Comment.Math.Univ.Carolin. 39,3 (1998)491–501 491

On closure of the pre-images of families of mappings

Oleg Zaytsev

Abstract. The closures of the pre-images associated with families of mappings in different topologies of normed spaces are considered. The question of finding a description of these closures by means of families of the same kind as original ones is studied. It is shown that for the case of the weak topology this question may be reduced to finding an appropriate closure of a given family. There are discussed various situations when the description may be obtained for the case of the strong topology. An example of a family is constructed which shows that it is, in general, impossible to find such a description for this case.

Keywords: closure, pre-image, mappings Classification: 49J45, 49J20

1. Introduction

Let A = { A_χ } χ∈Λ be a family of continuous mappings A_χ : X → Y where X, Y are normed spaces. For f ∈ Y we set Z (A, f) = { u ∈ X | A_χu = f, A_χ ∈ A } . We are interested in the question: Does there exist a family B = {A_θ}_{θ∈Γ} of continuous mappings A_θ : X → Y such that for every f ∈ Y the set Z (B, f) coincides with the closure of Z (A, f) in the strong (weak) topology of X?

For u ∈ X let us denote by F (A, u) the set { A_χu | A_χ ∈ A } . For the case of the strong topology, assuming that each A_χ maps X onto Y and there exist constants ν_1, ν_2 > 0 such that ν_1 ‖u − v‖_X ≤ ‖ ‖A_χu − A_χv ‖ ‖_Y ≤ ν_2 ‖u − v‖_X for all u, v ∈ X, for all χ ∈ Λ,

the above stated question becomes to: Is it possible to find such a family B ⊂ C (X, Y ) that for every u ∈ X the set F (B, u) is equal to the closure of F (A, u) in the strong topology of Y ?

The prototype of this question is the problem of extension of optimal control problems with cost functionals which do not depend on controls. Indeed, an extension of the problem (1) J (u) → min Au = f, u ∈ X, A ∈ A is often searched in the form J (u) → min Bu = f, u ∈ X, B ∈ B, where B is a larger set of operators (we refer to [7] for a general definition of extension of an abstract variational problem). The necessity to be in agreement with the continuity properties of the cost functional J causes special demands on the properties of B. If J is weakly continuous, then one must seek the closure of Z (A, f) in the weak topology of X and the extension of (1) is simply the passage from the set A to the G-closure of the set A. If J is not weakly continuous, then in the process of extension it is necessary to preserve the strong closure of the set of feasible states Z (A, f) in the above mentioned sense.

There are many results on extensions of optimal control problems. See, for instance, [7] and [16] for the case of ordinary differential equations and [10], [11], [12], [14], [15] for the case of elliptic equations. We also refer to [1], [2], [5], [13] and references therein for related questions.

It is clear that most of these successful extensions have, as a basis, some abstract properties of the involved families of mappings (defined by state equations and sets of admissible controls). The purpose of the present paper is to discuss and systematize these properties for various situations.

Since the source of the problem studied in this paper lies in the field of optimal control problems for ODEs and PDEs, we will deal mainly with families of mappings between Banach spaces (Sections 4, 5) and we will illustrate our results by examples of families which are encountered in this field. A part of our results depends only on some general properties of families of mappings and we formulate them in the setting of topological spaces (Section 3).

2. Basic notations

The letters X, Y will denote topological spaces. The symbol cl means the closure operation in X. By C (X, Y) we denote the set of all continuous mappings of X into Y. The regularity of a topological space X is meant in the sense of [4]. Let A ⊂ C (X, Y). For x̃ ∈ X, ỹ ∈ Y we define F (A, x̃) = {Ax̃ | A ∈ A} and Z (A, ỹ) = {x ∈ X | Ax = ỹ, A ∈ A}.

The letters X, Y will always denote real normed spaces. The symbol “→” (“⇀” and “^∗⇀”) means to be “strongly convergent to” (“weakly convergent to” and “weakly ∗ convergent to”, respectively). For M ⊂ X, cl_s M (cl_w M) stands for the strong (weak) closure of M in X. Denote by B (X, Y ) (C(X, Y )) the set of all continuous linear (continuous) mappings of X with values in Y .

