L).

A ring R is called τ-multiplication if given A, B τ-closed ideals of R such that B ⊆ A, then there exists an ideal I of R verifying B = Cl^R_τ (I.A).

Obviously, every ring R is τ-multiplication as an R-module and it is strongly τ-multiplication as an R-module if and only if it is a τ-multiplication ring.

Example 2.3. Consider M = Z_p∞ as a Z-module. Let τ be such that (p) ∈ F. Since M is τ-simple, it is strongly τ-multiplication, but it is not multiplication according to Singh and Mehdi’s definition (cf. [11]).

Let R be an integral domain and let K be its field of quotients. Let τ be a torsion theory in R-Mod. A is a fractional ideal of R if there exists d ∈ R such that d.A ⊆ R and it is an R-module.

Definition 2.4. A fractional ideal A of R is called τ-invertible if there exists a fractional ideal B such that Cl^K_τ (A.B) = R.

Proposition 2.5. Every τ-invertible ideal is τ-multiplication.

Proof: Let A be a τ-invertible ideal and B ⊆ A another ideal of R such that Cl^A_τ (B) = B. Then, there exists a fractional ideal C such that Cl^K_τ (A.C) = R. Therefore, we have B = Cl^A_τ (B.R) = Cl^K_τ (B.Cl^K_τ (A.C))∩A = Cl^K_τ (B.C.A)∩A = Cl^A_τ ((B.C).A). Moreover, since B.C ⊆ A.C, B.C is an ideal of R. □

If A is an integral ideal and Cl^R_τ (A.B) = R for some fractional ideal B, then A is a τ-multiplication ideal, i.e., it is τ-multiplication as an R-module. In particular, every ideal belonging to the Gabriel filter is τ-multiplication.

It follows immediately that the product of two τ-invertible ideals is τ-invertible and therefore, it is τ-multiplication.

In [6] it is proved that a Krull domain with the canonical torsion theory is a τ-multiplication ring. The following example is a ring which is not multiplication but is τ-multiplication and is not a Krull domain.

Example 2.6. Let R = Π_{i∈N}R_i where R_i = Z_4. According to [8, Example 3], R is not a multiplication ring. Set S = ⊕_{i∈N}R_i. Obviously, S^2 = S and it is possible to consider the Gabriel filter F = {A ≤ R; S ⊆ A}. If B is an ideal of R, then Cl^R_τ (B) = (B : S) clearly. Denote by e_i the element of R which has the i-th coordinate equal to 1 and the others are 0. If x ∈ B and B is τ-closed, then each component x_i of x has to verify x_i.e_i ∈ B. Let x = (x_i)_{i∈N} verifying the preceding condition. If s ∈ S, the product y.s can be seen as a finite sum of elements of B and therefore, it belongs to B. This means that B = Π_{i∈N}(B ∩ R_i). Thus τ-closed ideals are ideals of the form B = Π_{i∈N}B_i with B_i ≤ Z_4. Let A, B be τ-closed ideals of R such that A ⊆ B. Since Z_4 is a multiplication ring (it is uniserial), for every i ∈ N, there exists an ideal C_i of Z_4 such that A_i = C_i.B_i. Consequently, A = Cl^R_τ (C.B), where C = Π_{i∈N}C_i.

Remark 2.7. Notice that the ring of quotients with respect to τ is R_τ = Hom_R(S, R) = Π_{i∈N}Hom_R(R_i, R) = Π_{i∈N}R_i = R.

Since R_τ is not a multiplication ring but R is a τ-multiplication ring, it is proved that Proposition 4.14 in [6] is not necessarily true if τ is not perfect.

Example 2.8. If R is a τ-multiplication ring and F is the corresponding Gabriel filter, then R⊕R is multiplication with respect to the torsion theory whose Gabriel filter is {(I, J); I, J ∈ F}. Therefore, if D is a Krull domain and τ is the canonical torsion theory, then D ⊕ D is a relative multiplication ring and obviously, it is not a Krull domain.

In the relative noetherian case, the following characterization is immediate from [6, Theorem 4.18].

Proposition 2.9. If R is τ-noetherian and τ is semicentered, then R is a τmultiplication ring if and only if R_P is a multiplication ring for each P ∈ K(τ).

Some examples of relative multiplication rings appear in [6] and other examples are obtained in forecoming sections.

3. Operations with τ-multiplication modules

If P ∈ Spec(R), then the set {x ∈ M; c.m = 0 for some c ∈ R − P } is denoted by T_P (M). An R-module M is called P -torsion if M = T_P (M).

The starting point is the following result, which appears in [6].

Proposition 3.1. Let τ be a semicentered torsion theory on R. M is a τmultiplication module if and only if for all P ∈ K(τ), M is P -torsion or c.M ⊆ Cl^M_τ (R.m) for some m ∈ M and c ∈ R − P .

Proposition 3.2. If R is τ-noetherian (τ-artinian) and M is a τ-multiplication module, then M is τ-noetherian (τ-artinian).

Proof: Show that M has A.C.C. on τ-closed submodules. In fact, we consider N_1 ≤ N_2 ≤ . . . with N_i ≤ M τ-closed (i ∈ I). Then N_i = Cl^M_τ ((N_i : M).M) by [6, Lemma 3.11]. But Cl^M_τ (N_i : M) = (Cl^M_τ (N_i) : M) from [6, Proposition 2.7] and therefore (N_i : M) is a τ-closed ideal for every i ∈ I. Moreover, (N_1 : M) ≤ (N_2 : M) ≤ . . . . By hypothesis, there exists i such that (N_i : M) = (N_{i+1} : M) = (N_{i+2} : M) = . . . and hence

N_i = Cl^M_τ ((N_i : M).M) = Cl^M_τ ((N_{i+1} : M).M) = N_{i+1} = . . .

and therefore M is τ-noetherian. For the artinian case the proof is analogous. □ The converse result is false. In fact, consider the ring Z which is τ-noetherian for any τ. Let M = Z ⊕ Z. M is τ-noetherian but it is not τ-multiplication for any torsion theory τ different from the trivial one (cf. [6, Lemma 3.13]).

Example 3.3. Let M = Z[x_1, x_2, · · · ] be the Z-module consisting of all polynomials in infinite indeterminates x_1, x_2, · · · By [16, Corollary VI.6.15], every torsion theory on Z is semicentered. If τ is different from the trivial one, then M is not τ-noetherian, obviously. By applying Proposition 3.2, M is not τ-multiplication.

