Comment.Math.Univ.Carolin. 39,2 (1998)323–335 323

Stepanoff’s theorem in separable Banach spaces

Donatella Bongiorno^1

Abstract. Stepanoff’s theorem is extended to infinitely dimensional separable Banach spaces.

Keywords: Gateaux differentiable functions, Lipschitz functions at a point, Radon- Nikodym property

Classification: Primary 46G05; Secondary 46A65

1. Introduction

The classical Rademacher theorem [8], and [4, p. 216] has been extended to infinitely dimensional spaces by N. Aronszajn [1], J.P.R. Christensen [2], P. Mankiewicz [5], and R.R. Phelps [6]. These authors introduced different notions of exceptionality of a subset of a separable Banach space with respect to which Gateaux differentiability of Lipschitz mappings with values in spaces with Radon-Nikodym property (abbreviated as RNP) holds almost everywhere.

In R^n, another extension of Rademacher theorem is the theorem of Stepanoff [8], [9], and [4, p. 218]:

Stepanoff’s theorem. If a map f: R^n → R^m is Lipschitz at every point of a set G ⊂ R^n, then it is differentiable a.e. in G.

Our aim is to extend this theorem to separable Banach spaces. We will use Aronszajn’s notion of exceptional sets, since it is the strongest one among those mentioned above.

We first establish, for any Banach space Y having RNP, Stepanoff’s theorem for Y -valued functions of a real variable (Proposition 1).

In our main result (Theorem 1) we prove Stepanoff’s theorem in the setting where X is a separable Banach space, Y is a Banach space having RNP and f: X → Y is Lipschitz at every point of a set G ⊂ X.

The main difference between the proof of the classical Stepanoff’s theorem and our proof is that the Aronszajn’s theorem on differentiability of Lipschitz functions applied to the distance function is used instead of the density theorem. The same application of Aronszajn’s theorem is used also to overcome the difficulties related to the fact that the exceptional sets have to be Borel. Indeed, in our setting the

1 Supported by MURST of Italy.

set of points at which directional derivative exists may be non-measurable. For example, let S be a non-Borel subset of R. Then the function

f(x, y) =

0, if x ∈ R and y ∈ S, 0, if x ≤ 0 and y /∈ S, x, if x > 0 and y /∈ S

is Lipschitz at every point of the set G = {(x, y) ∈ R^2 : x = 0} but {(x, y) ∈ G : f^′_x exists} = {(x, y) ∈ R^2 : x = 0, y ∈ S} is not Borel.

2. Preliminaries

The sets of all natural, rational and real numbers are denoted by N, Q and R, respectively. R^n denotes the n-dimensional Euclidean space and L^n denotes the n-dimensional Lebesgue measure on R^n. In all the paper, X and Y are real Banach spaces. Y^∗ denotes the topological dual of Y , i.e. the space of all bounded linear functionals on Y . By ⟨u, v^∗⟩ we denote the value of the functional v^∗ ∈ Y^∗ at the point u ∈ Y .

A set V^∗ ⊂ Y^∗ is said to be total with respect to a set V ⊂ Y whenever the condition ⟨u, ω^∗⟩ = 0, for all ω^∗ ∈ V^∗ and u ∈ V , implies u = 0. For each non-zero u ∈ X we define A(u) to be the family of all Borel sets E ⊂ X such that

L^1{λ ∈ R : x + λu ∈ E} = 0, ∀ x ∈ X.

Moreover, if {u_n} ⊂ X is a sequence of non-zero elements, we define

A{u_n} = {E ⊂ X : E = ∪E_n, with E_n ∈ A(u_n)}.

The Aronszajn exceptional class A is defined as the intersection of the families A{u_n}, over all possible sequences {u_n} of non-zero elements of X whose span is dense in X (following Aronszajn, we will call these sequences complete). Given a function f: X → Y and a set E ⊂ X, we denote by f|_E the restriction of f to E. Given u ∈ X, the directional derivative of f at a point x is defined by

f^′_u(x) = lim_{t→0} f(x + tu) − f(x) t . For real valued functions we also define

f^′_u(x) = lim sup_{t→0} f(x + tu) − f(x) t . Definition 1. A function f: X → Y is said to be Lipschitz at the point x ∈ X if there exist two positive constants C and δ such that

‖f(x + h) − f(x)‖ ≤ C ‖h‖,

for all h ∈ X with ‖h‖ < δ.