For a multivalued mapping F : X ⇝ Y its inverse F^{−1} : Y ⇝ X is defined in the following way: x ∈ F^{−1} (y) if and only if y ∈ F (x). The symbol cl_s F (cl_w F) denotes the multivalued mapping defined by (cl_s F) (x) = cl_s F (x) ((cl_w F) (x) = cl_w F (x)) for x ∈ X.

Let A be a subset of C (X, Y ). The symbol cl_u A means the closure of A in the metric topology of C (X, Y ). The symbol cl_s A (cl_w A) denotes the sequential closure of A in the topology of point-wise convergence in C (X, Y ) when Y is endowed with strong (weak) topology.

Let R^n denote the n-dimensional Euclidean space and Ω a bounded open subset of R^n. C^∞_0 (Ω) is the set of all functions with compact support in Ω having all derivatives of arbitrary order continuous in Ω. L^p (Ω) , 1 ≤ p ≤ ∞ are the usual Lebesgue spaces of measurable functions f on Ω. H^1 (Ω) is the Sobolev space of functions f ∈ L^2 (Ω) such that ∂f/∂x_i ∈ L^2 (Ω), 1 ≤ i ≤ n, with the usual norm. H^1_0 (Ω) is the closure of C^∞_0 (Ω) in H^1 (Ω). H^{−1} (Ω) is the dual space of H^1_0 (Ω). For f ∈ L^1 (Ω), supp f denotes the support of f.

3. The abstract case

Let K ⊂ C (X, Y) be a fixed set and let A ⊂ K. A family B ⊂ C (X, Y) is said to be a K-extension of A if (2) cl Z (A, y) = Z (B, y) for all y ∈ Y, A ⊂ B ⊂ K.

The role of the set K is to select from all continuous mappings those which are of interest. The mappings from K usually describe a concrete physical process and according to the physical laws processes of this type are described by equations of specific kind. So, from the practical point of view the possible extensions must be subsets of K.

In this section, we present an abstract result concerning existence of K-exten-sions of families of mappings. This result becomes possible due to the relative compactness of the families in the topology of point-wise convergence in C (X, Y).

Let us recall a useful definition. A family A is said to be uniformly continuous if for every x ∈ X, and every y ∈ Y, for any neighborhood V of y, there exist neighborhoods U and W of x and y, respectively, such that whenever A ∈ A and Ax ∈ W then AU ⊂ V (cf. [4]).

Proposition 3.1. Let Y be a regular topological space. Let A be a uniformly continuous family. Let B be a closure of A in the topology of point-wise convergence in C (X, Y).

(i) If A is such that for every x ∈ X the closure of the set F (A, x) is compact in Y, then

cl Z (A, y) ⊂ Z (B, y) for all y ∈ Y.

(ii) If A is such that for any generalized sequence { y_γ } γ∈Θ ⊂ Y, for every x ∈ X such that y_γ = A_γ x, A_γ ∈ A for all γ ∈ Θ and y_γ → y in Y, there is a generalized sequence { x_β } β∈Ξ ⊂ X for which y = A_β x_β, A_β ∈ A for all β ∈ Ξ and x_β → x in X, then

Z (B, y) ⊂ cl Z (A, y) for all y ∈ Y.

Proof: Let x ∈ cl Z (A, y). Then there are generalized sequences { A_γ } γ∈Θ ⊂ A and { x_γ } γ∈Θ such that x_γ → x in X and y = A_γ x_γ for all γ ∈ Θ. Put G (x) = cl F (A, x) for any x ∈ X. The set M = ∏ x∈X G (x) is compact in the space Z = ∏ x∈X Y_x endowed with the Tychonoff topology (Y_x = Y, x ∈ X). Hence the generalized sequence { z_γ } , z_γ = { A_γ x } x∈X contains a subsequence { z_β } which converges to some z ∈ M. It is clear that z = {Ax}_{x∈X} for some mapping A : X → Y. We have also that Ax = y. It may be seen that A ∈ C (X, Y). Indeed, let x ∈ X and V ⊂ Y be a neighborhood of Ax. Since Y is regular, there is an open set V_1 ⊂ Y such that Ax ∈ V_1 ⊂ V_1 ⊂ V . Since A is uniformly continuous, there exists a neighborhood U of x such that AU ⊂ V .