Definition 3.4. Let τ,σ be torsion theories on R with Gabriel filters F_τ and F_σ respectively. Then τ ∧ σ is the torsion theory whose Gabriel filter is F_τ ∩ F_σ. Proposition3.5. Let τ and σ be two hereditary torsion theories on R. If M ∈ Mod-R is τ and σ-multiplication, then M is a τ ∧ σ-multiplication module. Proof: Let N be τ ∧ σ-closed. Then N is τ-closed and σ-closed. By hypothesis and by [6, Lemma 3.11], N = Cl^M_τ ((N : M).M) = Cl^M_σ ((N : M).M). So, for every n ∈ N there exist I_n ∈ F_τ and J_n ∈ F_σ such that I_n.n ⊆ (N : M).M and J_n.n ⊆ (N : M).M. Then I_n ∩ J_n ∈ F_τ ∩ F_σ verifying (I_n ∩ J_n).n ⊆ (N : M).M. Hence N = Cl^M_{τ ∧σ}((N : M).M). □ Compare the next result with [14, Lemma 7].

Proposition 3.6. If M is a τ-multiplication R-module and M = ∑ i∈I M_i, then N = Cl^M_τ ( ∑ i∈I (N ∩ M_i)) for each N τ-closed submodule of M.

Proof: Since M is τ-multiplication module we have

N = Cl^M_τ ((N : M).M) = Cl^M_τ ((N : M).( ∑ i∈I M_i)) ⊆ Cl^M_τ ((N : M) ∑ i∈I M_i).

Thus N ⊆ Cl^M_τ ( ∑ i∈I (M_i ∩ N)). Therefore N = Cl^M_τ ( ∑ i∈I (N ∩ M_i)). □ Proposition 3.7. Let τ be a semicentered torsion theory on R and let M = ∑ i∈I Cl^M_τ (R.m_i) for some elements m_i ∈ M (i ∈ I). M is a τ-multiplication module if and only if there exists an ideal J_i (i ∈ I) such that Cl^M_τ (R.m_i) = Cl^M_τ (J_i.M) for each i ∈ I. Proof: The necessity is clear.

Conversely, suppose the existence of such ideals J_i and let P /∈ F. If there exists i ∈ I such that J_i ⊈ P , then, by hypothesis, J_i.M ⊆ Cl^M_τ (R.m_i). Hence, there exists c ∈ J_i − P ⊆ R − P such that c.M ⊆ Cl^M_τ (R.m_i). If not, we have J_i ⊆ P for all i ∈ I. So Cl^M_τ (R.m_i) = Cl^M_τ (J_i.M) ⊆ Cl^M_τ (P.M) for all m_i ∈ M and M = Cl^M_τ (P.M) by the hypothesis. Therefore, there exists an ideal J_i of R such that Cl^M_τ (R.m_i) = Cl^M_τ (J_i.M) = Cl^M_τ (J_i.Cl^M_τ (P.M)) = Cl^M_τ (P.J_i.M) = Cl^M_τ (P.Cl^M_τ (J_i.M)) = Cl^M_τ (P.m_i). Thus m_i ∈ Cl^M_τ (P.m_i). So, there exists H_i ∈ F such that H_i.m_i ⊆ P.m_i and moreover H_i ⊈ P . Thus there exists h − p ∈ R − P such that (h − p).m_i = 0 and hence m_i ∈ T_P (M). Then R.m_i ⊆ T_P (M). Obviously, Cl^M_τ (T_P (M)) = T_P (M). Thus Cl^M_τ (R.m_i) ⊆ T_P (M) and therefore M = T_P (M). By Proposition 3.1, M is τ-multiplication. □ It is straightforward from Proposition 3.7 that every τ-cyclic module is a τmultiplication module.

Example 3.8. Consider the Z-module M = Z_p∞ = {^1_{pi} + Z; i ∈ Z^∗} ⊂ Q/Z where p is a prime. If (p) ∈ F, then M = Cl^M_τ (Z.(^1_p +Z)) and by Proposition 3.7, M is a τ-multiplication module.

If (p) /∈ F, then M is not τ-noetherian. By Proposition 3.2, it is not τmultiplication.

Proposition 3.9. Let τ be a semicentered torsion theory on R. If I is a τmultiplication ideal of R and M is a τ-multiplication R-module, then I.M is a τ-multiplication R-module.

Proof: Consider P ∈ K(τ). It is clear that if I = T_P (I) or M = T_P (M), then T_P (I.M) = I.M. If I ≠ T_P (I) and M ≠ T_P (M), then there exist c, d ∈ R − P such that c.I ⊆ Cl^R_τ (R.a) and d.M ⊆ Cl^M_τ (R.m) for some a ∈ R and m ∈ M. Therefore c.d.I.M ⊆ Cl^R_τ (R.a).Cl^M_τ (R.m) ⊆ Cl^M_τ (R.a.m). Hence by Proposition 3.1, I.M is a τ-multiplication module. □ The next result answers the question of when the sum of τ-multiplication modules is τ-multiplication. It is the analogous one to [14, Theorem 2]. Theorem 3.10. Let τ be a semicentered torsion theory on R. Let M_i (i ∈ I) be a family of τ-multiplication τ-closed submodules of an R-module M such that M = ∑ i∈I M_i. Let A = ∑ i∈I (M_i : M). Then the following conditions are equivalent:

1. M is a τ-multiplication module; 2. M_i = Cl^M_τ ((M_i : M).M) for all i ∈ I; 3. ann(m) + A ∈ F for all m ∈ M;

4. for every P ∈ K(τ) either M = T_P (M) or there exist z ∈ ∪_{i∈I} M_i and c ∈ R − P such that c.M ⊆ Cl^M_τ (R.z).

Proof: 1 ⇒ 2 is clear. Now suppose 2 holds. Suppose that m ∈ M and ann(m) + A /∈ F. Since τ is semicentered, there exists P ∈ K(τ) such that ann(m) + A ⊆ P . So, (M_i : M) ⊆ P for all i ∈ I. Hence (M_i : M).M ⊆ P.M and we have M_i = Cl^M_τ ((M_i : M).M) ⊆ Cl^M_τ (P.M). Thus M = Cl^M_τ (P.M). As m ∈ M, then m = x_1 + x_2 + · · · + x_n with x_i ∈ M_i for i ∈ {1, 2, . . . , n}. Since M_i is a τ-multiplication module, we have Cl^M_τ (R.x_i) = Cl^M_τ (B_i.M_i) for some ideal B_i of R. Then, by the same argument as in the proof of Proposition 3.7, Cl^M_τ (R.x_i) = Cl^M_τ (P.x_i). Therefore there exists K_i ∈ F such that K_i.x_i ⊆ P.x_i for each i ∈ {1, 2, . . . , n}. Hence there exists c_i ∈ R − P such that c_i.x_i = 0 for each i ∈ {1, 2, . . . , n}. Therefore there exists c ∈ R − P such that c.m = 0. But then, c ∈ ann(m) which contradicts ann(m) ⊆ P . Thus 3 is satisfied.

