Comment.Math.Univ.Carolin. 38,4 (1997)791–799 791

Finite spaces and the universal bundle of a group

Peter Witbooi

Abstract. We find sufficient conditions for a cotriad of which the objects are locally trivial fibrations, in order that the push-out be a locally trivial fibration. As an application, the universal G-bundle of a finite group G, and the classifying space is modeled by locally finite spaces. In particular, if G is finite, then the universal G-bundle is the limit of an ascending chain of finite spaces. The bundle projection is a covering projection.

Keywords: covering projection, fibration, finite space, push-out

Classification: Primary 55R65; Secondary 54B17, 54B15

The work of Alexandroff [1] supplemented by that of McCord [6], describes the functorial relationship between finite topological spaces and finite posets. Finite posets arise in different mathematical problems, for example, certain subposets of the lattice of subgroups of a group was introduced by K.S. Brown in the study of Euler characteristic of groups with torsion. Such posets play an important role in the representation and cohomology of finite groups. In particular, the work of McCord shows that one can work with a finite T_0 space directly, instead of going via the polyhedron associated with it. In [3] it is shown how one can rectify the lack of morphisms in the category of finite T_0 spaces when studying homotopy properties of its objects. Different aspects of finite spaces are studied in the paper [8] of Stong. In particular, [8, Theorem 6] shows that a finite T_0 space F with base point admits an H-structure of type II (see [8, Section 5]) if and only if F is pointed homotopy equivalent to a discrete space. Thus the finite T_0 H-spaces of type II are essentially the finite (discrete) groups. In this article we study the action of a discrete group on a locally finite topological space. This leads to a model for the universal principal G-bundle projection of a discrete group G, as a covering projection between locally finite T_0 spaces. In our constructions the cylinder object I (the compact unit interval), is replaced by a finite space, so as to yield non-Hausdorff constructions as in [6]. We prove a basic theorem for push-outs of locally trivial fibrations. This theorem is then adapted to be utilized in the formation of non-Hausdorff homotopy push-outs.

Notation. By a map we shall mean a continuous function between topological spaces. The category of topological spaces and maps is denoted by Top. By Top^2 we mean the category of which the objects are the morphisms of Top and a morphism p_0 → p_1 in Top^2 is a pair (g, f) of maps such that f ∘ p_0 = p_1 ∘ g, that is, diagram A is commutative.

E_0

p_0 � g � E_1

p_1 � B_{0 f} � B_1 A

Such a Top^2-morphism (g, f) : p_0 → p_1 is said to be a homeomorphism of fibres if for each b ∈ B_0, the induced map p^{−1}_0 (b) → p^{−1}_1 [f(b)] is a homeomorphism.

We shall often work with a commutative diagram B in Top. This can be regarded as a cotriad in Top^2. The spaces obtained as the push-outs of the Topcotriads appearing as the upper and lower rows of diagram B, are denoted by E and B respectively.

E_1

p_1 � E_0

g_1 � p_0 �

g_2 �

E_2

p_2 � B_1 B_0

f_1

�^{f2} � B_2 B

The push-out of the Top^2-cotriad coincides with the unique map p : E → B that exists since E and B are push-outs.

1. Locally trivial fibrations

We shall sometimes require a space to satisfy the following condition Q. This condition is satisfied by every locally compact Hausdorff space F . A proof can be found in [2, Problem 25, p. 330]. In Section 2 we show that the property also holds for locally finite spaces.

Condition Q (for a space F ). Whenever a map q : X → Y is a quotient map, then the map q × F : X × F → Y × F is a quotient map. □

The concept of locally trivial fibration is well known. The other terminology defined in Definition 1.1 below is not so standard.

Definition 1.1. Let p : E → B be a map of topological spaces.

(a) For a subset U of B, U is said to be p-projected if there exists a space G and a homeomorphism ϕ : U × G → p^{−1}(U) such that for every (x, g) ∈ U × G, we have pϕ(x, g) = x. The map ϕ is said to be a trivialization of p over U.

(b) The map p is a locally trivial fibration if B has an open cover of p-projected subsets.

(c) Let F be any topological space. The map p is a locally trivial fibration with fibre F if p is a locally trivial fibration and p^{−1}(b) is homeomorphic to F for every b ∈ B.

