Comment.Math.Univ.Carolin. 38,3 (1997)557–562 557

On the product of a compact space with an hereditarily absolutely countably compact space

Maddalena Bonanzinga

Abstract. We show that the product of a compact, sequential T_2 space with an hereditarily absolutely countably compact T_3 space is hereditarily absolutely countably compact, and further that the product of a compact T_2 space of countable tightness with an hereditarily absolutely countably compact ω-bounded T_3 space is hereditarily absolutely countably compact.

Keywords: compact, countably compact, absolutely countably compact, hereditarily absolutely countably compact, ω-bounded, countable tightness, sequential space

Classification: 54D20, 54B10, 54D55

Introduction and preliminary

Recently Matveev in [Mat1], [Mat2] introduced a new property called absolute countable compactness (acc) which is stronger than countable compactness. He also introduced the related property hereditarily absolutely countably compact (hacc). Matveev ([Mat1]) proved that the acc and hacc properties are not necessarily preserved by products with compact space (see [Mat1, Example 2.2 and Remark 5.3]). Matveev proved however that if Y is compact and first countable, and X is an acc or hacc T_2 space, then X×Y is acc or hacc (see [Mat1, Theorem 2.3 or 5.4]), and he raised the following two questions

Question 1 [Mat1]. Is X × Y acc provided Y is a compact space with countable tightness and X is an acc space?

Question 2 [Mat1]. Is X ×Y hacc provided Y is a compact space with countable tightness and X is an hacc space?

Vaughan ([Vau2]) proved that the product of a compact sequential T_2 space with an acc T_3 space is acc. With the previous result and the following well known Balogh’s theorem, Vaughan gave an affirmative answer to Question 1 in models of the proper forcing axiom [PFA] (Question 1 remains open in ZFC).

This research was supported by a grant from the C.N.R. (G.N.S.A.G.A.) and M.U.R.S.T. through “Fondi 40 %” Italy

Theorem 1 [Bal]. [PFA] Every compact Hausdorff space of countable tightness is sequential.

In this paper we augment Vaughan’s proof ([Vau2]) to show that the product of a compact sequential T_2 space with an hacc T_3 space is hacc. Then, with this result and Balogh’s theorem, we can give an affirmative answer to Question 2 provided we assume the proper forcing axiom (Question 2 remains open in ZFC).

We also consider further conditions under which the product of a compact space with an hacc space is hacc. Vaughan ([Vau2]) proved that the product of a compact T_2 space of countable tightness with an acc ω-bounded T_3 space is acc and that the product of a compact T_2 space of countable density-tightness (defined below) with an acc T_3 space of countable density-tightness is acc. In this paper we consider “analogs” of the previous results for hacc spaces, that is we prove that the product of a compact T_2 space of countable tightness with an hacc ω-bounded T_3 space is hacc and that the product of a compact T_2 space of countable tightness with an acc T_3 space of countable tightness is hacc. Further, we prove that the product of a compact T_2 space of countable density-tightness with an hacc T_3 space of countable density-tightness need not be hacc.

Concerning Question 2, we note that if in some model of set theory there is a counterexample X × Y to Question 2, then Y must be a compact non-sequential space with countable tightness, and X must be an hacc space which is not ωbounded and does not have countable tightness or, equivalently, there exists a closed subset of X which does not have countable density-tightness.

Recall the following definitions:

Definition 1 [Eng]. A space X is called countably compact provided every countable open cover of X has a finite subcover.

Note that a characterization of countable compactness (see [Eng, 3.12.22(d)]) states that a T_2 space X is countable compact iff for every open cover U of X there exists a finite set F ⊂ X such that St(F, U) = ⋃ {U ∈ U : U ∩ F ≠ ∅} = X.

Definition 2 [Mat1]. A space X is said to be absolutely countably compact (acc) provided for every open cover U of X and every dense D ⊂ X, there exists a finite set F ⊂ D such that St(F, U) = ⋃ {U ∈ U : U ∩ F ≠ ∅} = X.

Matveev ([Mat1]) noted that every compact space is acc and every acc T_2 space is countably compact; he proved that every countably compact space with countable density-tightness (defined below) is acc. Further Vaughan ([Vau2]) proved that every countably compact, orthocompact space (defined below) is acc.

Matveev ([Mat1]) demonstrated that acc is not hereditary with respect to closed subsets, even with respect to regular closed subsets. Then he introduced the following definition.

Definition 3 [Mat1]. A space X is said to be hereditarily absolutely countably compact (hacc) if all closed subspaces of X are acc.

We also recall some other definitions. A space X has countable tightness provided that whenever A ⊂ X and x ∈ A there exists a countable C ⊂ A such that x ∈ C. Using different terminology, Matveev introduced ([Mat1]) the notion of countable density-tightness.

Definition 4 [Vau2]. The density-tightness of a space X, denoted d_t(X), is the smallest infinite cardinal κ such that for every dense subset D ⊂ X and every x ∈ X there exists a subset E of D such that |E| ≤ κ and x ∈ E.