3 ⇒ 4. Let P ∈ K(τ) and suppose that T_P (M) ≠ M. Then there exists m ∈ M such that ann(m) ⊆ P . By condition 3, A ⊈ P . Therefore, there exists i ∈ I such that (M_i : M) ⊈ P . Hence there exists c ∈ R − P such that c.M ⊆ M_i. Moreover, M_i ≠ T_P (M_i) because if not, then c.M ⊆ T_P (M_i) and M would be P -torsion. By Proposition 3.1, there exist c^′ ∈ R − P and y ∈ M_i such that c^′.M_i ⊆ Cl^M_τ (R.y). Therefore c.c^′.M ⊆ c^′.M_i ⊆ Cl^M_τ (R.y) and c.c^′ ∈ R − P .

4 ⇒ 1 by Proposition 3.1. □ Remark 3.11. The result is still true if M = Cl^M_τ ( ∑ i∈I M_i).

Corollary 3.12. Let τ be a semicentered torsion theory on R. Let M_i (i ∈ I) be a family of τ-multiplication τ-closed submodules of an R-module M. If ∑ i∈I (M_i : M) ∈ F, then M is a τ-multiplication module.

Proof: We have M = Cl^M_τ (( ∑ i∈I (M_i : M)).M) ⊆ Cl^M_τ ( ∑ i∈I (M_i : M).M) ⊆ Cl^M_τ ( ∑ i∈I M_i). Since ann(m) + ∑ i∈I (M_i : M) ∈ F, it suffices to apply Theorem 3.10 and Remark 3.11. □

In these conditions we denote by A = ∑ i∈I (M_i : M).

Corollary 3.13. Let τ be a semicentered torsion theory on R. Let M_i (i ∈ I) be a family of τ-closed τ-multiplication finitely generated submodules of M. If M = ∑ i∈I M_i, then M is a τ-multiplication module if and only if ann(M_i)+A ∈ F. Proof: Suppose that M is τ-multiplication and M_i = ⟨x_1, . . . , x_n⟩ (n depending on i). From Theorem 3.21, ann(x_j ) + A ∈ F (1 ≤ j ≤ n). Hence [ann(x_1) ∩ · · · ∩ ann(x_n)] + A ⊇ Π^n_{j=1}(ann(x_j ) + A) ∈ F.

Therefore ann(M_i) + A = [∩^n_{j=1}ann(x_j )] + A ∈ F for all i ∈ I.

Now, suppose that ann(M_i) + A ∈ F for all i ∈ I. Let m ∈ M. Since M = ∑ i∈I M_i, m = m_1 + · · · + m_r with m_j ∈ M_j (1 ≤ j ≤ r). Since ann(m_j) ⊇ ann(M_j), ann(m_i) + A ∈ F for 1 ≤ j ≤ n. Moreover, ann(m) + A = [∩^n_{j=1}ann(m_j)] + A ⊇ Π^n_{j=1}(ann(m_j ) + A) ∈ F. Therefore ann(m) + A ∈ F for all m ∈ M. By Theorem 3.10, M is a τ-multiplication module. □ Example 3.14. Let M = ⊕^∞_{n=1}C_pn where C_pn is the cyclic group of order p^n and p a prime integer. M is a Z-module. Every C_pi is cyclic and therefore it is τ-multiplication.

If (p) /∈ F, then every C_pi is τ-closed. Moreover, (C_pi : M) = 0. Thus A = 0. It holds ann(C_pi ) + A = (p^i) /∈ F for all i ≥ 0. By Corollary 3.13, M is not τ-multiplication.

Suppose that (p) ∈ F. Let x = x_{i1} ⊕ · · · ⊕ x_{in} ∈ M where each x_{ij} ∈ C_pj . We have (p^{in} ).x = 0. Hence M is τ-torsion. Therefore M is τ-multiplication in this case.

Corollary 3.15. Let τ be a semicentered torsion theory on R. Let M = ∑ i∈I M_i, M_i being a τ-closed τ-multiplication finitely generated submodule of M for all i ∈ I. M is τ-finitely generated if and only if there exists a finite subset J ⊆ I such that ∑ i∈J (M_i : M) ∈ F.

Proof: Since M is τ-finitely generated, there exists a finitely generated submodule F of M such that M = Cl^M_τ (F ). Therefore there exists a finite subset J of I such that M = Cl^M_τ ( ∑ i∈J M_i). By Theorem 3.10 and Remark 4.12, ann(m) + ∑ i∈J (M_i : M) ∈ F for all m ∈ M, in particular for all m ∈ F . As F is finitely generated, it holds that ann(F ) + ∑ i∈J (M_i : M) ∈ F. However, ann(F ) ⊆ (M_i : M) for all i ∈ J. Hence ∑ i∈J (M_i : M) ∈ F.

Conversely, suppose that ∑ i∈J (M_i : M) ∈ F for some finite subset J of I.

By Theorem 3.10, M is τ-multiplication. Moreover, M = Cl^M_τ (( ∑ i∈J (M_i :

M)).M) = Cl^M_τ ( ∑ i∈J (M_i : M).M) = Cl^M_τ ( ∑ i∈J M_i). Therefore M is τ-finitely generated. □

Corollary 3.16. Let τ be a semicentered torsion theory on R. Let K, L_1, . . . , L_n be τ-closed submodules of M. If K, K + L_i (1 ≤ i ≤ n), L_1 ∩ · · · ∩ L_n are τmultiplication modules, then K + (L_1 ∩ · · · ∩ L_n) is a τ-multiplication module.

