Comment.Math.Univ.Carolin. 39,2 (1998)227–235 227

Paley-Wiener theorems for the Schrodinger operator on R

M.N. Lazhari

Abstract. In this paper we define and study generalized Fourier transforms associated with some class of Schrodinger operators on R. Next, we establish Paley-Wiener type theorems which characterize some functional spaces by their generalized Fourier transforms.

Keywords: Schrodinger operator, generalized eigenfunctions, generalized Fourier transforms, Paley-Wiener theorems Classification: 47E05, 34B25

1. Introduction We consider the symmetric differential operator (L, D_0) defined by

D_0 = D(R) and Lu(x) = − d^2u dx^2

(x) + q(x)u(x), u ∈ D(R),

where D(R) is the space of C^∞-functions on R with compact support and q is a measurable function satisfying ∫_{+∞} −∞ (1 + |x|)|q(x)| dx < +∞.

The operator (L, D_0) has a unique self-adjoint extension (L, D_L), where (see [3])

D_L = {f ∈ L^2(R) : f, f^′ are absolutely continuous and L(f) ∈ L^2(R)}.

On the other hand, for μ ∈ C_+ = {λ ∈ C : (Im(λ) > 0) or (Im(λ) = 0 and Re(λ) ≥ 0)}, the differential equation Lu = μ^2u possesses two linear independent solutions E_±(., μ) satisfying lim x→±∞

e^{∓iμx}E_±(x, μ) = 1,

which are called generalized eigenfunctions.

We associate with the spectral decomposition of the self-adjoint operator (L, D_L) two generalized Fourier transforms defined by

F_±(f)(μ) = 1 √ 2π ∫ R f(x) E_±(x, ∓μ) dx, μ ∈ R, f ∈ D(R).

In this paper we establish Paley-Wiener type theorems for the operator (L, D_L) which characterize some functional spaces by their generalized Fourier transforms. The main difficulty to prove these theorems is the study of the generalized eigenfunctions (existence, analicity, asymptotic behavior, . . . ).

This paper is organized as follows.

In the first section, we study the generalized eigenfunctions and we prove that there exist two kernels K_± such that for all μ ∈ C_+, we have

E_+(x, μ) = e^{iμx} +

∫_{+∞} x K_+(x, s) e^{iμs} ds and E_−(x, μ) = e^{−iμx} +

∫_x −∞ K_−(x, s) e^{−iμs} ds.

We establish, in the second section, that the generalized Fourier transforms F_± are related to the ordinary Fourier transforms F_0 on R by

F_±(f) = F_0 ∘ (I +^tK_±)(f),

where F_0(f)(μ) = 1 √ 2π ∫ R f(x) e^{−iμx} dx, μ ∈ R, f ∈ D(R)

and^tK_± are the operators defined respectively by

tK_+(f)(x) =

∫_x −∞ K_+(u, x)f(u) du and^tK_−(f)(x) =

∫_∞ x K_−(u, x)f(u) du,

and we study the properties of the operators^tK_±.

In the third section we study the analyticity of the generalized eigenfunctions and the Fourier-Plancherel transforms associated with the operator (L, D_L).

The proof of the Paley-Wiener type theorem is given in the last section.

2. Generalized eigenfunctions and generalized Fourier transforms associated with the operator (L, D_L) We consider the symmetric differential operator L defined on R by

Lu(x) = − d^2u dx^2

(x) + q(x)u(x), u ∈ D(R),

where D(R) is the space of C^∞-functions on R, with compact support and q is a measurable function satisfying ∫_{+∞} −∞ (1 + |x|)|q(x)| dx < +∞.

For all μ ∈ C_+ = {λ ∈ C : (Im(λ) > 0) or (Im(λ) = 0 and Re(λ) ≥ 0)}, the differential equation (2.1) Lu = μ^2u possesses two linear independent solutions E_±(., μ) satisfying (see [1], [3] and [4]) (2.2) lim_{x→±∞} e^{∓iμx}E_±(x, μ) = 1, which we call generalized eigenfunctions associated with the differential operator L.

Proposition 2.1. For all μ ∈ C_+ and t ∈ R, we have (2.3) E_+(t, μ) = e^{iμt} +

∫_{+∞} t sin μ(s − t) μ q(s)E_+(s, μ) ds and (2.4) E_−(t, μ) = e^{−iμt} +

∫_t −∞ sin μ(s − t) μ q(s)E_−(s, μ) ds.

In particular, there exist constants C_±, independent of μ, such that (2.5) |E_±(t, μ)| ≤ C_± e^{∓Im(μ)t}.