Examples of locally trivial fibrations are abundant, see for example [9]. In particular, every covering projection is a locally trivial fibration.

The proof of the following proposition is elementary and we omit it. We refer to diagram C below. X f � � � � g � Z

f^′ � � � � Y_{g′} � P C

Proposition 1.2. Suppose that the commutative diagram C is a push-out square in Top. Suppose further that F is a space satisfying Condition Q, and in diagram D the three unlabeled vertical arrows are projection maps.

X × F f×F � � � g×F � Z × F

f^′×F � � �

� Y × F

�

g^′×F � � P × F � � �

X f � � � � � v � � � Z f^′ � � � � Y^g ′ � P

D

Then the rhombus in the top of diagram D is a push-out square, and the unique map v : P × F → P , guaranteed by push-out properties to make diagram D commutative, is the projection map. □

Theorem 1.3. Suppose that in diagram B every map p_i is a locally trivial fibration with fibre F , where F is a space satisfying Condition Q. Suppose further that there exists an index set S which determines for each s ∈ S and each j ∈ {1, 2} an open subset U^s_j of B_j, such that the following conditions hold.

(1) For each j ∈ {1, 2}, the collection {U^s_j : s ∈ S} covers B_j. (2) For each s ∈ S, f^{−1}_1 (U^s_1 ) = f^{−1}_2 (U^s_2 ). This subset of B_0 will be denoted by U^s_0 .

(3) For each s ∈ S with U^s_0 nonempty, we require the following (and now we drop the superscript s of the sets U^s_i ):

There exist homeomorphisms h_i : U_i × F → p^{−1}_i (U_i) such that diagram E is commutative.

U_1 × F

q_1 � � � � � � � �_{h1} � � � � U^0 × F

k_1×F � h_0 � � � � k_2×F �

U_2 × F

h_2 � � � �

V_1

r_1 � V_1

l_1 � r_0 �

l_2 �

V_2

r_2 � U_1 U_0

k_1

�^{k2} � U_2

E

In this diagram, V_i = p^{−1}_i (U_i) and the vertical arrow r_i is induced by p_i. The maps k_j and l_j are induced by f_j and g_j respectively. The maps r_i ∘ h_i : U_i × F → U_i, which we shall denote by q_i, are required to be projections.

Then the push-out p : E → B of the Top^2-cotriad of diagram B is a locally trivial fibration with fibre F .

Proof: For each s ∈ S, there are Top^2-cotriads in diagram E, formed by the triples h_i, r_i and q_i. In view of Condition Q and (1), Proposition 1.2 applies, ensuring that the push-out of the Top^2-cotriad formed by the maps q_i is precisely the projection map q : U × F → U. The map q together with the push-outs of the triples h_i and r_i, yield a commutative triangle as in diagram F.

U × F^h � q � � � � � V r � U F

Since each of the maps h_i is a homeomorphism, h is a homeomorphism. U can be considered to be a subset of B while r is the pull-back of p over the inclusion U ⊂ B. By commutativity of diagram F, it immediately follows that U is pprojected. By condition (2), the open subset U_1 + U_0 + U_2 of B_1 + B_0 + B_2 is saturated with respect to the quotient map η : B_1 + B_0 + B_2 → B. Hence U is open in B. Thus U is a p-projected open subset of B. By condition (1) it follows that these sets U^s, for the different s ∈ S, form a cover of B. This completes the proof. □

2. Locally finite spaces

A locally finite space is a topological space in which every point has a neighbourhood which is a finite set. Note that for every point x in a locally finite space X, X has a smallest (finite) neighbourhood for x. In this section we look at two properties of such spaces which make them particularly useful when studying locally trivial fibrations.

Definition 2.1. Let F and A be topological spaces. We say that F is a rigid fibre over A if for every open subset B of A, with p : F × B → B denoting the projection map, the following condition is satisfied:

Whenever f : F × B → F × B is a map such that p ∘ f = p and for every b ∈ B the map F × b → F × b induced by f is a homeomorphism, then f is itself a homeomorphism. F × B p � � � � f � F × B p � � � B The rigidity property has the following significance. Suppose that in diagram A, (g, f) is a homeomorphism of fibres. Then if B_1 is p_1-projected and p_0 is a locally trivial fibration with fibre F which is a rigid fibre over B_0, then B_0 is p_0-projected.