Lemma 1. Given f: X → Y and L, δ > 0, let G be the set of all points x ∈ X such that ‖f(x + h) − f(x)‖ ≤ L ‖h‖ whenever ‖h‖ < δ.

Then G is a closed set.

Proof: Let ‖x_k − x‖ → 0, with x_k ∈ G. Given h ∈ X with ‖h‖ < δ and given 0 < ε < δ − ‖h‖ we can find x_k such that ‖x − x_k‖ < ε. Then

‖x + h − x_k‖ ≤ ‖x − x_k‖ + ‖h‖ < ε + ‖h‖ < δ.

Thus

‖f(x + h) − f(x)‖ ≤ ‖f(x + h) − f(x_k)‖ + ‖f(x_k) − f(x)‖ ≤ L(‖x + h − x_k‖ + ‖x − x_k‖) < L(‖h‖ + 2‖x − x_k‖) < L‖h‖ + 2Lε.

By the arbitrariness of ε it follows ‖f(x + h) − f(x)‖ ≤ L‖h‖ for each ‖h‖ < δ. Hence x ∈ G. □

Definition 2. A function f: X → Y is said to be Gateaux differentiable at a point x ∈ X if f^′_u(x) exists for each u ∈ X and if the map u → f^′_u(x) is linear and bounded from X to Y . This map is called the Gateaux differential of f at the point x.

Definition 3 (See [3], p. 217). It is said that Y has the Radon-Nikodym property if every function f: [0, 1] −→ Y of bounded variation is differentiable a.e. in [0, 1].

Proposition 1. Let Y have the RNP and let f: R → Y . Denote by G the set of all points x ∈ R at which f is Lipschitz. Then G is an F_σ-set and f is differentiable a.e. in G.

Proof: For each natural n, let G_n denote the set of all x ∈ G ∩ [−n, n] such that

‖f(x + h) − f(x)‖ ≤ n ‖h‖ whenever ‖h‖ < 1 n . Clearly G = ∪G_n. Moreover, G_n is a closed set by Lemma 1.

Let f_n be the extension of f |_{Gn} to [−n, n] such that f_n is linear on each contiguous interval of G_n. It is easy to prove that f_n is a Lipschitz function on [−n, n]. Thus, since Y has the RNP, there exists Γ_n ⊂ [−n, n] such that f_n is differentiable on Γ_n and L^1([−n, n] \ Γ_n) = 0. Let G̃_n be the set of all points x ∈ G_n at which the distance function dist(x, G_n) is differentiable. Since dist(x, G_n) is Lipschitz, then L^1(G_n \ G̃_n) = 0. Hence L^1(G_n \ (Γ_n ∩ G̃_n)) = 0.

Define N = ⋃ n(G_n \ (Γ_n ∩ G̃_n)) and let x ∈ G \ N. Then there exists n such that x ∈ Γ_n ∩ G̃_n. We will prove that f is differentiable at the point x.

Let 0 < ε < 2n. By the differentiability of f_n and dist(x, G_n) at the point x, there exists δ_ε ∈ (0, n^{−1}) such that (1) ‖ ‖ ‖ ‖ f_n(x + t) − f_n(x) t − f^′_n(x) ‖ ‖ ‖ ‖ < ε 2 and dist(x + t, G_n) < ε 2(‖f^′_n(x)‖ + n) |t| for each 0 < |t| < δ_ε.

Then, for any fixed 0 < |t| < δ_ε, we can find y ∈ G_n such that

(2) |x + t − y| < ε 2(‖f^′_n(x)‖ + n)

|t|.

Now f_n = f on G_n. Therefore, by (1) and (2) we have

‖f(x + t) − f(x) − f^′_n(x) t‖ ≤ ‖f(y) − f(x) − f^′_n(x) (y − x)‖ + ‖f(y) − f(x + t)‖ + ‖f^′_n(x)‖ |x + t − y| ≤ ε 2 |y − x| + n|x + t − y| + ‖f^′_n(x)‖ |x + t − y| < ε 2 |t| + ε 2 |t| = ε|t|.