Proof: Let μ be in C_+. By using the method of the variations of constants and relations (2.1) and (2.2), we deduce relations (2.3) and (2.4). On the other hand, we can see that there exists a constant c_1 independent of μ such that |E_+(t, μ)| ≤ e^{−Im(μ)t} [ 1 + c_1

∫_{+∞} t (1 + |s|)|q(s)| e^{+Im(μ)s}E_+(s, μ) ds ] . We put f(t) = e^{Im(μ)t}E_+(t, μ) and g(t) = c_1(1 + |t|)|q(t)|, then we have f(t) ≤ 1 +

∫_{+∞} t f(s)g(s) ds.

Using the Gromwell lemma (see [6]), we obtain relation (2.5) for the function E_+(., μ) with C_+ = exp ( ∫ +∞ −∞ g(s) ds ) . In the same way, we prove relation (2.5) for the function E_−(., μ). □

Theorem 2.2. There exist kernels K_±(t, s) with support respectively in {(t, s) ∈ R^2 : t ≤ s} and {(t, s) ∈ R^2 : t ≥ s} such that

(2.6) E_+(t, μ) = e^{iμt} +

∫_{+∞} t K_+(t, s)e^{iμs} ds and (2.7) E_−(t, μ) = e^{−iμt} + ∫ −∞ tK_−(t, s)e^{−iμs} ds.

Furthermore these kernels are respectively the unique solution of the following integral equations:

(2.8) K_+(t, s) = 1 2 ∫_{+∞} t+s 2 q(u) du −

∫_{+∞} t+s 2 [ ∫^{s−t}_2 0 q(x − y)K_+(x − y, x + y) dy ] dx and (2.9) K_−(t, s) = 1 2 ∫ t+s_2 −∞ q(u) du −

∫ t+s_2 −∞ [ ∫ 0 s−t 2 q(x − y)K_−(x − y, x + y) dy ] dx.

Proof: The proof is a consequence of relations (2.1), (2.2), (2.3) and (2.4), the assumptions on q, the method of the successive approximations, the Fubini theorem and the injectivity of the ordinary Fourier transform on R. (See [1] and [3] for more details.)

We put σ_+(t) =

∫_{+∞} t |q(u)| du, σ_−(t) =

∫_t −∞ |q(u)| du and ϵ_+(t) =

∫_{+∞} t (1 + |u|)|q(u)| du, ϵ_−(t) =

∫_t −∞ (1 + |u|)|q(u)| du. □ Corollary 2.3. For all t and s in R, we have

|K_±(t, s)| ≤ 1 2 σ_±

(t + s 2 ) exp(ϵ_±(t)).

Corollary 2.4. If q is a C^n-function, n in N, (respectively C^∞-function) on R, then the kernels K_± are C^{n+1}-functions (respectively C^∞-functions) on R^2.

Corollary 2.5. Let a be in R. We have

(1) if the support of q is in ] − ∞, a], then^{t+s}_2 ≥ a ⇒ K_+(t, s) = 0, (2) if the support of q is in [a, +∞[ , then^{t+s}_2 ≤ a ⇒ K_−(t, s) = 0.

Corollary 2.6. (1) If the support of q is in ] − ∞, a], a ∈ R, (respectively in [a, +∞[), then for all t in R, the solution μ → E_+(t, μ) (respectively μ → E_−(t, μ)) is analytic on C.

(2) if the support of q is compact, then for all t in R, the solutions μ → E_±(t, μ) are analytic on C.

Definition 2.7. The generalized Fourier transforms F_± associated with the operator (L, D_L) are defined on D(R) by

(2.10) F_±(f)(μ) = 1 √ 2π ∫ R f(x) E_±(x, ∓μ) dx, μ ∈ R.

The generalized Fourier transforms F_± are injective (see [4] and [2]) and are related to the ordinary Fourier transform F_0 on R by the relation (2.11) F_±(f) = F_0 ∘ (I +^tK_±)(f), f ∈ D(R), where F_0(f)(μ) = 1 √ 2π ∫ R f(x) e^{−iμx} dx, μ ∈ R, f ∈ D(R)

and^tK_± are the operators defined respectively by

(2.12)^tK_+(f)(x) =

∫_x −∞ K_+(u, x)f(u) du, f ∈ D(R) and (2.13)^tK_−(f)(x) =

∫_∞ x K_−(u, x)f(u) du, f ∈ D(R).

3. The study of the operators^tK_± In the following we state theorems which characterize some functional spaces on which the operators I +^tK_± are bijective.