Further X is called orthocompact provided for every open cover U there exists an open refinement V such that for every V^′ ⊂ V, we have ⋂ {V ∈ V^′ : x ∈ V } is open for each x ∈ X. A set A ⊂ X is called sequentially closed if and only if A contains all limits of all sequences from A; X is called a sequential space provided every sequentially closed set is closed (every sequential space has countable tightness, see [Eng, 1.7.13(c)]). X is called ω-bounded if every countable subset is contained in a compact set.

Further we will use the following standard notation: for a set D, [D]^{<ω} denotes the set of all finite subsets of D and [D]^ω the set of all finite or countable subsets of D. If D is a subset of a topological space X, the ℵ_0-closure of D (see [Arh]) is the set [D]_{ℵ0} = ⋃ {M : M ∈ [D]^ω}.

1. The product of a compact sequential T_2 space with an hacc T_3 space is hacc.

Theorem 1.1. If Y is a compact sequential T_2 space, and X is an hacc T_3 space, then X × Y is hacc.

Proof: We proceed similarly to the corresponding proof of Vaughan ([Vau2, Theorem 1.2]). By contradiction, suppose there exists a closed non acc subset F of X × Y , i.e., there exist a closed F ⊂ X × Y , an open cover U of F and a dense subset D of F such that for all B ∈ [D]^{<ω} we have that St(B, U) ⊅ F . Proceeding as in [Vau2, Theorem 1.2], we conclude that the closed sets F_B = π_Y (F \St(B, U)) form a filter base on Y , where π_Y is the projection on Y . Hence by compactness there exists y ∈ ∩{F_B : B ∈ [D]^ω}.

Since X × {y} is homeomorphic to the hacc space X, and F is closed in X × Y , then (X × {y}) ∩ F is acc.

As in [Vau2, Theorem 1.2], there exists an open set V ⊂ X such that (V × {y}) ∩ F ≠ ∅ and

(1) (V × {y}) ∩ [D]_{ℵ0} = ∅.

Let Z = π_Y ((V ×Y )∩[D]_{ℵ0} ). Again as in [Vau2, Theorem 1.2], Z is sequentially closed in Y and, since Y is sequential, Z is closed in Y . Note that π_Y ((V × Y ) ∩ D) ⊂ π_Y ((V × Y ) ∩ [D]_{ℵ0} ) = Z ⊂ π_Y ((V × Y ) ∩ F ). Since D is dense in F and

(V × Y ) ∩ F is a nonempty open subset of F , we have that (V × Y ) ∩ D is dense in (V × Y ) ∩ F . As π_Y is a continuous mapping, we have that π_Y ((V × Y ) ∩ D) is dense in π_Y ((V ×Y )∩F ), then π_Y ((V ×Y )∩F ) ⊆ π_Y ((V × Y ) ∩ [D]_{ℵ0} ) = Z = Z. Since y ∈ π_Y ((V × {y}) ∩ F ), we have that y ∈ Z = π_Y ((V × Y ) ∩ [D]_{ℵ0} ). Then (V × {y}) ∩ [D]_{ℵ0} ≠ ∅, but this contradicts (1), and completes the proof. □ Corollary 1.1. [PFA] If Y is a compact T_2 space with countable tightness, and X is an hacc T_3 space, then X × Y is hacc.

2. The product of a compact T_2 space of countable tightness with an hacc ω-bounded T_3 space is hacc.

Theorem 2.1. X × Y is hacc provided Y is a compact T_2 space of countable tightness and X is an hacc, ω-bounded T_3 space.

Proof: Also in this case, we proceed similarly to the corresponding proof of Vaughan ([Vau2, Theorem 1.4]). The beginning of the proof repeats the first part of the proof of Theorem 1.1, with the modification (as in [Vau2, Theorem 1.4]) that the sets F_B need not be closed. We get that there exists

y ∈ ∩{F_B : B ∈ [D]^ω}

and an open set V ⊂ X such that (V × {y}) ∩ F ≠ ∅ and

(V × {y}) ∩ [D]_{ℵ0} = ∅.

Now we show that y ∈ π_Y ((V × Y ) ∩ D).

Since D is dense in F , we have that π_Y ((V × Y ) ∩ D) is dense in π_Y ((V × Y ) ∩ F ) and then π_Y ((V × Y ) ∩ F ) ⊂ π_Y ((V × Y ) ∩ D). Hence, as (V × {y}) ∩ F ≠ ∅ and y ∈ π_Y ((V × {y}) ∩ F ), we have that y ∈ π_Y ((V × Y ) ∩ D).

Proceeding as in [Vau2, Theorem 1.4], we obtain the desired conclusion. □ Vaughan ([Vau2]) obtained that the product of a compact T_2 space of countable tightness with a countably compact GO-space (generalized ordered spaces, i.e., spaces which are subspaces of linearly ordered topological spaces; see [FL]) is acc. By Theorem 2.1, we have the following result concerning hacc (and then acc). Corollary 2.1. X × Y is hacc provided Y is a compact T_2 space of countable tightness and X is a countably compact GO-space.

