Comment.Math.Univ.Carolin. 39,4 (1998)671–684 671

The periodic problem for semilinear differential inclusions in Banach spaces

Ralf Bader

Abstract. Sufficient conditions on the existence of periodic solutions for semilinear differential inclusions are given in general Banach space. In our approach we apply the technique of the translation operator along trajectories. Due to recent results it is possible to show that this operator is a so-called decomposable map and thus admissible for certain fixed point index theories for set-valued maps. Compactness conditions are formulated in terms of the Hausdorff measure of noncompactness.

Keywords: periodic solutions, translation operator along trajectories, set-valued maps, C_0-semigroup, R_δ -sets

Classification: 34A60, 34C25, 47H11

Introduction

In the paper we will be concerned with the existence of mild periodic solutions for a differential inclusion in Banach space X of the type

(1) x^′(t) ∈ Ax(t) + F (t, x(t)),

where A is the infinitesimal generator of a semigroup {U(t)}_{t≥0} of class C_0 and F is a set-valued map with convex values.

This problem and other boundary value problems more general than the initial value problem were studied under various conditions on A and F by several authors. Here we mention the works [18], where A depends in addition on a time variable t and generates a strongly continuous evolution system and F may be nonconvex valued, [11] for a functional-differential inclusion of the form (1) (see also the references given there) and [17] for the quasi-linear case, i.e. the operator A depends on t and x. In all these papers the Banach space X is assumed to be separable.

The approach proposed in the present note is to study the periodic problem by the method of the translation operator along trajectories (also called the Poincaré operator). This well-known technique was developed in [14] in the classical case, i.e. where we have unique solvability of the initial value problem.

In the case where we do not have unique solvability and in particular for differential inclusions the method was adopted in [9] in the finite dimensional setting

The research was done while the author held a DFG scholarship.

and the topological degree theory for the so-called decomposable mappings (see Section 2 for the definition) was applied. Due to recent results on the topological structure of the set of mild solution (see [6], [5]) it is possible to extend the method also to differential inclusions of the form (1). However, the extension is complicated by the fact that the translation operator is compact (or more generally condensing) only in particular cases (e.g. for the trivial system x^′ = 0 the translation operator is the identity I on the space X and thus it is condensing iff X is finite dimensional). Thus we impose compactness assumptions on both, the semigroup and the multivalued perturbation and we will see in conclusion that periodic solutions can be obtained if we strengthen the compactness assumptions on {U(t)}_{t≥0} and weaken them on F and vice versa.

The attitude presented here was also used recently in [13]. However, in contrast to this paper, we include in our discussion the case where the Banach space is nonseparable. In addition, weaker compactness assumptions on the semigroup will be considered (see Section 6).

1. Preliminaries

In the sequel, X will always denote a Banach space over C or R with the norm |·|, B_α(x) is the open ball in X with center x and radius α and B_α(x) is its closure. If A is a linear operator in X, we denote by ϱ(A) the resolvent set and by σ(A) the spectrum of A. By σ_P (A) we mean the point spectrum of the operator A. The Banach space of all bounded linear operators in X with the operator norm | · |_0 is denoted by L(X). Given reals a < b we let C([a, b], X) be the Banach space of continuous y : [a, b] → X equipped with the maximum norm | · |_∞ and by L^1([a, b], X) we mean the space of all strongly measurable maps f : [a, b] → X such that |f|_1 :=

∫_b a |f(τ)| dτ is finite; L^1([a, b], X) is a Banach space w.r.t. the norm | · |_1.

Recall that on the nonempty, bounded subsets of X the Hausdorff measure of noncompactness (MNC) χ is given by

χ(Ω) := inf { α > 0 | there are finitely many points x_1, . . . , x_n ∈ X

with Ω ⊂ n⋃ i=1 B_α(x_i) } . It is well known that χ is monotone, i.e. Ω ⊂ Ω̃ implies χ(Ω) ≤ χ(Ω̃) and algebraically semiadditive, i.e. χ(Ω + Ω̃) ≤ χ(Ω) + χ(Ω̃) for bounded Ω, Ω̃ ⊂ X.