Since this holds for any 0 < |t| < δ_ε, we conclude that f is differentiable at the point x. □

3. Lemmas

In this section we assume that X is a separable Banach space, G ⊂ X is a closed set, Y is a Banach space satisfying the RNP and f: X → Y is a function such that there exist L, δ > 0 with

(3) ‖f(y) − f(x)‖ ≤ L ‖y − x‖

whenever x ∈ X, y ∈ G and ‖y − x‖ < δ. We also assume that D is a Borel subset of G such that the distance function dist(x, G) is Gateaux differentiable at each point of D.

Lemma 2. For each u ∈ X, the set

Δ = {x ∈ G ∩ D : f^′_u(x) does not exist}

belongs to A(u).

Proof: By Proposition 1, applied to the restriction of f to the line x + Ru, we have L^1({λ ∈ R : x + λu ∈ Δ}) = 0 for each x ∈ X. So we need only to show that Δ is a Borel set.

For each n, m ∈ N, let F_{nm} be the set of all points x ∈ G such that (4) ‖ ‖ ‖ f(x + tu) − f(x) t − f(x + su) − f(x) s ‖ ‖ ‖ ≤ 1 n for all 0 < |t| < 1/m and for all 0 < |s| < 1/m. Moreover, let E_{nmk} be the set of all points x ∈ G such that ‖ ‖ ‖ f(y) − f(x) t − f(z) − f(x) s ‖ ‖ ‖ ≤ 1 n for all 0 < |t| < 1/m, for all 0 < |s| < 1/m and for all y, z ∈ G with ‖y−(x+tu)‖ < |t|/k, ‖z − (x + su)‖ < |s|/k.

Step 1. E_{nmk} is a closed set for each n, m, k ∈ N.

Let {x_ν } ⊂ E_{nmk} and let x ∈ X with ‖x_ν − x‖ → 0 when ν → ∞. Since G is a closed set, we have x ∈ G. Moreover, by (3), f|_G is continuous, thus f(x_ν ) → f(x) when ν → ∞.

Fix 0 < |t| < 1/m, 0 < |s| < 1/m and fix y, z ∈ G with ‖y − (x + tu)‖ < |t|/k, ‖z − (x + su)‖ < |s|/k. Since lim_ν ‖x_ν − x‖ = 0 there exists ν ∈ N such that ‖y − (x_ν + tu)‖ < |t|/k and ‖z − (x_ν + su)‖ < |s|/k for all ν > ν. Thus ‖ ‖ ‖ ‖ f(y) − f(x) t − f(z) − f(x) s ‖ ‖ ‖ ‖ = lim_ν ‖ ‖ ‖ ‖ f(y) − f(x_ν ) t − f(z) − f(x_ν ) s ‖ ‖ ‖ ‖ ≤ 1 n ; hence x ∈ E_{nmk}.

Step 2. (G ∩ D) \ Δ = ⋂ n ⋃ m(F_{nm} ∩ D).

Let x ∈ (G ∩ D) \ Δ. Since f^′_u(x) exists, given ε = 1/n there is η_ε > 0 such that (5) ‖ ‖ ‖ ‖ f(x + tu) − f(x) t − f(x + su) − f(x) s ‖ ‖ ‖ ‖ ≤ ε

for all 0 < |t| < η_ε and 0 < |s| < η_ε. Let 1/m < η_ε. Then x ∈ F_{nm} ∩ D; hence x ∈ ⋂ n ⋃ m(F_{nm} ∩ D).

Let x ∈ ⋂ n ⋃ m(F_{nm} ∩ D). For each ε > 0 there exists n ∈ N such that ε > 1/n.

Now, since x ∈ ⋃ m F_{nm}, there exists m ∈ N such that (4) and thus (5) hold for each 0 < |t| < 1/m and 0 < |s| < 1/m. Therefore f^′_u(x) exists.

Step 3. (G ∩ D) \ Δ = ⋂ n ⋃ m ⋃ k(E_{nmk} ∩ D).

Let x ∈ (G ∩ D) \ Δ. By Step 2, for every n there exists m ∈ N such that x ∈ F_{(n+1)m} ∩ D. Let k ∈ N be such that (6) 1 km < δ and 1 n + 1 + 2L k < 1 n .