Proof: Let P ∈ K(τ). Call L = L_1 ∩ · · · ∩ L_n. Clearly, L is τ-closed. Suppose that T_P (K + L) ≠ K + L. Then T_P (K + L_i) ≠ K + L_i for each 1 ≤ i ≤ n. Consider A = (K : (K + L_i)) + (L_i : (K + L_i)). By applying Theorem 3.10 to K + L_i, we obtain A ⊈ P as there exists m ∈ K + L_i such that ann(m) + A ⊆ P . However, A = (K : L_i) + (L_i : K). Since (K : L_i) ⊆ (K : L), we deduce that (K : L) + (L_i : K) ⊈ P for 1 ≤ i ≤ n. Hence (K : L) + (L : K) = (K : L) + [(L_1 : K) ∩ · · · ∩ (L_n : K)] ⊈ P . Therefore there exists c^′ ∈ R − P such that c^′ = a_1 + a_2 with a_1 ∈ (K : L) and a_2 ∈ (L : K). Thus there exists c ∈ R − P (a_1 or a_2) such that c ∈ (K : L) or c ∈ (L : K). Hence c.L ⊆ K or c.K ⊆ L and therefore c.(K + L) ⊆ K or c.(K + L) ⊆ L. By [6, Corollary 4.24], K + L is a τ-multiplication module. □

Corollary 3.17. Let τ be a semicentered torsion theory on R. If K, L are τclosed submodules of an R-module M such that (K : L) + (L : K) ∈ F, then K + L is a τ-multiplication module.

Lemma 3.18. Let τ be a semicentered torsion theory on R. Let N_1 and N_2 be τ-closed submodules of an R-module M. If N_1, N_2 and N_1 + N_2 are τmultiplication, then N_1 ∩ N_2 is a τ-multiplication module.

Proof: Let P ∈ K(τ). If T_P (N_1 ∩N_2) ≠ N_1 ∩N_2, then it is clear that T_P (N_1) ≠ N_1, T_P (N_2) ≠ N_2 and T_P (N_1 + N_2) ≠ N_1 + N_2. By Theorem 3.10, there exist x ∈ N_1, y ∈ N_2, z ∈ N_1 ∪ N_2, c_1, c_2, c ∈ N such that c_1.N_1 ⊆ Cl^{N1}_τ (R.x), c_2.N_2 ⊆ Cl^{N2}_τ (R.y) and c.(N_1 + N_2) ⊆ Cl^{N1+N2}_τ (R.z).

Suppose z ∈ N_1 (similarly if z ∈ N_2). Then Cl^{N1}_τ (R.z) ⊆ Cl^{N1+N2}_τ (N_1) = N_1. Moreover, c.y ∈ N_2 because y ∈ N_2, and c.y ∈ N_1 because c.y ∈ c.(N_1+N_2) ⊆ N_1. Therefore we have c_2.c.(N_1 ∩ N_2) ⊆ c.Cl^{N2}_τ (R.y) ⊆ Cl^{N2}_τ (R.c.y).

On the other hand, it is obvious that c_2.c.(N_1 ∩ N_2) ⊆ N_1. So, there exists c_2.c ∈ R − P with c_2.c.(N_1 ∩ N_2) ⊆ Cl^{N2}_τ (R.c.y) ∩ N_1 = Cl^{N1∩N2}_τ (R.c.y) and by Proposition 3.1, N_1 ∩ N_2 is a τ-multiplication module. □

Theorem 3.19. Let τ be a semicentered torsion theory on R. Let N_1, . . . , N_k be τ-closed submodules of an R-module M such that N_i + N_j is a τ-multiplication module for all i, j, such that 1 ≤ i < j ≤ k. Then

1. N_1 + · · · + N_k is a τ-multiplication module;

2. N_1, . . . , N_k are τ-multiplication modules if and only if N_1 ∩ · · · ∩ N_k is a τ-multiplication module.

Proof: To prove the first part, it suffices to follow the proof of [14, Theorem 8] with slight modifications. Proposition 3.1 and Theorem 3.10 are needed.

For the second part, we use induction on k. Suppose N_1, . . . , N_k are τmultiplication modules. Consider the τ-multiplication module X = N_2 ∩ · · · ∩ N_k.

By Corollary 3.16, N_1 + X is a τ-multiplication module and by Lemma 3.18, N_1 ∩ X is a τ-multiplication module.

Let P ∈ K(τ). If T_P (N_1 + N_i) = N_1 + N_i, then T_P (N_1) = N_1. Suppose that N_1 ∩· · ·∩N_k is a τ-multiplication module. Let P ∈ K(τ). Suppose T_P (N_1 +N_i) ≠ N_1 + N_i for all i ∈ {2, 3, . . . n}. By Theorem 3.10, there exist u_i ∈ N_1 ∪ N_i and c_i ∈ R − P such that c_i.(N_i + N_1) ⊆ Cl^{N1+Ni}_τ (R.u_i). If for some i, u_i ∈ N_1, then c_i.N_1 ⊆ Cl^{N1}_τ (R.u_i) and by Proposition 3.1, N_1 is τ-multiplication. If u_i ∈ N_i for every 2 ≤ i ≤ k, then we have c_2 . . . c_k.N_1 ⊆ N_1 ∩ · · · ∩ N_k as c_i.N_1 ⊆ c_i.(N_1 + N_i) ⊆ N_i (2 ≤ i ≤ k). By [6, Corollary 4.24], N_1 is a τ-multiplication module. □

Corollary 3.20. Let τ a semicentered torsion theory on R. Let K_i (1 ≤ i ≤ n) be a family of τ-closed submodules of an R-module M which are τ-multiplication modules and such that K_i + K_j is τ-multiplication for 1 ≤ i < j ≤ n. Then (K_1 ∩ · · · ∩ K_m) + (K_{m+1} ∩ · · · ∩ K_n) is a τ-multiplication module for every positive integer m < n.

Proof: Consider L = K_{m+1} ∩· · ·∩K_n. By Theorem 3.19, L is a τ-multiplication module. By Corollary 3.16, K_i + L is a τ-multiplication module (1 ≤ i ≤ n) and by Corollary 3.16 again, L + (K_1 ∩ · · · ∩ K_n) is a τ-multiplication module. □

Denote M̂_i = ⊕_{j≠i}M_j. Compare the next result with [5, Theorem 2.2].

Theorem 3.21. Let τ be a semicentered torsion theory on R. Let M an Rmodule such that M = ⊕_{i∈I} M_i where M^′_i s are τ-closed submodules of M. Then M is a τ-multiplication module if and only if the two following conditions are satisfied:

1. M_i is a τ-multiplication module for each i ∈ I; 2. for each i ∈ I there exists an ideal A_i of R, such that

M_i = Cl^M_τ (A_i.M_i) and A_i.M̂_i = 0.

Proof: Suppose that M is a τ-multiplication module. Then M_i ∼= M/M̂_i and therefore it is a quotient of a τ-multiplication module. Thus M_i is a τmultiplication module.