Next, given a subspace Y ⊂ X and Ω_0 ⊂ Y bounded we write χ_Y (Ω_0) for the Hausdorff MNC relative to Y , i.e. we require that the centers of the covering balls are chosen from Y instead of X. It is easy to see that χ(Ω_0) ≤ χ_Y (Ω_0) ≤ 2χ(Ω_0) for Ω_0 ⊂ Y bounded.

We will also use the sequential MNC χ̃_0 generated by χ, i.e.

χ̃_0(Ω) := sup{χ({x_n : n ≥ 1}) : (x_n) is a sequence in Ω}, with Ω ⊂ X bounded. Then we have

(2) χ̃_0(Ω) ≤ χ(Ω) ≤ 2χ̃_0(Ω)

and χ(Ω) = χ̃_0(Ω) in case X is separable.

Given an operator T ∈ L(X), its χ-norm is given by

|T |^{(χ)} := χ(T B_1(0)).

It is known that |T |^{(χ)} ≤ |T |_0 and that χ(T Ω) ≤ |T |^{(χ)}χ(Ω) for any Ω ⊂ X bounded.

For all the above given results on the Hausdorff MNC and its related concepts we refer to [1].

The following interchange rule of χ and integration is shown in [12, Theorem 2.2.3].

Proposition 1. Let a sequence of functions (f_n) ⊂ L^1([a, b], X) be such that there exists ν ∈ L^1([a, b], R) with |f_n(t)| ≤ ν(t) a.e. on [a, b] and every n = 1, 2, 3, . . . , and that there exists q ∈ L^1([a, b], R) such that χ({f_n(t) : n ≥ 1}) ≤ q(t) a.e. on [a, b]. Then for any t ∈ [a, b] the following estimations hold:

(i) χ ({∫_t a f_n(τ) dτ : n ≥ 1 }) ≤ 2 ∫_t a q(τ) dτ if X is an arbitrary Banach space, (ii) χ ({∫_t a f_n(τ) dτ : n ≥ 1 }) ≤ ∫_t a q(τ) dτ if X is a separable Banach space.

A Banach space X is called a weakly compactly generated Banach space (wcg space), if there exists a weakly compact set K ⊂ X such that the linear span of K is dense in X (see [8], [16]).

Evidently every reflexive Banach space is a wcg space. Furthermore every separable Banach space is wcg, even compactly generated — consider {x_n/n : n ≥ 1} where (x_n) is a dense sequence in the unit ball of the separable Banach space.

Given two Banach spaces X, Y , by a set-valued map φ : X → Y we mean a transformation from X into the nonempty closed subsets of Y . We say that φ is upper semi-continuous (u.s.c.), if φ^{−1}(V ) := {x ∈ X : φ(x) ⊂ V } is open whenever V ⊂ Y is open. The set-valued map φ : X → X is called condensing, if φ is u.s.c. and for every bounded Ω ⊂ X the set φ(Ω) ⊂ X is bounded and χ(φ(Ω)) < χ(Ω) provided that χ(Ω) ≠ 0. For instance, an operator T ∈ L(X) is condensing if |T |^{(χ)} < 1. Finally, a point x ∈ X such that x ∈ φ(x) is called a fixed point of φ.

2. The class of decomposable mappings

In our considerations we will use fixed point results which are available for the so-called decomposable mappings (see [9]). Recall that a set-valued mapping

Φ : X → X is decomposable if there is a Banach space Y and two maps φ : X → Y and f : Y → X where f is a continuous (single-valued) map, φ is a u.s.c. map with values being R_δ-sets (i.e. for each x ∈ X the set φ(x) can be represented as an intersection of a decreasing sequence of compact, contractible sets, see [10]) and Φ = f ∘ φ.

A decomposable map is easiest denoted by a diagram

X^φ−→ Y^f−→ X

called the decomposition of Φ.

For condensing, decomposable mappings a topological fixed point index theory can be constructed (see [4], [2]). Applying this fixed point index theory it is possible to obtain the following results (see [3] for the proofs), which will be useful for us in the sequel. First we have

Theorem 2 (Leray-Schauder alternative). Let Φ : X → X be a condensing, decomposable mapping. Then either the set

G := {x ∈ X | x ∈ λΦ(x) for λ ∈ (0, 1)}

is unbounded or Φ has a fixed point.