Thus, by (3) and (6), for all 0 < |t| < 1/m, 0 < |s| < 1/m and y, z ∈ G with ‖y − (x + tu)‖ < |t|/k and ‖z − (x + su)‖ < |s|/k, we have ‖ ‖ ‖ f(y) − f(x) t − f(z) − f(x) s ‖ ‖ ‖ ≤ ‖ ‖ ‖ f(x + tu) − f(x) t − f(x + su) − f(x) s ‖ ‖ ‖ + ‖ ‖ ‖ ‖ f(x + tu) − f(y) t ‖ ‖ ‖ ‖ + ‖ ‖ ‖ ‖ f(x + su) − f(z) s ‖ ‖ ‖ ‖ ≤ 1 n + 1 + L k + L k < 1 n . Hence x ∈ E_{nmk} ∩ D and, consequently, x ∈ ⋂ n ⋃ m ⋃ k(E_{nmk} ∩ D).

Now let x ∈ ⋂ n ⋃ m ⋃ k(E_{nmk} ∩ D). Then, for each n there exist m, k ∈ N such that x ∈ E_{(n+1)mk} ∩ D. Then ‖ ‖ ‖ f(y) − f(x) t − f(z) − f(x) s ‖ ‖ ‖ ≤ 1 n + 1

for all 0 < |t| < 1/m, 0 < |s| < 1/m and y, z ∈ G with ‖y − (x + tu)‖ < |t|/k and ‖z − (x + su)‖ < |s|/k. Let ε > 0 be such that 1 n + 1

+ 2Lε < 1 n . Since x ∈ D, there exists p > m such that

dist(x + τu, G) < ε|τ| for each 0 < |τ| < 1 p . Given any 0 < |t|, |s| < min(1/p, δ/ε), we find y ∈ G with ‖y − (x + tu)‖ < ε|t| and z ∈ G with ‖z − (x + su)‖ < ε|s|, and conclude that ‖ ‖ ‖ f(x + tu) − f(x) t − f(x + su) − f(x) s ‖ ‖ ‖ ≤ ‖ ‖ ‖ ‖ f(y) − f(x) t − f(z) − f(x) s ‖ ‖ ‖ ‖ + ‖ ‖ ‖ f(y) − f(x + tu) t ‖ ‖ ‖ + ‖ ‖ ‖ f(z) − f(x + su) s ‖ ‖ ‖ ≤ 1 n + 1 + L |t| ‖y − (x + tu)‖ + L |s| ‖z − (x + su)‖ < 1 n + 1

+ 2Lε < 1 n . Then x ∈ F_{np} ∩ D and, consequently, x ∈ ⋂ n ⋃ m(F_{nm} ∩ D). □

Lemma 3. If f is a real valued function and u ∈ X then the mapping

x ∈ G ∩ D → f^′_u(x)

is Borel.

Proof: Let c ∈ R. We have to prove that {x ∈ G ∩ D : f^′_u(x) ≤ c} is a Borel set. For each n, m, k ∈ N, let E_{nmk} be the set of all points x ∈ G such that

f(y) − f(x) t ≤ c + 1 n for all 0 < |t| < 1/m and y ∈ G with ‖y − (x + tu)‖ < |t|/k.

First of all we prove that E_{nmk} is a closed set for each n, m, k ∈ N. Indeed, let {x_ν } ⊂ E_{nmk} and let x ∈ X with ‖x_ν − x‖ → 0 when ν → ∞. Since G is a closed set, we have x ∈ G. Moreover, by (3), f |_G is continuous, thus f(x_ν ) → f(x) when ν → ∞.

Fix 0 < |t| < 1/m and fix y ∈ G with ‖y−(x+tu)‖ < |t|/k. Since lim_ν ‖x_ν −x‖ = 0 there exists ν ∈ N such that ‖y − (x_ν + tu)‖ < |t|/k for all ν > ν. Thus f(y) − f(x) t = lim_ν f(y) − f(x_ν ) t ≤ c + 1 n ; hence x ∈ E_{nmk}.

To finish the proof it is enough to show that {x ∈ G ∩ D : f^′_u(x) ≤ c} = ⋂ n ⋃ m ⋃ k(E_{nmk} ∩ D).