Let x ∈ Z (B, y). Then Ax = y for some A ∈ B. Since B is a closure of A in the topology of point-wise convergence in C (X, Y), there exists a generalized sequence { A_γ } γ∈Θ ⊂ A such that A_γ x → y in Y. From the corresponding assumption it follows that there exists a generalized sequence { x_β } β∈Ξ such that x_β → x in X and y = A_β x_β, A_β ∈ A for all β ∈ Ξ. Hence x ∈ cl Z (A, y). □

The next theorem is an immediate consequence of Proposition 3.1.

Theorem 3.1. Let Y be a regular topological space. Let K be a non-empty subset of C (X, Y) which is closed in C (X, Y) equipped with the topology of point-wise convergence. Let A ⊂ K be a uniformly continuous family. Suppose that A satisfies assumptions from (i) and (ii) of the previous proposition. Then the closure of A in C (X, Y) equipped with the topology of point-wise convergence is the K-extension of A.

Here we would like to point out that the situation described in this theorem corresponds to a great part of optimal control problems for ODEs and for PDEs where controls appear in boundary conditions and on the right-hand side ([9], [16]). Such problems may be very often described in the following way.

Let X, Y, V be separable normed spaces and L_1 : V → Y compact linear operator. Assume that a family C of operators of X into V is bounded in the normed space B (X, V ) and L_2 ∈ B (X, Y ) is an isomorphism. Consider the family A = {L_2 + L_1C | C ∈ C} .

If there exists 0 < q < 1 such that ‖ ‖L^{−1}_2 L_1C ‖ ‖ ≤ q for any C ∈ C, then the family B which is a closure of A in the strong operator topology of B (X, Y ) is a K-extension of A with K = B (X, Y ).

4. Weak and strong closures

First of all, let us investigate the case of weak closure. This can be done by using the theory of G-convergence of abstract operators ([17]).

Let X be a separable reflexive Banach space and X^∗ be its conjugate. Let ν_1, ν_2 > 0. Denote by M (ν_1, ν_2) the class of mappings A : X → X^∗ satisfying the conditions (3) (Ax − Ay, x − y) ≥ ν_1 ‖x − y‖^2_X , ‖Ax − Ay‖_X∗ ≤ ν_2 ‖x − y‖_X ,

where (·, ·) is duality between X^∗ and X. We recall that by Browder-Minty theorem ([6]) each A ∈ M (ν_1, ν_2) has continuous inverse A^{−1} : X^∗ → X.

A mapping A : X → X^∗ satisfying condition (3) is said to be a G-limit of the sequence {A_k} ⊂ M (ν_1, ν̃_2) and the sequence {A_k} G-converges to A if for every x^∗ ∈ X^∗ A^{−1}_k x^∗ ⇀ A^{−1}x^∗ in X.

By using the diagonal process, one can prove

Proposition 4.1. Let A ⊂ M (ν_1, ν_2) for some ν_1, ν_2 > 0. Suppose that for x = 0 the set F (A, x) is bounded in X^∗.

(i) If B is a set of all G-limits of G-convergent sequences from A, then B ⊂ M ( ν_1, ν^{−1}_1 ν^2 ) and cl_w Z (A, x^∗) = Z (B, x^∗) for all x^∗ ∈ X^∗.

(ii) If C = cl_w A, then C ⊂ M (ν_1, ν_2) and

cl_w F (A, x) = F (C, x) for all x ∈ X.

Further, for a family A ⊂ M (ν_1, ν_2) we shall denote by cl_G A the set of all Glimits of G-convergent sequences from A. It should be noted that for some classes of differential operators there are many results which give an explicit description (by means of coefficients of a differential operator) of a G-closure (see, for instance, [3], [11], [17] and references therein).

Now let us consider the problem of the strong closure. For this, it is useful to admit the following definition. Let K ⊂ C (X, Y ) be a fixed set and let A ⊂ K. A family B ⊂ C (X, Y ) is called a strong K-extension of A if (2) is fulfilled with cl_s instead of cl.