It is known that a Hausdorff space F is a rigid fibre over any space B provided that F is either compact or locally compact and locally connected. This rigidity property is studied in greater generality in [10]. Returning to locally finite spaces, we have the following result.

Proposition 2.2. If F and A are locally finite spaces, then F is a rigid fibre over A.

Proof: Let B be any open subspace of A, and let p : F ×B → B be the projection map. Suppose that f : F × B → F × B is a map such that p ∘ f = p, and for every b ∈ B, the map f_b : F × b → F × b induced by f is a homeomorphism. We show that f is a homeomorphism by exhibiting an open cover U of its codomain such that for every U ∈ U, the induced map f^{−1}(U) → U is a homeomorphism.

Let z = (e, b) be any point of F × B. Let U_z be the subset V × W , where V is the smallest open subset of F containing e and W is the smallest open subset of B containing b. From the definition of product topology, it turns out that U_z is the smallest neighbourhood of z. Let V^′ = {y ∈ F : (y, b) = f(x, b) for some x ∈ V }. Then since f_b is a homeomorphism, it follows that V^′ is an open subset of F . Thus V^′ × W is open in F × B. Since f is continuous, the set f^{−1}(V^′ × W ) is open. Therefore, f^{−1}(V^′ × W ) is a neighbourhood of z. By minimality of U_z, it follows that U_z ⊂ f^{−1}(V^′ × W ). However the latter two sets are cardinally equivalent and are finite, and so U_z = f^{−1}(V^′ × W ). Thus f(U_z) is open. Moreover U_z is homeomorphic to f(U_z), and a continuous bijection between finite spaces which are known to be homeomorphic, is necessarily a homeomorphism. We can choose U to be the collection, U = {f(U_z) : z ∈ F × B}. □ Proposition 2.3. If F is a locally finite space, then F satisfies Condition Q. Proof: Let U be any open subset of F × X which is saturated with respect to the map F × q. We show that U^′ = (F × q)(U) is open in F × Y .

Let z be an arbitrary element of U^′. Then z is of the form (e, y) ∈ F × Y . Let V be the minimal neighbourhood of e in F . Let W = {x ∈ X : (e, x) ∈ U}. For each x ∈ W , by minimality of V and since U is open, there exists T_x open in X such that (e, x) ∈ V × T_x ⊂ U. Thus W is open in X. Note also that V × W ⊂ U.

Since U is saturated with respect to F × q, W is saturated with respect to q. Consequently W^′ = q(W ) is open in Y . Since V × W ⊂ U, V × W^′ ⊂ U^′. So V × W^′ is a neighbourhood of z that lies entirely in U^′. Thus U^′ is open in F × Y . □ 3. The non-Hausdorff double mapping cylinder

In order to construct suitable adjunction spaces, we require a version of mapping cylinders in the context of locally finite spaces.

Let R_d be the set of integers, topologized by taking as a subbase the collection of all subsets of the form {2n−1; 2n; 2n+1}, n ∈ Z. The space R_d will be referred to as the digital line. This topological space was introduced by Khalimsky [4]. Let I_d be the subspace {0, 1, 2} of R_d. As is pointed out in [3], the subspace I_d together with its barycentric subdivisions constitute the appropriate cylinder object for locally finite spaces, to fulfill the role of the compact unit interval in the category of Hausdorff spaces. Without further subdivision, I_d will suffice for the purposes of this paper. Every compact interval in R_d is contractible onto every point which is closed as a one-point set. The following argument shows a particular instance of this phenomenon.

Example 3.1. Let [0, 1] denote the unit interval of real numbers, and let I_d be our conventional subset of the digital line. We define a map h : I_d × [0, 1] → I_d as follows:

h(x, t) = x if t = 0;

1 if t ∈ (0, 1) and x = 1, 2; 0 otherwise.

Then h is a homotopy from the identity map of I_d to the constant map I_d → {0}. □ We now describe the version of the double mapping cylinder that arises from this cylinder object I_d, for a cotriad,

E_1 E_0

g_1

�^{g2} � E_2 .