Let a be in R, n in N and R > 0. We denote by – C^n_{R,a} the space of C^n-functions on R, with support in [−R + a, R + a], – D_{R,a}(R) the space of C^∞-functions on R, with support in [−R + a, R + a]. Theorem 3.1. We suppose that the support of the function q is in ] − ∞, a]. Then the operator I +^tK_+ is bijective

(i) from C^1_{R,a} onto itself, (ii) from C^{n+1}_{R,a} onto itself if q is C^n on R, (iii) from D_{R,a}(R) onto itself if q is C^∞ on R.

The proof of the previous theorem is a consequence of the following propositions.

Proposition 3.2. We suppose that the support of the function q is in ] − ∞, a]. Then we have

(i) (I +^tK_+)(C^1_{R,a}) ⊂ C^1_{R,a};

(ii) if q is C^n on R, then (I +^tK_+)(C^{n+1}_{R,a} ) ⊂ C^{n+1}_{R,a} ; (iii) if q is C^∞ on R, then (I +^tK_+)(D_{R,a}(R)) ⊂ D_{R,a}(R).

Proof: The proof is a consequence of Corollary 2.4 and the fact that (^tK_+)(f)(t) = 0, for all t /∈ [−R + a, R + a], and for all f in C^n_{R,a}, n ∈ N. □ Notation. We put

N^R_+ (s, u) = { K_+(u, s) if − R + a ≤ u ≤ s ≤ +∞, 0 elsewhere.

We consider the following integral equations:

(3.1) h(s) = f(s) +

∫_s −∞ K_+(u, s)f(u) du, and (3.2) h(s) = f(s) +

∫_s −∞ N^R_+ (u, s)f(u) du,

where h is a given function and f is an unknown function. Proposition 3.3. We suppose that the function h is in C^1_{R,a}. Then (i) the support of every solution f of (3.2) is in [−R + a, R + a]; (ii) let f be a function with support in [−R + a, R + a], then f is a solution of (3.1) if and only if f is a solution of (3.2).

Proof: Let h be a function in C^1_{R,a}. (i) It is clear that ∀ u ∈ R, ∀ s, s > R + a ⇒ N^R_+ (u, s) = 0, hence ∀ u ∈ R, ∀ s, s /∈ [−R + a, R + a] ⇒ N^R_+ (u, s) = 0.

Then we deduce that the support of every solution f of the equation (3.2) is in [−R + a, R + a].

(ii) Let f be a function with support in [−R + a, R + a]. We obtain ∀ s, s ≤ −R + a ⇒^tK_+(f)(s) = 0, so that ∀ s ∈ R,^tK_+(f)(s) =

∫_s −∞ N^R_+ (u, s)f(u) du. □

Proposition 3.4. Let h be a function in C^1_{R,a}. Then the integral equation (3.2) possesses a unique solution f in C^1_{R,a}.

Proof: The equation (3.2) is a Volterra integral equation, we resolve it by using the method of successive approximations. We put

N_0(s, u) = N^R_+ (s, u), and for all n ≥ 1, N_n(s, u) =

∫_s u N_{n−1}(s, v)N^R_+ (v, u) dv.

We put

h_n(s) = (−1)^{n+1}

∫_s

−R+a

N_n(s, u)h(u) du,

m = sup_{s∈R} |h(s)|,

D = [−R + a, R + a] × [−R + a, R + a], M = sup { |N^R_+ (s, u)|; (s, u) ∈ D } . Hence, for all (s, u) ∈ D, we have |N_0(s, u)| ≤ M, and for all n ≥ 1,

|N_n(s, u)| ≤ M^{n+1}

(s − u)^n n! ≤ M^{n+1}

[2(R + a)]^n n! . Since the support of the kernel N_n, n ≥ 1, is in D we deduce that the series of general term N_n(s, u) is absolutely and uniformly convergent on R^2; and its sum denoted by H^R_+ is with support in D and satisfies |H^R_+ (s, u)| ≤ M exp[2(R + a)M].

In the same way we prove that the series of general term h_n(s) is absolutely and uniformly convergent on R; and its sum denoted by

∑_∞ n=0 h_n(s) has support in [−R + a, R + a] and satisfies | |^∞∑ n=0 h_n(s) | | ≤ m exp[2(R + a)M].

We put

f(s) = h(s) + ∞∑ n=0 h_n(s)

= h(s) +

∫_s

−R+a

H^R_+ (s, u)h(u) du,

so that f is supported in [−R + a, R + a] and it is a solution of equation (3.2).

The uniqueness of the solution is a consequence of relation (2.10) and the fact that F_+ is injective.

The derivability of the solution is a consequence of the derivability of the kernel K and relation (3.2). □ The proof of the following theorem is analogous to that one given for Theorem 3.1.