Let f^′_u(x) ≤ c. Then, for each n there exist m ∈ N such that

f(x + tu) − f(x) t ≤ c + 1 n + 1 for all 0 < |t| < 1/m. Let k ∈ N be such that (7) 1 km < δ and c + 1 n + 1 + L k < c + 1 n . Thus, by (3) and (7), for all 0 < |t| < 1/m and for all y ∈ G with ‖y − (x + tu)‖ < |t|/k, we have

f(y) − f(x) t = f(x + tu) − f(x) t + f(y) − f(x + tu) t ≤ c + 1 n + 1 + L k < c + 1 n . Hence x ∈ E_{nmk} and, consequently, x ∈ ⋂ n ⋃ m ⋃ k E_{nmk}.

Now let x ∈ ⋂ n ⋃ m ⋃ k(E_{nmk} ∩ D). For each n there exist m, k ∈ N such that x ∈ E_{(n+1)mk} ∩ D. Then

f(y) − f(x) t ≤ c + 1 n + 1 for all 0 < |t| < 1/m and y ∈ G with ‖y − (x + tu)‖ < |t|/k. Let ε > 0 be such that 1 n + 1

+ Lε < 1 n . Since x ∈ D, there exists p > m such that

dist(x + τu, G) < ε|τ| for each 0 < |τ| < 1 p . Thus, for each 0 < |t| < min(1/p, ε/δ), we find y ∈ G with ‖y − (x + tu)‖ < ε|t| and conclude that f(x + tu) − f(x) t = f(y) − f(x) t + f(x + tu) − f(y) t ≤ c + 1 n + 1 + L |t| ‖y − (x + tu)‖

< c + 1 n + 1

+ Lε < c + 1 n . Consequently, f^′_u(x) ≤ c. □ Lemma 4. Let u, v ∈ X and let ω^∗ ∈ Y^∗ with ‖ω^∗‖ ≤ 1. Denote g = ⟨f, ω^∗⟩. Then the set

Γ = {x ∈ G ∩ D : g^′_u(x), g^′_v(x), g^′_{u+v} (x) exist and g^′_u(x) + g^′_v(x) ≠ g^′_{u+v}(x)}

belongs to A{u, v}.

Proof: By application of Lemma 3 to g and −g we get easily that g^′_u, g^′_v and g^′_{u+v} are Borel functions (on its sets of existence), hence Γ is a Borel set. By Stepanoff’s theorem, applied to the restriction of g to the plane x + Ru + Rv, we have L^2{(t, s) ∈ R^2 : x+tu+sv ∈ Γ} = 0 for each x ∈ X. Then by [1, Chapter 1, Section 1, Proposition 1] we get Γ ∈ A{u, v}. □ Lemma 5. Let {u_n} be a complete sequence in X, let {v_n} be the sequence of all finite linear combinations with rational coefficients of {u_n} and let {ω^∗_n} ⊂ Y^∗ have ‖ω^∗_n‖ ≤ 1. Denote g_k = ⟨f, ω^∗_k⟩. Then the set

Ω = {x ∈ G ∩ D : f^′_{vn} (x) does not exist for some n or (g_k)^′_{vn} (x) + (g_k)^′_{vm} (x) ≠ (g_k)^′_{vn +vm} (x) for some k, n, m}

belongs to A{u_n}. Moreover, in the case in which the sequence {ω^∗_n} is total with respect to the linear span of all derivatives {f^′_{vn} (x) : x ∈ (G ∩ D) \ Ω}, the mapping T_x: v → f^′_v(x) from {v_n} into Y is additive for each x ∈ (G ∩ D) \ Ω, and satisfies the following conditions:

(i) f^′_{λvn} (x) = λf^′_{vn} (x) ∀ λ ∈ Q, ∀ n ∈ N, ∀ x ∈ (G ∩ D) \ Ω, (ii) ‖f^′_{vn} (x)‖ ≤ L‖v_n‖ ∀ n ∈ N, ∀ x ∈ (G ∩ D) \ Ω.