Let E be the disjoint union E_1 + E_0 × I_d + E_2. We form the quotient space E^′ by identifying a point (x, 0) ∈ E_0 × I_d with the point g_1(x) ∈ E_1, and a point (x, 2) ∈ E_0 × I_d is identified with the point g_2(x) ∈ E_2.

Let D_1 and D_2 respectively, be the images under the identification map E → E^′, of the subsets E_1 + E_0 × {0, 1} and E_2 + E_0 × {1, 2}. The sets D_1 and D_2 are open. Let D_0 = D_1 ∩ D_2. The resulting double mapping cylinder construction, to which we shall refer as the non-Hausdorff double mapping cylinder, is functorial. We further note that the non-Hausdorff double mapping cylinder construction is possible even if the spaces in the cotriad are not locally finite, just as the standard double mapping cylinder construction is possible regardless of the nature of the spaces in the cotriad. Note furthermore that by taking special cotriads, we obtain non-Hausdorff mapping cylinders and non-Hausdorff mapping cones.

In Proposition 3.2 below, we compare the non-Hausdorff double mapping cylinder with the standard double mapping cylinder. A proof of the proposition can be found in [6].

Proposition 3.2. Let [0, 1] be the compact unit interval in R. Let h : [0, 1] → I_d be the map defined by:

0 → 0, (0, 1) → 1 and 1 → 2.

Then for every Top-cotriad, the map h induces a weak equivalence from the ordinary double mapping cylinder to the non-Hausdorff double mapping cylinder.

For the purposes of the following adjunction theorem, we refer to the notation agreed upon just prior to Section 1. With reference to diagram B, we note that there is an obvious map p : E^′ → B^′ where E^′ and B^′ are the non-Hausdorff double mapping cylinders of the Top-cotriads constituted by the rows in (respectively) the top and the bottom.

Theorem 3.3. Suppose that in the commutative diagram B, every map p_i is a locally trivial fibration with fibre F , and that F and every space shown in diagram B is a locally finite space. Suppose further that each of the Top^2-morphisms p_0 → p_j is a homeomorphism of fibres, j = 1; 2.

Then the map p^′ : E^′ → B^′ of non-Hausdorff double mapping cylinders determined by the Top^2-cotriad in diagram B, is a locally trivial fibration with fibre F .

Proof: The commutative square in the right hand part of diagram C induces a map ζ : Z^′ → Z from the non-Hausdorff mapping cylinder of g_1 to the non- Hausdorff mapping cylinder of f_1.

There is an open subset Y of Z which admits retractions h : ζ^{−1}(Y ) → E_0 and k : Y → B_0, such that kζ(x) = ζh(x) for every x ∈ ζ^{−1}(Y ), and the Top^2- morphism (h, k) : η → p_1 is a homeomorphism of fibres, where η is the pull-back of ζ over the inclusion Y ⊂ Z.

The space B_2 has an open cover consisting of p_2-projected subsets. Let U_2 be such an open subset, let U_0 = f^{−1}_2 (U_2) and let U_1 = k^{−1}(U_0). Then U_0 is p_0-projected. Since (h, k) is a homeomorphism of fibres it follows that U_1 is p_1-projected. In fact, for the cotriad U_1 ← U_0 → U_2, we can find trivializations satisfying the hypotheses as spelt out in 1.3(3). We further note that the image of B_0 in Z is a closed subset. Thus by Theorem 1.3, it follows that p^′ : E^′ → B^′ is a locally trivial fibration. □

4. The universal bundle of a discrete group

We motivate this section by means of the following example, showing two actions of discrete groups on topological spaces. The examples show the importance of having totally discontinuous group action. In 4.2 we point out (omitting the straightforward proof) this significance more precisely. Theorem 4.3 is the main result of this article.

Example 4.1.

(a) For R_d the digital line, let S_d be the quotient space obtained from R_d by identifying elements which are congruent modulo 4. Notice that the additive group Z of integers acts on the topological space R_d, (z : n → n + 4z), and in fact the orbits of this action are precisely our equivalence classes. The action is totally discontinuous and by a well-known theorem, see [5] for example, it follows that the quotient map is a covering projection. In fact we have found a locally finite space model for the classical exponential map R → S, R being the real line and S the set of complex numbers with modulus 1.