Denote by L (ν_1, ν_2) the class of mappings A : X → Y satisfying the conditions

ν_1 ‖x_1 − x_2‖_X ≤ ‖Ax_1 − Ax_2‖_Y ≤ ν_2 ‖x_1 − x_2‖_X for all x_1, x_2 ∈ X, A maps X onto Y.

As was mentioned in Introduction, the problem of finding a description of strong closures of sets F (A, x), x ∈ X for family A from L (ν_1, ν_2) is equivalent to the analogous problem for sets Z (A, y), y ∈ Y . It is a consequence of the following proposition.

Proposition 4.2. Let A ⊂ L (ν_1, ν_2) for some ν_1, ν_2 > 0. Let F : X ⇝ Y be a multivalued mapping defined as F (x) = F (A, x) for all x ∈ X. Then cl_s F^{−1} = (cl_s F)^{−1}.

Proof: The proof is straightforward. □

We have

Proposition 4.3. Let A ⊂ L (ν_1, ν_2) for some ν_1, ν_2 > 0. If A is sequentially compact in the topology of point-wise convergence in C (X, Y ), then

cl_s Z (A, y) = Z (cl_s A, y) for all y ∈ Y.

If A is sequentially compact in the topology of uniform convergence in C (X, Y ), then cl_s Z (A, y) = Z (cl_u A, y) for all y ∈ Y.

Proof: Let x ∈ cl_s Z (A, y). Then there exist sequences {x_k} and {A_k} ⊂ A such that A_kx_k = y and x_k → x in X. Since A is sequentially compact in the topology of point-wise convergence in C (X, Y ), there is a subsequence of {A_k} (still denoted {A_k}) which point-wisely converges to some A ∈ C (X, Y ). By means of the inequality

‖y − Ax‖_Y ≤ ‖A_kx_k − A_kx‖_Y + ‖A_kx − Ax‖_Y ,

we get that Ax = y. Hence x ∈ Z (cl_s A, y).

Let x ∈ Z (cl_s A, y). Then for some A ∈ cl_s A we have Ax = y. Since A ∈ cl_s A, there is a sequence {A_k} ⊂ A which point-wisely converges to A. Define the sequence {x_k} by the equations A_kx_k = y. Now from the inequality

(4) ν_1 ‖x_k − x‖_X ≤ ‖A_kx_k − A_kx‖_Y = ‖y − A_kx‖_Y

it follows that x_k → x in X, i.e. x ∈ cl_s Z (A, y).

The proof of the second statement is similar. □

It is easy to see that if X is separable and a family A ⊂ L (ν_1, ν_2) is such that the closure of the set F (A, x) is compact in Y for all x ∈ X, then A is sequentially compact in the topology of point-wise convergence in C (X, Y ). To illustrate this situation, let us consider an example.

Let X = H^1_0 (Ω) and Y = H^{−1} (Ω). Let a be an n × n-matrix with entries from L^∞ (Ω) such that

⟨a (x) ξ, ξ⟩ ≥ νξ^2 a.e. x ∈ Ω, for all ξ ∈ R^n (ν > 0) . Let { b^α_i } α∈Λ ⊂ L^∞ (Ω), 1 ≤ i ≤ n and let {c^α}_{α∈Λ} ⊂ L^∞ (Ω) be bounded sets of functions. Consider a family A consisting of operators A_α : X → Y , α ∈ Λ defined by A_αu = − div a∇u + b^α_i u_{xi} + c^αu for all u ∈ X, where summation over repeated indices is assumed. Let us denote by K the set of operators of the same kind as A_α (linear second order elliptic operators in divergence form). Let μ_2 be a constant such that μ_2 ≤ c^α (x) a.e. x ∈ Ω, for all α ∈ Λ. Then one can see that under some obvious assumptions on Ω and on the constant μ_2 the family A belongs to L (ν_1, ν_2) for some ν_1, ν_2 > 0. It is also clear that the closure of the set F (A, u) is compact in Y for all u ∈ X. Hence the strong K-extension of the family A may be chosen as its sequential closure in the strong operator topology of B (X, Y ).

The same reasoning is valid for cases of general second order linear elliptic systems with the fixed second order terms.

In the case when X and Y are separable reflexive Banach spaces we have

Proposition 4.4. Let A ⊂ L (ν_1, ν_2) for some ν_1, ν_2 > 0. Suppose that for x = 0 the set F (A, x) is bounded in Y . Assume also that

(5) cl_w F (A, x) = cl_s F (A, x) for all x ∈ X.