On the other hand, since M_i is τ-closed, there exists an ideal A_i of R such that M_i = Cl^M_τ (A_i.M) = Cl^{Mi}_τ (A_i.M). So A_i.M ⊆ M_i. But A_i.M = (⊕_{j∈I} A_i.M_j) = ⊕_{j∈I} (A_i.M_j) ⊆ M_i. Therefore A_i.M_j = 0 for all j ≠ i and hence A_i.M̂_j = 0. Moreover, A_i.M = A_i.M_i and M_i = Cl^M_τ (A_i.M_i).

Suppose that P ∈ K(τ). If M_i = T_P (M_i) for all i ∈ I, then for each m ∈ M_i there exists c ∈ R − P such that c.m = 0. Hence, for each x ∈ M there exists c ∈ R − P such that c.x = 0. Thus T_P (M) = M.

Suppose that there exists j ∈ I such that M_j ≠ T_P (M_j). Then by Proposition 3.1, there exist c ∈ R − P and m ∈ M_j such that c.M_j ⊆ Cl^M_τ (R.m). By condition 2, there exists an ideal A_j ≤ R such that Cl^M_τ (A_j .M_j ) = M_j and A_j.M̂_j = 0. We have c.A_j.M_j ⊆ c.Cl^M_τ (A_j .M_j) = M_j.c ⊆ Cl^M_τ (R.m). If

A_j ⊆ P , then M_j = Cl^M_τ (A_j .M_j) ⊆ Cl^{Mj}_τ (P.M_j ) and hence M_j = Cl^{Mj}_τ (P.M_j ). Therefore M_j = T_P (M_j), a contradiction. Thus there exists d ∈ (R − P ) ∩ A_j such that c.d.M ⊆ c.d.(⊕_{j∈I} M_j) ⊆ c.d.M_j ⊆ Cl^M_τ (R.m) and by Proposition 3.1, M is a τ-multiplication module. □

Corollary 3.22. Let τ be a semicentered torsion theory on R. Let M_i (i ∈ I) be a family of finitely generated τ-closed modules such that M = ⊕_{i∈I} M_i. Then, M is a τ-multiplication module if and only if M_i is a τ-multiplication module and ann(M_i) + ann(M̂_i) ∈ F for each i ∈ I.

Proof: Suppose that M is τ-multiplication module. By Theorem 3.21, the first condition, M_i is a τ-multiplication module for each i ∈ I, is true. Suppose that there exists i ∈ I such that ann(M_i) + ann(M̂_i) /∈ F. Since τ is semicentered, there exists P ∈ K(τ) such that ann(M_i) + ann(M̂_i) ⊆ P . From Theorem 3.21, there exists A_i ≤ R verifying M_i = Cl^M_τ (A_i.M_i) and A_i.M̂_i = 0. Therefore A_i ⊆ ann(M̂_i). Thus A_i ⊆ P . Hence M_i = Cl^M_τ (P.M_i). Since M_i is finitely generated, there exists c ∈ R − P such that c.M_i = 0, a contradiction because c ∈ ann(M_i) ∩ (R − P ) = ∅.

Conversely, it suffices to apply Corollary 3.13. □

Corollary 3.23. Let τ be semicentered. Let M = M_1 ⊕ · · · ⊕ M_n where M_i is a τ-closed τ-multiplication finitely generated module for 1 ≤ i ≤ n. Then M is τ-multiplication if and only if ann(M_i) + ann(M_j) ∈ F for all 1 ≤ i ≠ j ≤ n.

Proof: Suppose that M is τ-multiplication. Clearly ann(M̂_i) ⊆ ann(M_j), if j ≠ i. By Corollary 3.22, ann(M_i) + ann(M̂_i) ∈ F for 1 ≤ i ≤ n. Thus ann(M_i) + ann(M_j ) contains an element of the Gabriel filter and therefore it belongs to the filter.

Suppose that the second part of the equivalence is true. Since ann(M̂_i) = ∩_{j≠i}ann(M_j ),

ann(M_i)+ann(M̂_i) = ann(M_i)+∩_{j≠i}ann(M_j) ⊇ Π_{j≠i}[ann(M_i)+ann(M_j )] ∈ F. □ We can apply this corollary to find all finitely generated τ-multiplication modules over Dedekind domains.

Corollary 3.24. Finitely generated τ-multiplication modules over a Dedekind domain are just modules of the form M = Cl^M_τ (N) where N is isomorphic to an ideal of R and τ-cyclic modules.

Proof: Let R be a Dedekind domain. A finitely generated R-module M is of the form M ∼= I_1 ⊕ · · · ⊕ I_r ⊕ R/α_1 ⊕ · · · ⊕ R/α_n,

where α_i ⊆ α_{i+1} (1 ≤ i ≤ n), I_j (1 ≤ j ≤ n) is an ideal of R and every R/α_i is a cyclic R-module.

Since R is a commutative noetherian ring, by [16, Corollary VI.6.15], every torsion theory is semicentered.

If τ is trivial, then every module is τ-torsion. Thus every module is τ-multi-plication. Suppose that τ is not trivial. Consider three cases.

Case A: n = 0.

If r = 1, then M is a projective ideal. By [15, Theorem 1], it is multiplication. If r ≥ 2, then I_j is τ-closed (1 ≤ j ≤ r) and τ-multiplication. Moreover, ann(I_1) + ann(I_2) = 0 /∈ F. By Corollary 3.23, M is not τ-multiplication.

Case B: α_1 ∈ F.

Assume r = 0. Then M is τ-torsion and hence it is τ-multiplication. Suppose that r ≥ 1. For each x ∈ M we have x ∈ Cl^M_τ (I_1 ⊕· · ·⊕I_r ⊕0⊕· · ·⊕0).

Let N = I_1 ⊕ · · · ⊕ I_r. By [6, Theorem 3.7], M is τ-multiplication if and only if N is τ-multiplication.

If r = 1, then N is a projective ideal and therefore it is τ-multiplication. Consequently, M = Cl^M_τ (N) where N is isomorphic to an ideal of R.

If r > 1, then ann(I_1) + ann(I_2) = 0 /∈ F. By Corollary 3.23, N is not a τ-multiplication module.

Case C: α_1 /∈ F.

Suppose that n = 1.

If r = 0, then M = R/α_1 is a cyclic module and therefore it is a multiplication module.

Now, assume r ≥ 1. We have ann(I_1) + ann(R/α_1) = α_1 /∈ F. By Corollary 3.23, M is not τ-multiplication.

Suppose n ≥ 2.