(b) Taking S_d as in (a) above, we have a (unique) non-trivial topological action of the group Z/2 with 2 elements on S. The action is however not totally discontinuous, and the orbit projection is very far from being a fibration. □

Proposition 4.2. Let G be a discrete group acting freely on a topological space E. Then the following conditions are equivalent:

(1) the action is totally discontinuous, (2) the orbit projection p : E → E/G is a locally trivial fibration, (3) the orbit projection is a covering projection. □

For a space A and a group G, we can define a (topological) action of G on G × A by the rule:^g(g^′, a) = (gg^′, a). Let CA be the non-Hausdorff cone on A. Equip the spaces G × A and G × CA with the action defined above. Suppose now that A is a G-space. Then we have the cotriad of G-maps below, where α is the action on A. The space obtained as the push-out of the cotriad is a G-space, and we denote it by G ∗ A.

G × CA G × A� �

�^α � A ,

Theorem 4.3. Let G be a discrete topological group, and E a G-space. If the action of G on E is totally discontinuous, then the action of G on G ∗ E is totally discontinuous.

Proof: In view of 4.2, it suffices to show that the orbit projection p : G∗E → (G∗ E)/G is a locally trivial fibration with fibre G. The latter follows by Theorem 3.3 applied to diagram G.

G × CE

p_1 � G × E � � �

� α � E q � CE E� �

�^q � E/G G

Here q is the orbit projection, and the other vertical arrows are product space projections. The space obtained in the push-out of the cotriad in the bottom, can be seen to coincide (up to homeomorphism) with (G ∗ E)/G. □

Theorem 4.3 gives a method for determining, for a given discrete group G, a sequence, p_n : E_n → B_n of locally trivial fibrations with fibre G. In view of 3.2 our construction is (weakly homotopy) equivalent to that of Milnor [7]. In our sequence, E_0 = G, and otherwise, E_{n+1} = G ∗ E_n. For every non-negative integer n, B_n = E_n/G and p_n is the orbit projection. The spaces E_n and B_n are locally finite. In particular, if G is a finite group of order k, then E_n has (k + 1)^{n+1} − 1 elements. This follows by induction, using the relations |B_{n+1}| = |B_n| + |E_n| + 1 and |E_n| = k|B_n|.

References

[1] Alexandroff P., Diskrete Räume, Matematiceskii Sbornik (N.S.) 2 (1937), 501–518. [2] Arhangel’skii A.V., Ponomarev V.I., Fundamentals of General Topology, Problems and Exercises, D. Reidel Publishing Company, Dordrecht, Holland, 1984.

[3] Hardie K.A., Vermeulen J.J.C., Homotopy theory of finite and locally finite T_0 spaces, Expo. Math. 11 (1993), 331–341.

[4] Khalimsky E.D., Applications of ordered topological spaces in topology, Conference of Math. Departments of Povolsia, 1970.

[5] Massey W.S., Algebraic Topology, an Introduction, Graduate Texts in Mathematics 70, Springer, 1977.

[6] McCord M.C., Singular homology groups and homotopy groups of finite topological spaces, Duke Math. J. 33 (1966), 465–474.

[7] Milnor J.W., Construction of universal bundles I, II, Ann. of Math. 63 (1956), 272–284 and 430–436.

[8] Stong R.E., Finite topological spaces, Trans. Amer. Math. Soc. 123 (1966), 325–340. [9] Steenrod N.E., The Topology of Fibre Bundles, Princeton University Press, Princeton, New Jersey, 1951.

[10] Witbooi P.J., Isomorphisms of fibrewise spaces, to appear in Festschrift for G.C.L. Brümmer on his sixtieth birthday, University of Cape Town, Rondebosch, South Africa.

Department of Mathematics and Applied Mathematics, University of the Western Cape, Private Bag X17, Bellville 7535, South Africa

Topology and Category Theory Research Group, Department of Mathematics, University of Cape Town, 7700 Rondebosch, South Africa

(Received November 15, 1995, revised August 29, 1996)