Our next result is the generalization of a fixed point theorem due to Lasota and Opial for the decomposable mappings. In [15] this result was shown for compact maps with convex values and was applied in the Nicoletti boundary value problem.

Theorem 3. Let Φ : X → X be a condensing, decomposable mapping and let φ_0 : X → X be a condensing map with closed convex values. Assume also that φ_0 is homogeneous and that x ∈ φ_0(x) implies x = 0. Suppose that there exists α > 0 such that

Φ(x) ⊂ φ_0(x) + B_α(0) for each x ∈ X.

Then Φ has a fixed point.

3. The periodic problem for semilinear differential inclusions

In the paper we consider the periodic problem (3) { x^′(t) ∈ Ax(t) + F (t, x(t)), x(0) = x(T )

under the following assumptions:

(A1) A is a closed linear (unbounded) operator on X, which is the infinitesimal generator of a semigroup {U(t)}_{t≥0} of class C_0;

(A2) there is a constant ω ∈ R such that |U(t)|^{(χ)} ≤ exp(ωt) for each t ≥ 0.

Recall that given any semigroup {U(t)}_{t≥0} there are constants C ≥ 0 and ω ∈ R such that |U(t)|_0 ≤ C exp(ωt) for 0 ≤ t < ∞. Moreover, renorming the Banach space X in an appropriate way it is possible to choose the constant C equal to 1. Hence, since | · |^{(χ)} ≤ | · |_0 we see that assumption (A2) is always fulfilled for some ω ∈ R. In the sequel we will impose further restrictions on ω.

We will suppose that the set-valued map F : [0, T ] × X → X has closed convex values and satisfies

(F1) for every x ∈ X the set-valued map F (·, x) : [0, T ] → X has a strongly measurable selection, (F2) for a.e. t ∈ [0, T ] the set-valued map F (t, ·) : X → X is u.s.c., (F3) ‖F (t, x)‖ := sup{|z| : z ∈ F (t, x)} ≤ γ(t)(1 + |x|) a.e. on [0, T ] and every x ∈ X with γ ∈ L^1([0, T ], R), (F4) for every nonempty bounded set B ⊂ X we have χ(F (t, B)) ≤ k(t)χ(B) a.e. on [0, T ] with k ∈ L^1([0, T ], R).

Given x_0 ∈ X, we denote by S(x_0) ⊂ C([0, T ], X) the set of all mild solutions of the initial value problem (4) { x^′(t) ∈ Ax(t) + F (t, x(t)), x(0) = x_0.

Recall that a continuous mapping x : [0, T ] → X is called a mild solution of the initial value problem (4) if x satisfies the integral equation

(5) x(t) = U(t)x_0 +

∫_t 0 U(t − s)f(s) ds on [0, T ],

where f ∈ N_F (x) := {g ∈ L^1([0, T ], X) : g(t) ∈ F (t, x(t)) a.e. on [0, T ]}. Note that under the above conditions (F1)–(F3) it is well known that for each y ∈ C([0, T ], X) the set N_F (y) is nonempty (see [7]).

A solution of the periodic problem (3) is a map x ∈ C([0, T ], X) such that equation (5) is fulfilled and x(0) = x(T ).

4. The operator of translation along trajectories

In order to apply the results on decomposable mappings from Section 2 on the periodic problem (3) we introduce the operator of translation along trajectories P_t, 0 ≤ t ≤ T , given by the diagram

(6) X^S−→ C([0, T ], X)^{et}−→ X,

i.e. P_t := e_t ∘ S. Here S is the solution operator as in Section 3 and e_t denotes the evaluation mapping e_t(f) = f(t).

We have the following

Lemma 4. Let the conditions (A1), (A2), (F1)–(F4) be fulfilled. Then the operator of translation along trajectories P_t, 0 ≤ t ≤ T , is decomposable.

Proof: By means of standard techniques occurring in the existence theory of (4) it is known that the mapping S is u.s.c. Moreover, it was shown in [5] (see Section 6 in this paper, compare also [6]) that for each x_0 ∈ X the set S(x_0) ⊂ C([0, T ], X) is an R_δ-set. It follows that diagram (6) defines indeed a decomposable map. □

The following result is crucial in our further investigations.