Proof: For each n ∈ N, set

Δ_n = {x ∈ G ∩ D : f^′_{vn} (x) does not exist}

and for each n, m, k ∈ N, set

Γ_{n,m,k} = {x ∈ G ∩ D : (g_k)^′_{vn} (x), (g_k)^′_{vm} (x), (g_k)^′_{vn+vm} (x) exist and (g_k)^′_{vn} (x) + (g_k)^′_{vm} (x) ≠ (g_k)^′_{vn+vm} (x)}.

We have by Lemma 2 Δ_n ∈ A(v_n) and Γ_{n,m,k} ∈ A{v_n, v_m} by Lemma 4. Thus, since Ω = ( ⋃ n Δ_n ) ∪ ⋃ n,m,k

Γ_{n,m,k} ,

we get Ω ∈ A{v_n}. Hence, by [1, Chapter 1, Section 1, Remark 1] we have Ω ∈ A{u_n}.

Now let x ∈ (G ∩ D) \ Ω. Then

⟨f^′_{vn+vm} (x), ω^∗_k⟩ = ⟨ lim_{λ→0} λ^{−1}(f(x + λ(v_n + v_m)) − f(x)), ω^∗_k ⟩

= lim_{λ→0} λ^{−1}(⟨f(x + λ(v_n + v_m)), ω^∗_k⟩ − ⟨f(x), ω^∗_k⟩) = (g_k)^′_{vn+vm} (x) = (g_k)^′_{vn} (x) + (g_k)^′_{vm} (x) = lim_{t→0} t^{−1}(⟨f(x + t v_n), ω^∗_k⟩ − ⟨f(x), ω^∗_k⟩)

+ lim_{t→0} t^{−1}(⟨f(x + t v_m), ω^∗_k⟩ − ⟨f(x), ω^∗_k⟩) = ⟨f^′_{vn} (x), ω^∗_k⟩ + ⟨f^′_{vm} (x), ω^∗_k⟩ = ⟨f^′_{vn} (x) + f^′_{vm} (x), ω^∗_k⟩.

Thus, if {ω^∗_k} is total with respect to the linear span of all derivatives {f^′_{vn} (x) : x ∈ (G ∩ D) \ Ω}, we have:

f^′_{vn+vm} (x) = f^′_{vn} (x) + f^′_{vm} (x).

Condition (i) can be proved in a similar way. Condition (ii) follows directly by (3):

‖f^′_{vn} (x)‖ = lim_{t→0} ‖ ‖ ‖ f(x + t v_n) − f(x) t ‖ ‖ ‖ ≤ L‖v^n‖. □

Lemma 6. Let {v_n} be a sequence in X and let Γ be a subset of G ∩ D such that f^′_{vn} (x) exists for each n ∈ N and for each x ∈ Γ. Denote by V the linear span of all derivatives {f^′_{vn} (x) : x ∈ Γ}. Then there exists a sequence {ω^∗_n} ⊂ Y^∗ which is total with respect to the linear space V .

Proof: Let {x_n} be dense in Γ and let {w_n} be the sequence of all finite linear combinations with rational coefficients of the set { k ( f ( x_m + v_h k ) − f(x_m) ) : k, m, h ∈ N } . The sequence {w_n} is dense in V . In fact, it is enough to prove that for any x ∈ Γ, n ∈ N and ε > 0 there exist k, m ∈ N such that ‖ ‖f_{′vn} (x) − k (f (x_m + vn k ) − f(x_m) )‖ ‖ < ε.

By the existence of the directional derivative f^′_{vn} (x) and by the Gateaux differentiability of the distance function dist(x, G) at the point x, there exists k > ε/4Lδ such that (8) ‖ ‖ ‖f^′_{vn} (x) − k ( f ( x + v_n k ) − f(x) )‖ ‖ < ε 2 and dist ( x + v_n k , G ) < ε 8kL . Then there exists y ∈ G such that ‖ ‖ ‖x + v_n k − y ‖ ‖ ‖ < ε 8kL < δ 2 . Moreover, since {x_n} is dense in Γ, there exists m ∈ N such that

‖x − x_m‖ < ε 8kL < δ 2 . Hence ‖ ‖x_m + vn k − y ‖ ‖ ≤ ‖x − x_m‖ + ‖ ‖x + vn k − y ‖ ‖ < δ 2 + δ 2 = δ and

(9)

‖(f(x+ v_n k ) − f(x)) − (f(x_m + v_n k ) − f(x_m))‖

≤ ‖f(x) − f(x_m)‖ + ‖f(x + v_n k ) − f(y)‖ + ‖f(x_m + v_n k ) − f(y)‖

≤ L(‖x − x_m‖ + ‖x + v_n k − y‖ + ‖x_m + v_n k − y‖)

≤ 2L(‖x − x_m‖ + ‖x + v_n k − y‖) ≤ ε 2k .