Proof: Since every countably compact GO-space is ω-bounded ([GFW, Theorem 3]), and every GO-space is orthocompact ([FL, 5.23]) we have that X is an ω-bounded, orthocompact space; further, as every countably compact, orthocompact space is acc ([Vau2]) and orthocompactness and countable compactness are hereditary with respect to closed subsets, we have that X is hacc. Then, by Theorem 2.1, X × Y is hacc. □

3. The product of a compact T_2 space of countable tightness with an acc T_3 space of countable tightness is hacc.

We have the following result:

Proposition 3.1. X ×Y is hacc provided Y is a compact T_2 space with countable tightness and X is an acc T_3 space with countable tightness.

Proof: It is well-known that X × Y is countably compact. By Malyhin’s Theorem (see [Mal]), X × Y has countable tightness. Both properties, countable compactness and countable tightness, are hereditary with respect to closed subsets. Thus by Matveev’s Theorem (see [Mat1, Theorem 1.8]), X × Y is hacc. □ While trying to answer to the following question: do there exist a space X and a compact space Y such that X is hacc, X × Y is acc, but X × Y is not hacc?, we obtained the following example which answer this question and also demonstrates why some assumptions in Theorems 1.1 and 2.1 cannot be weakened.

Example 3.1. The product of an hacc Tychonoff space of countable densitytightness with a compact T_2 space of countable density-tightness need not be hacc.

Consider the Franklin-Rajagopalan spaces (see [Eng, 3.12.17(d)]) X = T ∪ Z and Y = T ∪ Z^′, where T is homemorphic to ω with discrete topology, Z is homemorphic to the ordinal t (see [vD], [Vau1] or [Eng, 3.12.17(d)] where it is denoted δ) with order topology and Z^′ is homemorphic to t+1 with order topology. We have that d_t(X) = ω and d_t(Y ) = ω because both X and Y contain countable dense subsets of isolated points (so, of course, d_t(X ×Y ) = ω and then X ×Y is acc ([Mat1, Lemma 1.7])). Now we show that X is hacc. Let F be a closed subspace of X. Then F = F_T ∪F_Z where F_T = F ∩ T and F_Z = F \ F_T . F_T has countable density-tightness because T is a countable set of isolated points; further, since Z is a linearly ordered topological space, then F_Z is a GO-space. Then, F_T and F_Z are acc ([Mat1, Lemma 1.7] and [Vau2, Corollary 1.7], respectively). Since T is open in X and F is closed in X, we have that F_T and F_Z are regular closed in F . So, F is written as union of regular closed acc spaces; then, from Proposition 4.3 in [Mat1], it follows that F is acc. So, X is hacc. Further Y is compact, but X × Y is not hacc because it contains a closed copy of t × (t + 1) that is not acc (see [Bon, Theorem 1.2]). It is worth mentioning that under the assumption t = ω_1, the space X is even first-countable.

References

[Arh] Arhangel’skii A.V., On bicompacta hereditarily satisfying the Souslin condition. Tightness and free sequences, Soviet Math. Dokl. 12 (1971), 1253–1257.

[Bal] Balogh Z., On compact space of countable tightness, Proc. Amer. Math. Soc. 105 (1989), 756–764.

[Bon] Bonanzinga M., Preservation and reflection of properties acc and hacc, Comment.

Math. Univ. Carolinae 37,1 (1996), 147–153.

562 M. Bonanzinga

[vD] van Douwen E.K., The integers and topology, Handbook Set-theoretic Topology, K.

Kunen and J.E. Vaughan Eds., Elsevier Sci. Publ., 1984, pp. 111–167. [Eng] Engelking R., General Topology, Warszawa, 1977.

[FL] Fletcher P., Lindgren W.F., Quasi-uniform spaces, Marcel Dekker, New York, 1982. [GFW] Gulden S.L., Fleischman W.F., Weston J.H., Linearly ordered topological spaces, Proc.

Amer. Math. Soc. 24 (1970), 197–203.

[Mal] Malyhin V.I., On the tightness and the Suslin number of expX and of a product of spaces, Soviet Math. Dokl. 13 (1972), 496–499.

[Mat1] Matveev M.V., Absolutely countably compact spaces, Topology and Appl. 58 (1994), 81–92.

[Mat2] Matveev M.V., A countably compact topological group which is not absolutely countably compact, Questions and Answers 11 (1993), 173–176.

[Vau1] Vaughan J.E., Small uncountable cardinals and topology, Open Problems in Topology, J. van Mill, G.M. Reed Eds., North-Holland, Amsterdam, 1990, pp. 195–218.

[Vau2] Vaughan J.E., On the product of a compact space with an absolutely compact space, Papers on General Topology and Applications, Annals of the New York Academy of Sciences 788 (1996), 203–208.

Dipartimento di Matematica, Universita’ di Messina, Contrada Papardo, Salita Sperone, 98168 Messina, Italy

(Received April 24, 1996, revised March 3, 1997)