Theorem 3.5. We suppose that the support of the function q is in [a, +∞[ . Then the operator I +^tK_− is bijective

(i) from C^1_{R,a} onto itself, (ii) from C^{n+1}_{R,a} onto itself if q is C^n on R, (iii) from D_{R,a}(R) onto itself if q is C^∞ on R.

4. Paley-Wiener type theorems For all n in N and R > 0, we denote by – H^{n+1}_R the space of analytic functions ψ on C such that

(4.1)

∀ m ∈ {0, 1, . . . , n + 1}, ∃ c_m > 0 such that ∀ μ ∈ C, |ψ(μ)| ≤ c_m(1 + |μ|)^{−m}e^{|Im(μ)|R};

– H_R the space of functions in H^{n+1}_R , for all n in N. Theorem 4.1. Let q be a C^∞-function and b in R.

(i) If the support of q is in ] − ∞, b], then the transform F_+ is bijective from D_{R,b} onto e^{−iμb}H_R.

(ii) If the support of q is in [b, +∞[ , then the transform F_− is bijective from D_{R,b} onto e^{+iμb}H_R.

(iii) If the support of q is in [−|b|, |b|], then the transform F_± is bijective from D_{R,b} onto e^{∓iμ|b|}H_R.

The proof of the previous theorem is a consequence of the following proposition. Proposition 4.2. Let n be in N, q a C^n-function and b in R. (i) If the support of q is in ] − ∞, b], then (4.2) F_+(D_{R,b}) ⊂ e^{−iμb}H^{n+1}_R and (4.3) F^{−1}_+ (e^{−iμb}H^{n+1}_R ) ⊂ C^{n+1}_{R,b} .

(ii) If the support of q is in [b, +∞[ , then F_−(D_{R,b}) ⊂ e^{iμb}H^{n+1}_R and F^{−1}_− (e^{iμb}H^{n+1}_R ) ⊂ C^{n+1}_{R,b} .

(iii) If the support of q is in [−|b|, |b|], then

F_±(D_{R,±|b|}) ⊂ e^{∓iμ|b|}H^{n+1}_R and F^{−1}_± (e^{∓iμ|b|}H^{n+1}_R ) ⊂ C^{n+1}_{R,±|b|} .

Proof: (i) We begin to prove that F_+(D_{R,b}) ⊂ e^{−iμb}H^{n+1}_R . From (2.10) and Theorem 3.1 we see that it is sufficient to prove that F_0(C^{n+1}_{R,b} ) ⊂ e^{−iμb}H^{n+1}_R . Let f be in C^{n+1}_{R,b} , then the function

μ → F_0(f)(μ) = 1 √ 2π ∫_{R+b}

−R+b

e^{−iμt}f(t) dt

is analytic on C. On the other hand, we have

F_0(f)(μ) = e^{−iμb} { 1 √ 2π ∫_R −R e^{−iμt}f_b(t) dt } = e^{−iμb}F_0(f_b)(μ),

where f_b(t) = f(t + b). It is clear that the function F_0(f_b) is analytic on C. Furthermore, by integrating by parts, we deduce that the function F_0(f_b) satisfies relation (4.1).

The proof of the relation (4.3) is a consequence of Theorem 3.1 and the fact that F^{−1}_0 (e^{−iμb}H_R) = D_{R,b} ⊂ C^{n+1}_{R,b} .

In the same way we obtain the proof of (ii). The proof of (iii) is a consequence of (i) and (ii). □

Acknowledgment. I am grateful to Professor H. Chebli and J. Faraut for suggesting the problem and for many valuable discussions.

References

[1] Agranovich Z.S., Marchenko V.A., Inverse problem of scattering theory (in Russian), K.G.U.

Karkov, 1960.

[2] Colin de Verdiere Y., La matrice de scattering pour l’operateur de Schrodinger sur la droite réelle, Séminaire N. Bourbaki, 32e anné, Exposé no. 557, Juin 1980, p. 557-01 à 557-11.

[3] Faddeev L.D., Inverse problem of quantum scattering theory, J. Soviet Math. 5 (1976), 335–395.

[4] Faraut J., Décomposition spectrale de l’opérateur de Schrodinger et matrice de diffusion, Séminaire d’analyse harmonique de Tunis, Exposé no. 20, Juin 1979.

[5] Pogorzelski W., Integral Equation and their Application, first edition, vol. 1, pp. 8–13, Pergamon Press, 1966.

[6] Titchmarch E.C., Eigenfunction Expansion Associated with the Second Order Differential Equations, Oxford-Clarendon Press, 1948.

Département de Mathématiques, Faculté des Sciences de Tunis, Campus Universitaire, 1060 Tunis, Tunisie

(Received October 23, 1995, revised August 20, 1997)