Lemma 5. Let Γ ⊂ L^1([a, b], X). Assume that Γ is integrably bounded, i.e. there exists ν ∈ L^1([a, b], R) such that ‖{f(t) : f ∈ Γ}‖ ≤ ν(t) a.e. on [a, b], and that there exists q ∈ L^1([a, b], R) such that χ({f(t) : f ∈ Γ}) ≤ q(t) a.e. on [a, b]. Then for any t ∈ [a, b] the following estimations hold:

(i) χ ({∫_t a f(τ) dτ : f ∈ Γ }) ≤ 4 ∫_t a q(τ) dτ if X is an arbitrary Banach space,

(ii) χ ({∫_t a f(τ) dτ : f ∈ Γ }) ≤ 2 ∫_t a q(τ) dτ if X is a wcg space,

(iii) χ ({∫_t a f(τ) dτ : f ∈ Γ }) ≤ ∫_t a q(τ) dτ if X is a separable Banach space.

Proof: Let (f_n) be an arbitrary sequence in Γ and consider χ ({∫_t a f_n(τ) dτ : n ≥ 1 }) . Then by Proposition 1(i), we have that χ ({∫_t a f_n(τ) dτ : n ≥ 1 }) ≤ 2 ∫_t a q(τ) dτ. Further, using (2), we see that

(7) χ ({∫_t a f(τ) dτ : f ∈ Γ }) ≤ 2χ̃_0 ({∫_t a f(τ) dτ : f ∈ Γ })

and we obtain (i).

Now let X be a wcg space and let again (f_n) be a sequence in Γ. Since all the f_n are strongly measurable, we may assume that Y_0 := span ⋃ n≥1 f_n([a, b]) is separable. Since X is a wcg space, it is known that there exists a closed separable subspace Y such that Y_0 ⊂ Y ⊂ X and a continuous linear projection P : X → Y with |P |_0 = 1 (see [8, p. 149]). Therefore it is clear that for any bounded A ⊂ Y we have χ_Y (A) = χ(A) and we conclude from Proposition 1(ii) that χ ({∫_t a f_n(τ) dτ : n ≥ 1 }) = χ_Y ({∫_t a f_n(τ) dτ : n ≥ 1 }) ≤ ∫_t a q(τ) dτ. Now, again applying (7), we get the estimation in (ii).

In case X is separable we know that the coefficient 2 in the estimation (7) may be omitted. Thus the claim in (iii) follows again by an application of Proposition 1(ii). □

Theorem 6. Let Ω ⊂ X bounded and let the conditions (A1), (A2), (F1)–(F4) be fulfilled. Moreover assume (A3) t → U(t) is continuous with respect to the norm in L(X) for t > 0. Then the following estimations hold:

(i) χ(P_T (Ω)) ≤ exp (ωT + 4|k|_1) χ(Ω) if X is an arbitrary Banach space, (ii) χ(P_T (Ω)) ≤ exp (ωT + 2|k|_1) χ(Ω) if X is a wcg space.

Proof: We start with the proof showing that the set S(Ω) ⊂ C([0, T ], X) is bounded and equicontinuous at every t > 0.

Let y ∈ S(Ω). Then there is x_0 ∈ Ω and f ∈ N_F (y) such that

(8) y(t) = U(t)x_0 +

∫_t 0 U(t − τ)f(τ) dτ, t ∈ [0, T ].

It follows by (F3) that

|y(t)| ≤ |U(t)|_0|x_0| +

∫_t 0 |U(t − τ)f(τ)| dτ

≤ M R + M

∫_t 0 γ(τ)(1 + |y(τ)|) dτ

≤ M R + M

∫_T 0 γ(τ) dτ + M

∫_t 0 γ(τ)|y(τ)| dτ,

with |U(s)|_0 ≤ M for s ∈ [0, T ] and ‖Ω‖ ≤ R. Applying the Gronwall inequality gives

|y(t)| ≤ M ( R + ∫_T 0 γ(τ) dτ ) exp ( M ∫_T 0 γ(τ) dτ ) =: R̃ for every t ∈ [0, T ]

i.e. S(Ω) is bounded w.r.t. | · |_∞ by R̃. Moreover, again by (F3) (9) ‖ {f(t) : f ∈ N_F (S(Ω))} ‖ ≤ γ(t)(1 + R̃) a.e. on [0, T ].