Then cl_s Z (A, y) = Z (cl_w A, y) for all y ∈ Y.

Proof: Let x ∈ cl_s Z (A, y). Then there exist sequences {x_k} and {A_k} ⊂ A such that A_kx_k = y and x_k → x in X. By assumption of the proposition, the set F (A, x) is bounded in Y for all x ∈ X. By the diagonal process, we can extract a subsequence of {A_k} (still denoted {A_k}) which point-wisely converges in C (X, Y ) where Y is considered with the weak topology to some mapping A. It is also clear that A satisfies

‖Ax_1 − Ax_2‖_Y ≤ ν_2 ‖x_1 − x_2‖_X for all x_1, x_2 ∈ X.

By using the inequality

‖A_kx − A_kx_k‖_Y ≤ ν_2 ‖x − x_k‖_X ,

we obtain that Ax = y. This gives that x ∈ Z (cl_w A, y).

Let x ∈ Z (cl_w A, y). Then there is A ∈ cl_w A such that Ax = y. By the condition (5), there exists a sequence {A_k} ⊂ A such that A_kx → y in Y . Define the sequence {x_k} by the equations A_kx_k = y. It follows from the inequality (4) that x_k → x in X. In other words, x ∈ cl_s Z (A, y). □

Condition (5) of this proposition is satisfied if cl_s F (A, x) is convex in Y for all x ∈ X. This situation often occurs in optimal control problems for distributed parameter systems described by the second order elliptic (or parabolic) equations when controls appear only in the first order terms and the set of admissible controls is decomposable. There are analogous results when controls appear in the second order terms and the set of admissible controls is decomposable (see [11], [12], [15]).

We remind that a set M ⊂ L^1 (Ω) is called decomposable if for all f, g ∈ M and for any characteristic function χ of a measurable subset of Ω, the set M contains the element χf + (1 − χ) g.

The other possible situation is when all sets F (A, x) , x ∈ X are closed in Y . If this is the case, A is the strong A-extension of itself, provided that A ⊂ L (ν_1, ν_2) for some ν_1, ν_2 > 0. For instance, if { a_χ } χ∈Λ ⊂ L^∞ (Ω) is decomposable and closed in L^2 (Ω) and there exist ν_1, ν_2 > 0 such that ν_1 ≤ a_χ(x) ≤ ν_2 a.e. x ∈ Ω, for all χ ∈ Λ, then the set ⋃ χ∈Λ { d dx ( a_χ du dx )}

is closed in H^{−1} (Ω) for any u ∈ H^1_0 (Ω).

The following example shows that a strong K-extension of a given family A ⊂ K for some natural K may not exist.

Let Ω = (0, 1) and a^ε (x) = (1 + ε) χ + λ ( ε^{−1}x ) (1 − χ), 1 ≥ ε > 0 where χ is the characteristic function of the interval (0, 1/2) and λ (x) =^1_{10} sin x + 2. It is clear that a^{ε ∗}⇀ a^0 = 2 − χ in L^∞ (Ω) as ε → 0. Define the operators A^ε : H^1_0 (Ω) → H^{−1} (Ω) as

A^ε = d dx ( a^ε d dx ) . Set A = {A^ε}_{ε∈(0,1]}. For u ∈ H^1_0 (Ω) let us denote by G (u) the strong closure of F (A, u) in H^{−1} (Ω). If u ∈ H^1_0 (Ω) is such that the set supp u^′ ∩ (1/2, 1) is nonempty, then G (u) = {( a^εu^′

)_′ | 0 < ε ≤ 1 } . It is also clear that ( a^0u^′

)_′ ∈ G (u) if supp u^′ ⊂ [0, 1/2]. Let us assume that there exists the operator

(6) A = d dx ( b d dx ) , b ∈ L^∞ (Ω) ,

which is a selection of the multivalued mapping G and Av = ( a^0v^′

)_′ where v belongs to C^∞_0 (0, 1/2) and the set supp v is non-empty. Put φ = v + ψ for ψ ∈ C^∞_0 (1/2, 1) with non-empty set support. From the equalities Aφ = ( a^εφ^′