Thus, by (8) and (9), we get

‖f^′_{vn} (x) − k(f(x_m + v_n k ) − f(x_m))‖

≤ ‖f^′_{vn} (x) − k(f(x + v_n k ) − f(x))‖

+ k‖(f(x + v_n k ) − f(x)) − (f(x_m + v_n k ) − f(x_m))‖ < ε 2 + k ε 2k = ε.

Therefore {w_n} is dense in V . Now, by Hahn-Banach theorem, there exists {ω^∗_n} ⊂ Y^∗ with ‖ω^∗_n‖ = 1 and ⟨w_n, ω^∗_n⟩ = ‖w_n‖. The sequence {ω^∗_n} is the required sequence. In fact, let w ∈ V with ⟨w, ω^∗_n⟩ = 0, for each n. Since {w_n} is dense in V , there exists {w_{nk} } ⊂ {w_n} such that ‖w_{nk} − w‖ → 0. Then

‖w‖ = lim_{k→∞} ‖w_{nk} ‖ = lim_{k→∞}⟨w_{nk} , ω^∗_{nk} ⟩

= lim_{k→∞}⟨w_{nk} − w, ω^∗_{nk} ⟩

≤ lim_{k→∞} ‖w_{nk} − w‖ = 0.

Thus w = 0. □ Lemma 7. The set of all points x ∈ G ∩ D at which f is not Gateaux differentiable belongs to A.

Proof: Take {u_n} and {v_n} as in Lemma 5. Denote by Γ the set of all points x ∈ G ∩ D such that f^′_{vn} (x) exists for each n ∈ N. By Lemma 6 there exists a sequence {ω^∗_n} ⊂ Y^∗ which is total with respect to the linear span of all derivatives {f^′_{vn} (x) : x ∈ Γ}. Define Ω as in Lemma 5. Then Ω ∈ A{u_n} and the mapping T_x: v → f^′_v(x) from {v_n} into Y is additive and satisfies conditions (i) and (ii) for each x ∈ (G ∩ D) \ Ω.

We will prove that f is Gateaux differentiable on (G ∩ D) \ Ω. In fact, let x ∈ (G ∩ D) \ Ω. By condition (ii) and by the density of {v_n} in X, it follows that there exists a unique continuous mapping T̃_x from X into Y such that T̃_x(v_n) = T_x(v_n) for each n ∈ N. Condition (i) and the additivity of T_x on {v_n} imply that T̃_x is linear, so that we have only to prove that

(10) f^′_u(x) = T̃_x(u)

for each u ∈ X \ {v_n}.

Given ε > 0, by the density of {v_n} in X and by the continuity of T̃_x, there exists v_m such that

(11) ‖u − v_m‖ < ε 9L and ‖T̃_x(u − v_m)‖ < ε 3 .

Moreover, by the existence of f^′_{vm} (x) and by the differentiability of the distance function dist(x, G) at the point x, there exists τ_ε such that

(12) ‖ ‖ ‖ f(x + t v_m) − f(x) t − f^′_{vm} (x) ‖ ‖ ‖ < ε 3 and dist(x + t u, G) < ε 9L |t| for each 0 < |t| < τ_ε.

Let 0 < |t| < min(τ_ε, 9δL/2ε) and let y ∈ G be such that

‖x + t u − y‖ < ε 9L |t|.

Then, ‖x + tv_m − y‖ ≤ 2 ε 9L |t|.