In order to prove the equicontinuity of S(Ω), observe that by (8) we have

y(t) − y(s) = U(t)x_0 − U(s)x_0 +

∫_s 0 U(t − τ)f(τ) − U(s − τ)f(τ) dτ + ∫_t s U(t − τ)f(τ) dτ for T ≥ t > s ≥ 0. Thus

|y(t) − y(s)| ≤ |U(t) − U(s)|_0|x_0| +

∫_s 0 |U(t − τ) − U(s − τ)|_0|f(τ)| dτ + ∫_t s |U(t − τ)|_0|f(τ)| dτ

≤ |U(t) − U(s)|_0 R + (1 + R̃) [∫_s 0 |U(t − τ) − U(s − τ)|_0γ(τ) dτ

+ M ∫_t s γ(τ) dτ ] , where the last expression is independent of the particular y ∈ S(Ω) and tends to zero as s −→ t as a consequence of the assumption (A3). Thus we see that S(Ω) is equicontinuous at t > 0.

Further, it is clear that we have the inclusion

P_t(Ω) ⊂ U(t)Ω + {∫_t 0 U(t − τ)f(τ) dτ : f ∈ N_F (S(Ω)) } on [0, T ].

Defining the function ψ(t) := χ(P_t(Ω)), 0 ≤ t ≤ T , we thus obtain by the properties of χ

(10) ψ(t) ≤ χ(U(t)Ω) + χ ({∫_t 0 U(t − τ)f(τ) dτ : f ∈ N_F (S(Ω)) }) . Using (9) we see that

‖ {U(t − τ)f(τ) : f ∈ N_F (S(Ω))} ‖ ≤ Mγ(τ)(1 + R̃) for a.e. τ ∈ [0, t]. Moreover, since {U(t − τ)f(τ) : f ∈ N_F (S(Ω))} ⊂ U(t − τ)F (τ, P_τ (Ω)) a.e. we get by (F4) χ({U(t − τ)f(τ) dτ : f ∈ N_F (S(Ω))}) ≤ exp(ω(t−τ))k(τ)ψ(τ) for a.e. τ ∈ [0, t]. Here the right hand side of the estimation is integrable since in particular the function ψ is continuous at every t > 0. This follows from

ψ(t) − ψ(s) ≤ χ({y(t) − y(s) : y ∈ S(Ω)}) ≤ sup{|y(t) − y(s)| : y ∈ S(Ω)} and the fact proven above that S(Ω) is equicontinuous in t > 0.

We are now in the position to apply Lemma 5 from which we obtain

(11) χ ({∫_t 0 U(t − τ)f(τ) dτ : f ∈ N_F (S(Ω)) })

≤ c_i

∫_t 0 exp(ω(t − τ))k(τ)ψ(τ) dτ, where c_1 = 4 and c_2 = 2 for the cases (i) and (ii), respectively. Hence, we get from (10) and (A2)

ψ(t) ≤ exp(ωt)χ(Ω) + c_i

∫_t 0 exp(ω(t − τ))k(τ)ψ(τ) dτ on [0, T ].

Denoting the right hand side of the above inequality by ϱ(t) we see that ϱ^′(t) = ωϱ(t) + c_ik(t)ψ(t) ≤ (ω + c_ik(t))ϱ(t) a.e. on [0, T ].

It follows

ψ(t) ≤ ϱ(t) ≤ exp ( ωt + c_i

∫_t 0 k(τ) dτ ) χ(Ω) on [0, T ]

and we are done, since ψ(T ) = χ(P_T (Ω)). □ In the case where X is a separable Banach space, the space C([0, T ], X) is separable and thus the set S(Ω) ⊂ C([0, T ], X) is also separable. Hence, there is sequence (x_n) ⊂ S(Ω) such that S(Ω) ⊂ (x_n). Then χ(P_t(Ω)) = χ({x_n(t) : n ≥ 1}) and it follows that χ(P_t(Ω)) is measurable (see [16, p. 157]). Therefore we have Corollary 7 (see [13]). Let X be a separable Banach space, Ω ⊂ X bounded and let the conditions (A1), (A2), (F1)–(F4) be fulfilled. Then χ(P_T (Ω)) ≤ exp (ωT + |k|_1) χ(Ω).