)_′ , ε = ε (φ) and Av = ( a^0v^′

)_′ in H^{−1} (Ω) it follows that ( b − a^0 ) v^′ = c_1 = const, (b − a^ε) φ^′ = c_2 = const in L^2 (Ω) and ( a^ε (x) − a^0 (x) ) v^′ (x) = c_3 = const a.e.

x ∈ (0, 1/2). Hence εv^′ (x) = const a.e. x ∈ (0, 1/2). But this is impossible since the support of the function v is non-empty. Consequently, we conclude that there does not exist any family B of the differential operators of the divergence type such that G (u) = F (B, u) for all u ∈ H^1_0 (Ω) .

Thus, if K is a class of operators of the form (6) for which 1 ≤ b (x) ≤ 3 a.e. x ∈ Ω, there does not exist a strong K-extension of A.

5. Other closures

For a given family A of continuous mappings of X into Y let us consider various closures of the graph gr F of the multivalued mapping F : X ⇝ Y defined as F (x) = F (A, x) for all x ∈ X.

First of all, we shall construct a family A for which the closure of gr F in the weak topology of X × Y coincides with the whole space X × Y .

Let Ω = (0, 1) and X = H^1_0 (Ω), Y = H^{−1} (Ω). Let A = { A_χ } χ∈Λ where Λ is the set of all characteristic functions of measurable subsets of Ω and

A_χ = d dx ( (1 + χ) d dx ) , χ ∈ Λ.

Let λ : R → {−1, 1} be the 1-periodic function

λ (t) = { 1 for t ∈ [0, 1/2), −1 for t ∈ [1/2, 1).

Set λ^n (x) = λ (nx), χ^n = (1 + λ^n) /2 and u^n (x) =

∫_x 0 λ^n (t) dt, n = 1, 2, . . . . It is clear that u^n ⇀ 0 in H^1_0 (Ω). On the other hand, (1 + χ^n)^{dun}_{dx} ⇀^1_2 in L^2 (Ω).

Denote by ω_{m,k} the intervals

(_k m ,^{k+1}_m ) , k = 0, 1, . . . , m − 1; m = 1, 2, . . . . Put

v^n_{m,k} = χ_{m,k}u^{l(m,n)}, k = 0, 1, . . . , m − 1; m, n = 1, 2, . . . where l (m, n) = mn and χ_{m,k} is the characteristic function of ω_{m,k}. Hence v^n_{m,k} ⇀ 0 in H^1_0 (Ω) and

(1 + χ^n)^{dvnm,k}_{dx} ⇀^1_2 χ_{m,k} in L^2 (Ω) as n → +∞. Thus, we see that the element (0, f) belongs to the weak closure of gr F for f =^{dg}_{dx} when g is equal to a simple function constructed by means of the intervals ω_{m,k}. Since the strong closure of the set consisting of such f coincides with H^{−1} (Ω), the weak closure of gr F coincides with X × Y .

For a multivalued mapping F, it is interesting to consider repeated closures of gr F, i.e. when, for instance, one first considers weak or strong closure of F^{−1}(y) for every y ∈ Y and obtains a multivalued mapping G, then one considers weak or strong closure of G(x) for every x ∈ X. The results concerning such closures are summarized in Proposition 5.1.

Define multivalued mappings G_i, G̃_i, 1 ≤ i ≤ 4 setting for every x ∈ X

G_1 (x) = ( cl_w (cl_w F)^{−1}

)_{−1}

(x) , G̃_1 (x) = cl_w ( cl_w F^{−1}

)_{−1} (x) ,

G_2 (x) = ( cl_s (cl_w F)^{−1}

)_{−1}

(x) , G̃_2 (x) = cl_s ( cl_w F^{−1}

)_{−1} (x) ,

G_3 (x) = ( cl_w (cl_s F)^{−1}

)_{−1}

(x) , G̃_3 (x) = cl_w ( cl_s F^{−1}

)_{−1} (x) ,

G_4 (x) = ( cl_s (cl_s F)^{−1}

)_{−1}

(x) , G̃_4 (x) = cl_s ( cl_s F^{−1}

)_{−1} (x) .