If there exists α_k (2 ≤ k ≤ n) such that α_k ∈ F, then α_k.x ⊆ Cl^M_τ (I_1 ⊕ · · · ⊕ I_r ⊕ R/α_1 ⊕ · · · ⊕ R/α_{k−1} ⊕ 0 ⊕ · · · 0). Let N = I_1 ⊕ · · · ⊕ I_r ⊕ R/α_1 ⊕ · · · ⊕ R/α_{k−1} ⊕ 0 ⊕ · · · 0. By [6, Theorem 3.7], M is τ-multiplication if and only if N is τ-multiplication.

If r ≥ 2, then ann(I_1) + ann(I_2) = 0 /∈ F. If r = 1, then ann(I_1) + ann(R/α_1) = α_1 /∈ F.

If r = 0 and k − 1 = 1, then N is cyclic and therefore it is multiplication. In this case M is τ-cyclic.

If r = 0 and k − 1 ≥ 2, then ann(R/α_1) + ann(R/α_2) = α_2 /∈ F. By Corollary 3.23, M is not τ-multiplication.

If none of α_j ’s belongs to the Gabriel filter, the situation is absolutely similar to the preceding one. □

Immediately it follows the next corollary.

Corollary 3.25. Finitely generated τ-multiplication modules over a P.I.D. are just τ-cyclic modules.

Proposition 3.26. Let R, S be rings such that R ⊆ S. If X, Y are τ-multipli-cation R-modules inside S, then X.Y is a τ-multiplication R-module.

Proof: Let N = Cl^{X.Y}_τ (N). Since X and Y are τ-multiplication, Cl^X_τ (N ∩X) = Cl^X_τ (I.X) and Cl^Y_τ (N ∩ Y ) = Cl^Y_τ (J.Y ) for some I, J ≤ R. By applying the properties of the closure operation which appear in [6], we have Cl^{X.Y}_τ (N) = Cl^{X.Y}_τ (N ∩X.Y ) = Cl^{X.Y}_τ ((N ∩X).(N ∩Y )) = Cl^{X.Y}_τ (Cl^X_τ (N ∩X).Cl^Y_τ (N ∩Y )) = Cl^{X.Y}_τ (Cl^X_τ (I.X).Cl^Y_τ (J.Y )) = Cl^{X.=Y}_τ (I.J.X.Y ). □

4. τ-distributive modules

An R-module M is called distributive if it has distributive property of the sum with respect to the intersection or distributive property of the intersection with respect to the sum, for the lattice of submodules.

Definition 4.1. A module M is called τ-distributive if the lattice of τ-closed submodules, denoted by C_τ (M), is a distributive lattice.

The case M = R has been considered in [12]. Obviously, every distributive module is a τ-distributive module for any τ. It is also immediate that every ring is τ-distributive if and only if it is τ-distributive as an R-module. If F = {R} and τ the corresponding torsion theory, then τ-distributive modules are just the distributive modules. If τ is perfect, then the R-module M is τ-distributive if and only if the R_τ -module M_τ is distributive. This is due to the isomorphism of lattices which appears in [16, Proposition 3.7].

Recall that a τ-torsionfree module M is called τ-uniserial if its only τ-closed submodules are M and a chain (finite or infinite) of the form

0 = M_0 ⊂ M_1 ⊂ · · · ⊂ M_n ⊂ . . .

Example 4.2. Every τ-uniserial module is τ-distributive.

Theorem 4.3. Let τ be a semicentered torsion theory over R-Mod. The following sentences are equivalent:

1. M is a τ-distributive R-module;

2. if N, L, K are submodules of M, then Cl^M_τ ((N + L) ∩ (N + K)) = Cl^M_τ (N + (L ∩ K));

3. if N, L, K are submodules of M, then Cl^M_τ (N ∩ (L + N)) = Cl^M_τ ((L + N) ∩ (L + K));

4. M_P is distributive as an R_P -module for all P ∈ K(τ); 5. (Rm : Rn) + (Rn : Rm) ∈ F for all m, n ∈ M;

6. Cl^M_τ (R(m + n)) = Cl^M_τ ((Rm ∩ R(m + n)) + (Rn ∩ R(m + n))) for all m, n ∈ M;

7. Cl^M_τ (Rm + Rn) = Cl^M_τ (R(m + n) + (Rm ∩ Rn)) for all m, n ∈ M; 8. Cl^R_τ ((K + L) : N) = Cl^R_τ ((K : N) + (L : N)) for all K, L, N ≤ M, N being τ-finitely generated;

9. Cl^R_τ (K : (L ∩ N)) = Cl^R_τ ((K : L) + (K : N)) for all K, L, N ≤ M, L, N being τ-finitely generated;

10. Hom_{RP} ((N/(N ∩ L))_P , (L/(N ∩ L))_P ) = 0 for all L, N ≤ M and for all P ∈ K(τ).

Proof: 1 ⇔ 2 ⇔ 3 ⇔ 4 it is similar to [12, Theorem 7.3].

1 ⇒ 5. Suppose that 1 is true. Let m, n ∈ M. By hypothesis, Cl^R_τ ((Rm : Rn) + (Rn : Rm)) = R. Let P ∈ K(τ). Then Cl^{RP}_{τP} ((R_P^m_1 : R_P^n_1 ) + (R_P^n_1 : R_P^m_1 )) = R_P . By Lemma 2.1, (R_P^m_1 : R_P^n_1 ) + (R_P^n_1 : R_P^m_1 ) = R_P . Hence (R_P^m_s : R_P^n_t ) + (R_P^n_t : R_P^m_s ) = R_P for all^m_s ,^n_t ∈ M_P . By [17, Theorem 1.6], M_P is a distributive R_P -module for all P ∈ K(τ). By 4, M is τ-distributive.

5 ⇒ 1. Conversely, suppose that M is τ-distributive and (Rn : Rm) + (Rm : Rn) /∈ F. Since τ is semicentered, there exists P ∈ K(τ) such that (Rn : Rm) + (Rm : Rn) ⊆ P . Thus [(Rm : Rn) : (Rn : Rm)]_P ⊆ P_P ⊂ R_P . Thus M_P is distributive as an R_P -module by Lemma 4.3 and by [17, Theorem 1.6], [(Rm : Rn) + (Rn : Rm)]_P = R_P , a contradiction.

6 ⇒ 5. By using [9, Lemma 3.1], we have

Cl^M_τ (R(m + n)) = Cl^M_τ ((Rm : R(m + n))(m + n)+(Rn : R(m + n))(m + n))

= Cl^M_τ ((Rm : R(m + n))+(Rn : R(m + n))(m + n)).

Since ann(m + n) ⊆ (Rm : Rn) + (Rn : Rm), (Rm : Rn) + (Rn : Rm) ∈ F.