Proof: The proof follows from the above remark and the fact that due to Lemma 5(iii) the coefficient c_i on the right hand side of the estimation (11) is 1. □ In the general case we do not know how to prove measurability of χ(P_t(Ω)).

In the above Theorem 6 we used assumption (A3) to get continuity of χ(P_t(Ω)).

5. Periodic solutions of semilinear differential inclusions

In this section we will present sufficient conditions for the existence of solutions to problem (3).

Theorem 8. Suppose that the conditions (A1), (A2), (F1), (F2) and (F4) are fulfilled. Assume also that (F3^′) ‖F (t, x)‖ ≤ δ(t) a.e. on [0, T ] and every x ∈ X with δ ∈ L^1([0, T ], R) and 1 /∈ σ_P (U(T )). Then the periodic problem (3) has a solution in each of the following cases:

(i) (A3) is fulfilled and ωT + 4|k|_1 < 0 if X is an arbitrary Banach space, (ii) (A3) is fulfilled and ωT + 2|k|_1 < 0 if X is a wcg space, (iii) ωT + |k|_1 < 0 if X is separable.

Proof: We will apply the fixed point Theorem 3 with P_T instead of Φ and U(T ) instead of φ_0. By Lemma 4, Theorem 6 and Corollary 7 we know that P_T is a condensing, decomposable mapping. Since U(T ) is linear, it is homogeneous, condensing and since 1 /∈ σ_P (U(T )) we see that x = 0 is the only solution of x = U(T )x. Next, we have for each f ∈ N_F (y), where y ∈ C([0, T ], X), | | | | ∫_T 0 U(T − τ)f(τ) dτ | | | | ≤ ∫_T 0 |U(T − τ)f(τ)| dτ

≤ M ∫_T 0 |f(τ)| dτ ≤ M

∫_T 0 δ(τ) dτ =: α

by (F3^′). It follows P_T (x) ⊂ U(T )x + B_α(0) and we see that all the assumptions of Theorem 3 are fulfilled. Hence, P_T has a fixed point and the periodic problem (3) has a solution. □

As a first corollary we will consider the case where the semigroup {U(t)}_{t≥0} is compact (i.e. U(t) is a compact map for each t > 0).

Corollary 9. Let (A1), (F1), (F2), (F3^′) and (F4) be fulfilled and assume that 1 /∈ σ_P (U(T )). Moreover, assume that {U(t)}_{t≥0} is a compact semigroup. Then the periodic problem (3) has a solution.

Proof: Since the mappings U(t), t > 0, are compact, we may choose the constant ω < 0 in (A2) such that ωT + 4|k|_1 < 0. Next recall that by Pazy’s theorem assumption (A3) is fulfilled, since {U(t)}_{t≥0} is a compact semigroup (see [19, p. 48]). Thus the corollary follows from part (i) in the above theorem. □

Since in Theorem 8 it is sufficient to assume 1 /∈ σ_P (U(T )) we are able to express this assumption in terms of the infinitesimal generator A of the semigroup. Recall that in general the spectrum of the operators U(t) cannot be characterized by the spectrum of A (see [19, p. 44], for an example where σ(A) = ∅ but σ(U(t)) ≠ ∅ for any t ≥ 0).

In the following corollary we assume that X is a Banach space over C.

Corollary 10. Let one of the conditions (i), (ii) or (iii) of Theorem 8 be fulfilled, but instead of 1 /∈ σ_P (U(T )) assume that

(12) σ_P (A) ∩ 2πi T Z = ∅.

Then the periodic problem (3) has a solution.