Thus we have

(13)

‖ ‖ ‖ f(x + t u) − f(x + t v_m) t ‖ ‖ ‖ ≤ ‖ ‖ ‖ f(x + t u) − f(y) t ‖ ‖ ‖ + ‖ ‖ ‖ f(x + t v^m) − f(y) t ‖ ‖ ‖ ≤ ε 9 + 2ε 9 = ε 3 . Now, since f^′_{vm} (x) = T̃_x(v_m), by (11), (12) and (13) it follows that ‖ ‖ ‖ f(x + t u) − f(x) t − T̃_x(u) ‖ ‖ ‖ ≤ ‖ ‖ ‖ f(x + t v_m) − f(x) t − f^′_{vm} (x) ‖ ‖ ‖ + ‖ ‖ ‖ ‖ f(x + t u) − f(x + t v_m) t ‖ ‖ ‖ ‖ + ‖

T̃_x(u − v_m)‖ ≤ ε 3 + ε 3 + ε 3 = ε,

for each 0 < |t| < τ_ε. This proves that f^′_u(x) exists and (10) holds true. Thus f is Gateaux differentiable at x.

To end the proof, let Ψ be the set of all points x ∈ G ∩ D at which f is not Gateaux differentiable. We have just shown that

(G ∩ D) \ Ω ⊂ (G ∩ D) \ Ψ.

Since the opposite inclusion is obvious, we infer that Ψ = Ω, and, hence, Ψ ∈ A{u_n}. As {u_n} is an arbitrary complete sequence, we conclude that Ψ ∈ A. □

4. The main theorem

The following theorem is an extension of Stepanoff’s theorem to separable Banach spaces.

Theorem 1. Let X be a separable real Banach space and let Y be a real Banach space with the Radon-Nikodym property. Given f: X → Y , let G be the set of all points x ∈ X at which f is Lipschitz. Then there exists a set E ∈ A such that f is Gateaux differentiable at every point of G \ E.

Proof: For each natural n, let G_n be the set of all x ∈ G_n such that

‖f(x + h) − f(x)‖ ≤ n ‖h‖ whenever ‖h‖ < 1 n . G_n is a closed set by Lemma 1 and ∪G_n = G. Since the distance function dist(x, G_n) is Lipschitz on X, by Aronszajn’s theorem ([1, Theorem 1]; see also [6, Theorem 6]), there exists a Borel set D_n such that X \D_n ∈ A and dist(x, G_n) is Gateaux differentiable on D_n. Then, in particular, G_n \ D_n ∈ A. Denote by Ω_n the set of all points x ∈ G_n ∩ D_n at which f is not Gateaux differentiable. By Lemma 7 we have Ω_n ∈ A.

Define E = ( ⋃ n Ω_n) ∪ ( ⋃ n(G_n \ D_n)). Then E ∈ A. Now let x ∈ G \ E. There exists n ∈ N such that x ∈ G_n \ E. The condition x /∈ E implies x /∈ G_n \ D_n (from which we get x ∈ D_n) and x /∈ Ω_n. Therefore x ∈ (G_n ∩ D_n) \ Ω_n, hence f is Gateaux differentiable at x. □

References

[1] Aronszajn N., Differentiability of Lipschitzian mappings between Banach spaces, Studia Math. 57 (1976), 147–190.

[2] Christensen J.P.R., Measure theoretic zero sets in infinite dimensional spaces and applications to differentiability of Lipschitz mappings, 2-ieme Coll. Anal. Fonct. (1973, Bordeaux), Publ. du Dept. Math. Lyon 10-2 (1973), 29–39.

[3] Diestel J., Uhl J.J., Jr., Vector Measures, AMS, Math. Surveys, 15, Providence, 1977. [4] Federer H., Geometric Measure Theory, Springer-Verlag, Berlin, 1969. [5] Mankiewicz P., On the differentiability of Lipschitz mappings in Fréchet spaces, Studia Math. 45 (1973), 15–29.

[6] Phelps R., Gaussian null sets and differentiability of Lipschitz map on Banach spaces, Pacific J. Math. 77 (1978), 523–531.

[7] Rademacher H., Über partielle und totale Differenzierbarkeit I, Math. Ann. 79 (1919), 254–269.

[8] Stepanoff W., Über totale Differenzierbarkeit, Math. Ann. 90 (1923), 318–320. [9] Stepanoff W., Sur les conditions de l’existence de la differentielle totale, Rec. Math. Soc.

Math. Moscou 32 (1925), 511–526.

Department of Mathematics, University of Palermo, Via Archirafi 34, 90123 Palermo, Italy

(Received February 24, 1997, revised January 10, 1998)