1 ⇒ 6 is trivial.

7 ⇒ 5. By applying [9, Lemma 3.1], we have Cl^M_τ (Rm) = Cl^M_τ (Rm ∩ (Rm + Rn)) = Cl^M_τ (((Rm : Rn) + (Rn : Rm))m). Since ann(m) ⊆ (Rn : Rm), 2 follows.

1 ⇒ 7. We have Rm ⊆ Rn+R(m+n). Since M is τ-distributive, Cl^M_τ (Rm) = Cl^M_τ ((Rn ∩ Rm) + (R(m + n) ∩ Rm)). Analogously, Cl^M_τ (Rn) = Cl^M_τ ((Rm ∩ Rn) + (R(m + n) ∩ Rn)). Easily, it can be checked that Cl^M_τ (Rm + Rn) = Cl^M_τ ((Rm ∩ Rn) + R(m + n)).

1 ⇒ 8. Let P ∈ K(τ). By 4, M_P is distributive as an R_P -module. By [1, Theorem 1.9], ((K_P +L_P ) : N_P ) = ((K_P : N_P )+(L_P : N_P )). Since N_P is finitely generated, we have ((K + L) : N)_P = ((K : N) + (L : N))_P for all P ∈ K(τ). Since τ is semicentered, 2 follows.

8 ⇒ 1. We shall prove that M_P is distributive as an R_P -module for each P ∈ K(τ). Let K_P , L_P , N_P ≤ M_P , N_P being finitely generated. Since N_P = ⟨^{x1}_1 , . . . ,^{xr}_1 ⟩, there exists N^′ = ⟨x_1, . . . , x_n⟩ ≤ N such that (Cl^M_τ (N^′))_P = N^′_P = N_P and obviously, Cl^M_τ (N^′) is τ-finitely generated. From the hypothesis, by using localization, we obtain ((K + L) : N^′)_P = ((K : N) + (L : N))_P . Hence (K_P + L_P ) : N_P = (K_P : N_P ) + (L_P : N_P ). By [1, Theorem 1.9], M_P is distributive.

8 ⇔ 9. From [1, Theorem 1.9], it suffices to use localization. 1 ⇔ 10 is straightforward by applying [17, Proposition 1.1]. □

Corollary 4.4. Let τ be a semicentered torsion theory on R. Let M be a τdistributive R-module. Let L, N be submodules of M. Then

1. if N is finitely generated and N ∩ L = 0, then Hom_R(N, L) is τ-torsion; 2. if M/L is finitely generated and N + L = M, then Hom_R(M/L, M/N) is τ-torsion.

Proof: We shall prove 1. Let P ∈ K(τ). By Theorem 4.3.10, Hom_{RP} (N_P , L_P ) = 0. Since N is finitely generated, the canonical morphism (Hom_R(N, L))_P → Hom_{RP} (N_P , L_P ) is injective. Thus (Hom_R(N, L))_P = 0 for all P ∈ K(τ). Hence 1 follows.

Now, prove 2. Let P ∈ K(τ). By Theorem 4.3.10, we have

Hom_{RP} ((N/(N ∩ L))_P , (L/(N ∩ L))_P ) = 0 ∼= Hom_{RP} (((N + L)/L)_P , ((N + L)/N)_P ).

By hypothesis this module is Hom_{RP} ((M/L)_P , (M/N)_P ). Since M/L is finitely generated, (Hom_R(M/L, M/N))_P = 0 for all P ∈ K(τ). Therefore, the R-module Hom_R(M/L, M/N) is τ-torsion. □

Example 4.5. Let τ be a semicentered torsion theory. By Theorem 4.3.4, every Krull domain R is a τ-distributive ring, i.e., it is τ-distributive as an R-module.

Proposition 4.6. If τ is semicentered, then every submodule and every quotient of a τ-distributive module is a τ-distributive module.

Proposition 4.7. Let τ be a semicentered torsion theory over R-Mod. If M = Cl^M_τ (N), then M is τ-distributive if and only if N is τ-distributive.

Proof: Suppose that M is τ-distributive. By Theorem 4.3.4, M_P is a distributive R_P -module for all P ∈ K(τ). Then M_P = (Cl^M_τ (N))_P = Cl^{MP}_{τP} (N_P ) by Lemma 2.1. Moreover, M_P = N_P . Thus N_P is distributive as an R_P -module. By Theorem 4.3.4 again, N is τ-distributive. The converse can be proved in the same way. □

Definition 4.8. A module is called τ-Bezout if every τ-finitely generated submodule is τ-cyclic.

Proposition 4.9. τ-distributive modules over a P.I.D. are just τ-Bezout modules.

Proof: Straightforward from Corollary 3.25. □

The following results give different ways to obtain new relative distributive modules from relative distributive modules .

Proposition 4.10. Let τ be a semicentered torsion theory on R. Let M, N be two τ-distributive R-modules. Then

1. M ⊗_R N is a τ-distributive R-module;

2. if M is finitely generated, then Hom_R(M, N) is a τ-distributive R-module.

Proof: By Theorem 4.3.4, 1 is trivial.

Since M, N are τ-distributive modules, M_P , N_P are distributive R_P -modules for all P ∈ K(τ). By [1, Lemma 4.1], Hom_{RP} (M_P , N_P ) is distributive as an R_P -module. Since M is a finitely generated R-module, the canonical morphism [Hom_R(M, N)]_P → Hom_{RP} (M_P , N_P ) is injective. By Proposition 4.6, [Hom_R(M, N)]_P is distributive for all P ∈ K(τ). By Theorem 4.3.4, Hom_R(M, N) is a τ-distributive R-module. □

Remark 4.11. If M is τ-finitely generated and N is τ-torsion free the same result is obtained. It suffices to realize that with the above hypothesis if M = Cl^M_τ (F ), then two maps belonging to [Hom_R(M, N)]_P which are equal over F are equal over M.

For an R-module M, set τ − Supp(M) = {P ∈ K(τ); M_P ≠ 0}.

Proposition 4.12. Let M_i (i ∈ I) be a family of τ-distributives modules. Then ⊕_{i∈I} M_i is τ-distributive if and only if τ − Supp(M_i) ∩ τ − Supp(M_j ) = ∅ for all i, j ∈ I i ≠ j.