Proof: For the proof it is sufficient to show that 1 ∈ σ_P (U(T )) is impossible. But, in view of the results from [19, p. 46], we know that if exp(λt) ∈ σ_P (U(t)), then there is q ∈ Z such that λ +^{2πiq}_t ∈ σ_P (A). Thus it is clear that (12) shows that 1 /∈ σ_P (U(T )). □

6. The case where ω ≥ 0

If we know that {U(t)}_{t≥0} is a semigroup of contractions, then it is clear that we may choose ω = 0 in the assumption (A2). However, observe that even under the strong compactness assumption χ(F (t, B)) = 0 for t ∈ [0, T ] and bounded B ⊂ X the estimates from Theorem 6 are not sufficient to guarantee that the operator of translation along trajectories is condensing. This leads to the following considerations.

With the periodic problem (3), where A is the infinitesimal generator of a C_0-semigroup we associate the set-valued map

(13) Q : X → X, Q := (I − U(T ))^{−1}(P_T − U(T ))

provided that 1 ∈ ϱ(U(T )).

It is evident that x_0 ∈ Q(x_0) iff x_0 ∈ P_T (x_0) and hence we will look in the sequel for fixed points of Q.

Lemma 11. Let Ω ⊂ X be bounded and let the conditions (A1)–(A3), (F1)–(F4) be fulfilled. Assume also that 1 ∈ ϱ(U(T )). Then the mapping Q defined in (13) is decomposable and satisfies the following estimate:

χ(Q(Ω)) ≤ |(I − U(T ))^{−1}|^{(χ)} c exp (ωT + c|k|_1) |k|_1 χ(Ω)

where c = 4 and c = 2 if X is a Banach space and X is wcg space, respectively.

In case X is separable the constant c can be chosen equal to 1 and assumption (A3) is not necessary.

Proof: Obviously the following diagram defines a decomposition of Q:

X^{S×I}−−−→ C([0, T ], X) × X^{(I−U(T ))−1 (eT (·)−U(T )·)}

−−−−−−−−−−−−−−−−−−→ X.

Next, the inclusion

(P_t − U(t))(Ω) ⊂ {∫_t 0 U(t − τ)f(τ) dτ : f ∈ N_F (S(Ω)) } on [0, T ].

implies

χ((P_t − U(t))(Ω)) ≤ χ ({∫_t 0 U(t − τ)f(τ) dτ : f ∈ N_F (S(Ω)) }) where the right hand side can be estimated as in the proof of Theorem 6 (see (11)). Hence, it follows by another application of Theorem 6

χ((P_t − U(t))(Ω)) ≤ c

∫_t 0 exp(ω(t − τ))k(τ)χ(P_τ (Ω)) dτ

≤ c exp(ωt)

∫_t 0 k(τ) exp ( c ∫_τ 0 k(ρ) dρ ) dτ χ(Ω)

≤ c exp ( ωt + c

∫_t 0 k(τ) dτ

) ∫_t 0 k(τ) dτ χ(Ω)

from which we obtain the lemma. □ We derive the following sufficient conditions for the existence of periodic solutions.

Theorem 12. Let (A1), (A2), (F1), (F2), (F3^′) and (F4) be fulfilled and assume that 1 ∈ ϱ(U(T )). Then the periodic problem (3) has a solution in each of the following cases:

(i) (A3) is fulfilled and |(I − U(T ))^{−1}|^{(χ)} 4 exp (ωT + 4|k|_1) |k|_1 < 1 if X is an arbitrary Banach space, (ii) (A3) is fulfilled and |(I − U(T ))^{−1}|^{(χ)} 2 exp (ωT + 2|k|_1) |k|_1 < 1 if X is a wcg space, (iii) |(I − U(T ))^{−1}|^{(χ)} exp (ωT + |k|_1) |k|_1 < 1 if X is separable.