If Y = X^∗ and X is a separable reflexive Banach space we have

500 O. Zaytsev

Proposition 5.1. Let A ⊂ M (ν_1, ν_2). Suppose that for x = 0 the set F (A, x) is bounded in X^∗. Then for every x ∈ X G_1 (x) = F (cl_G cl_w A, x) , G̃_1 (x) = F (cl_w cl_G A, x) ,

G_2 (x) = F (cl_w A, x) , G̃_2 (x) = F (cl_G A, x) ,

G_3 (x) = F (cl_G A, x) , G̃_3 (x) = F (cl_w A, x) ,

G_4 (x) = cl_s F (A, x) , G̃_4 (x) = cl_s F (A, x) .

Proof: We will prove only that G_1 (x) = F (cl_G cl_w A, x) for any x ∈ X. The other equalities can be proved in a similar manner.

Denote by H the multivalued mapping defined as H (x) = F (cl_w A, x) for all x ∈ X. By Proposition 4.1, cl_w F (A, x) = H (x) for every x ∈ X and cl_w H^{−1} (y) = cl_w Z (cl_w A, y) = Z (cl_G cl_w A, y) for every y ∈ Y . Hence G_1 (x) = F (cl_G cl_w A, x) for any x ∈ X. □

References

[1] Buttazzo G., Semicontinuity, Relaxation and Integral Representation in the Calculus of Variations, Pitman Res. Notes in Math. 207, Longmann, Harlow, 1989.

[2] Dal Maso G., An Introduction to Γ-convergence, Birkhäuser, Boston, 1993. [3] Defranceschi A., An introduction to homogenization and G-convergence, School on Homogenization, Lecture notes of the courses held at ICTP, Trieste, September 6-17, 1993, pp. 63–122.

[4] Engelking R., General Topology, Monografie Matematyczne, tom 60, Państwowe Wydawnictwo Naukowe, Warszawa, 1977.

[5] Fattorini H.O., Infinite Dimensional Optimization Theory and Optimal Control, Cambridge Univ. Press, Cambridge, 1997.

[6] Gajewski H., Gröger K., Zacharias K., Nichtlineare Operatorgleichungen und Operatordifferentialgleichungen, vol. 38 of Mathematische Lehrbücher und Monographien, Akademie- Verlag, Berlin, 1974.

[7] Gamkrelidze R.V., Principles of Optimal Control (in Russian), Tbilisi University, Tbilisi, 1975.

[8] Ioffe A.D., Tikhomirov V.M., Extension of variational problems (in Russian), Trudy Moskov. Mat. Obšč. 18 (1968), 187–246.

[9] Lions J.L., Optimal Control of Systems Governed by Partial Differential Equations, Springer-Verlag, Berlin, 1971.

[10] Lurie K.A., The extension of optimization problems containing controls in coefficients, Proc. Royal Soc. Edinburgh Sect. A 114 (1990), 81–97.

[11] Raitums U., Optimal Control Problems for Elliptic Equations (in Russian), Zinatne, Riga, 1989.

[12] Raitums U., On the projections of multivalued maps, J. Optim. Theory Appl. 92 (1997), no. 3, 633–660.

[13] Roubíček T., Relaxation in Optimization Theory and Variational Calculus, W. de Gruyter, Berlin, 1997.

[14] Tartar L., Problems de contrôle des coefficientes dans les équations aux dérivées partieles, Lecture Notes Economical and Mathematical Systems, vol. 107, 1975, pp. 420–426.

[15] Tartar L., Remarks on optimal design problems, in Calculus of Variations, Homogenization and Continuum Mechanics (G. Buttazzo and G. Bouchitte and P. Suquet, eds.), World Scientific, Singapore, 1994, pp. 279–296.

[16] Warga J., Optimal Control of Differential and Functional Equations, Academic Press, New York, 1972.

[17] Zhikov V.V., Kozlov S.M., Olejnik O.A., Homogenization of Differential Operators and Integral Functionals, Springer-Verlag, Berlin, 1994.

Institute of Mathematics and Computer Science, University of Latvia, 29 Rainis boulevard, LV-1459, Riga, Latvia E-mail: ozaicev@edi.lv

(Received July 25, 1997, revised March 19, 1998)