Proof: Suppose that ⊕_{i∈I} M_i is τ-distributive and for some i ≠ j, there exists P ∈ K(τ) such that (M_i)_P ≠ 0 ≠ (M_j)_P . The R_P -module (⊕_{i∈I} (M_i))_P ∼= ⊕_{i∈I} (M_i)_P is distributive. By [1, Proposition 1.8], Supp(M_i) ∩ Supp(M_j) = ∅. However P ∈ Supp(M_i) ∩ Supp(M_j ) = ∅, a contradiction.

Conversely, let P ∈ K(τ). If there exists Q.R_P ∈ Supp((M_i)_P )∩Supp((M_j )_P ), then, since (M_i)_{PQ.RP} ∼= M_Q, (M_i)_Q ≠ 0 ≠ (M_j)_Q for i ≠ j. If Q ∈ F, then P ∈ F as Q ⊆ P . Therefore, Q ∈ K(τ), a contradiction. □

The following theorem establishes a relationship between τ-distributive modules and τ-multiplication modules. It is a generalization of [2, Proposition 7].

Theorem 4.13. Let τ be a semicentered torsion theory on R-Mod. Then M is τ-distributive if and only if every τ-finitely generated submodule of M is τmultiplication.

Proof: Suppose that M is τ-distributive. Let N = Cl^N_τ (F ) ≤ M, F being finitely generated. By Theorem 4.3.4, M_P is distributive for all P ∈ K(τ). Since F_P is finitely generated for all P ∈ K(τ) as an R_P -module, by [2, Proposition 7], the R_P -module F_P is multiplication for all P ∈ K(τ). By [6, Theorem 4.18], F is a τ-multiplication R-module. By [6, Theorem 3.7], N is τ-multiplication as an R-module.

Conversely, suppose that every τ-finitely generated submodule of M is τmultiplication. Let P ∈ K(τ). We shall prove that M_P is distributive as an R_P -module. Let N_P = ⟨^{x1}_1 , . . . ,^{xr}_1 ⟩ with x_i ∈ N (1 ≤ i ≤ r). Let L_P ≤ N_P .

Consider K = ⟨x_1, . . . , x_r⟩ ≤ N. Obviously, K_P = N_P . Since Cl^N_τ (K) ≤ M is τ-finitely generated, it is τ-multiplication. Hence Cl^N_τ (L ∩ N) = Cl^N_τ (I.Cl^N_τ (K)) for some ideal I of R. By localization, L_P = I_P .N_P . Thus N_P is multiplication as an R_P -module. □

Corollary 4.14. Let τ be a semicentered torsion theory. Every τ-noetherian τ-distributive module is a strongly τ-multiplication module.

Corollary 4.15. If τ is semicentered, then every τ-uniserial τ-noetherian module M is strongly τ-multiplication.

Corollary 4.16. Let τ be a semicentered torsion theory. Every τ-noetherian τ-distributive ring is a τ-multiplication ring.

In particular, if τ is the canonical torsion theory, then every Krull domain is a τ-multiplication ring, by Corollary 4.16.

The following example shows that the τ-distributive modules class is strictly wider than the distributive modules class.

Example 4.17. Let R = K[x, y], K being a field. Let τ be the canonical torsion theory. Since R is a Krull domain, it is a τ-multiplication ring. Thus every submodule of K is τ-multiplication. By Theorem 4.13, R is a τ-distributive Rmodule.

R is a integral domain which is not a Dedekind domain. By [10, Proposition 9.13], there exists some ideal (which must be finitely generated as R is noetherian) which is not multiplication as an R-module. By [2, Proposition 7], R is not distributive as an R-module.

Acknowledgments. This work will form part of the first author’s doctoral thesis. The authors wish to thank Professor Patrick F. Smith (University of Glasgow) for his suggestions and ideas.

This work was started when the first author was an Erasmus student (P.I.C. No. 93-B-1033/11) in the University of Glasgow.

The second author has been partially supported by the grant PB91-706 from DGICYT. We should also thank Professor C. Nǎstǎsescu for his comments about some parts of the work.

References

[1] Albu T., Nǎstǎsescu C., Modules arithmétiques, Acta Math. A. S. Hung. 25(3-4) (1974), 299–311.

[2] Barnard A., Multiplication modules, J. of Algebra 71 (1981), 174–178. [3] Bueso J.L., Torrecillas B., Verschoren A., Local cohomology and localization, Pitman Research Notes in Mathematics Series 226, Longman Scientific and Technical, Harlowe, 1989.

[4] Camillo V., Distributive modules, J. of Algebra 36 (1975), 16–25.

[5] El-Bast Abd., Smith P.F., Multiplication modules, Comm. in Algebra 16(4) (1988), 755– 779.

[6] Escoriza J., Torrecillas B., Multiplication modules relative to torsion theories, Comm. in Algebra 23(11) (1995), 4315–4331.

[7] Gilmer R.W., Multiplicative ideal theory, Marcel Dekker, New York, 1972.

[8] Griffin M., Multiplication rings via their total quotient rings, Can. J. Math. XXVI(2) (1974), 430–449.

[9] Hasan M.A.K., Naoum A.G., The residual of finitely generated multiplication modules, Arch. Math. 46 (1986), 225–230.

[10] Larsen M.D., McCarthy P.J., Multiplicative theory of ideals, Academic Press, New York, 1979, Pure and Applied Mathematics 43.

[11] Mehdi F., Singh S., Multiplication modules, Canad. Math. Bull. 22(1) (1979), 93–98. [12] Nǎstǎsescu C., La structure des modules par rapport à une topologie additive, Tôhoku Math. Journal 26 (1974), 173–201.

[13] Smith P.F., On non-commutative AM-rings, Houston J. of Math. 11.3 (1985), 405–422. [14] Smith P.F., Some remarks on multiplication modules, Arch. Math. 50 (1988), 223–235. [15] Smith W.W., Projective ideals of finite type, Canad. J. Math. 21 (1969), 1057–1061. [16] Stenström B., Rings of Quotiens, Springer-Verlag, Berlin, 1975.

[17] Stephenson W., Modules whose lattice of submodules is distributive, Proc. London Math.

Soc. 3 (1974), no. 28, 291–310.

[18] Ukegawa T., Some properties of non-commutative multiplication rings, Proc. Japan Acad.

54 Ser. A (1978), 279–284.

[19] Ukegawa T., Left noetherian multiplication rings, Osaka J. Math. 17 (1980), 449–453. [20] Ukegawa T., Some remarks on M-rings, Math. Japonica 28 (1983), no. 2, 195–203.

Departamento de Algebra y Análisis Matemático, Universidad de Almería, 04120 Almería, Spain E-mail: jescoriz@ualm.es

btorreci@ualm.es

(Received June 10, 1996)