Proof: From Lemma 11 it is clear that in all the three cases the mapping Q given by (13) is condensing. Now let y ∈ Q(x) for some x ∈ X. Then there is z ∈ (P_T − U(T ))(x) such that y = (I − U(T ))^{−1}z. But we know already from the proof of Theorem 8 that (P_T − U(T ))(X) ⊂ B_α(0) with α = M|δ|_1. It follows

|y| ≤ |(I − U(T ))^{−1}|_0|z| ≤ |(I − U(T ))^{−1}|_0 α =: β

and thus the fixed points of the mapping λQ, 0 ≤ λ ≤ 1, are bounded by β. Therefore we can apply the Leray-Schauder principle (Theorem 2) and we see that Q has a fixed point proving the theorem. □ The conditions in the above theorem assuring that the set-valued map Q is condensing can also be fulfilled in the case where ω ≥ 0. For example: Corollary 13. Let (A1), (F1), (F2), (F3^′) and (F4) with k(t) ≡ 0 be fulfilled. Assume also that 1 ∈ ϱ(U(T )). Then the periodic problem (3) has a solution. Proof: Arguing as in Lemma 11, we see that under the above assumptions the map Q is indeed completely continuous (i.e. Q maps bounded subsets onto relatively compact ones). Then it follows from Theorem 12 that Q has a fixed point and, consequently, the periodic problem (3) has a solution. □ Observe that in the above corollary assumption (A2) is not needed since there are no restrictions on the constant ω.

Remark 14. The results of the paper can be extended to time dependent linear operator A(t), if the family {A(t)}_{t∈[0,T ]} generates a strongly continuous evolution system U(t, s), 0 ≤ s ≤ t ≤ T . Here a solution to the periodic problem is a continuous x : [0, T ] → X such that x(0) = x(T ) and

x(t) = U(t, 0)x(0) +

∫_t 0 U(t, s)f(s) ds on [0, T ],

where f ∈ N_F (x).

Now let X be a separable Banach space and assume that |U(t, s)|_0 ≤ exp(ω(t− s)) and U(t, s) depends continuously on t, s while s < t. Then, due to results given in [6], the operator of translation along trajectories is decomposable. Hence, conditions from e.g. Theorem 8 are sufficient for the existence of periodic solutions where we replace “1 /∈ σ_P (U(T ))” by “1 /∈ σ_P (U(T, 0))”.

References

[1] Akhmerov R.R., Kamenskii M.I., Potapov A.S., Rodkina A.E., Sadovskii B.N., Measures of Noncompactness and Condensing Operators, Birkhäuser Verlag, Basel-Boston-Berlin, 1992.

[2] Bader R., Fixpunktindextheorie mengenwertiger Abbildungen und einige Anwendungen, Ph.D. Dissertation, Universität München, 1995.

[3] Bader R., Fixed point theorems for compositions of set-valued maps with single-valued maps, submitted.

[4] Bader R., Kryszewski W., Fixed-point index for compositions of set-valued maps with proximally ∞-connected values on arbitrary ANR’s, Set-Valued Analysis 2 (1994), 459–480.

[5] Bothe D., Multivalued perturbations of m-accretive differential inclusions, to appear in Israel J. Math.

[6] Conti G., Obukhovskii V., Zecca P., On the topological structure of the solution set for a semilinear functional-differential inclusion in a Banach space, in: Topology in Nonlinear Analysis, K. Geba and L. Górniewicz (eds.), Polish Academy of Sciences, Institute of Mathematics, Banach Center Publications 35, Warszawa, 1996, pp. 159–169.

[7] Deimling K., Multivalued differential equations, de Gruyter, Berlin-New York, 1992. [8] Diestel J., Geometry of Banach Spaces – Selected Topics, LNM 485, Springer-Verlag, Berlin-Heidelberg-New York, 1975.

[9] Górniewicz L., Topological approach to differential inclusions in: Topological methods in differential equations and inclusions, A. Granas and M. Frigon (eds.), NATO ASI Series C 472, Kluwer Academic Publishers, 1995, pp. 129–190.

[10] Hyman D.M., On decreasing sequences of compact absolute retracts, Fund. Math. 64 (1969), 91–97.

[11] Kamenskii M.I., Obukhovskii V.V., Condensing multioperators and periodic solutions of parabolic functional-differential inclusions in Banach spaces, Nonlinear Anal. 20 (1993), 781–792.

[12] Kamenskii M., Obukhovskii V., Zecca P., Condensing multivalued maps and semilinear differential inclusions in Banach spaces, book in preparation.

[13] Kamenskii M., Obukhovskii V., Zecca P., On the translation multioperator along the solutions of semilinear differential inclusions in Banach spaces, to appear in Rocky Mountain J. Math.

[14] Krasnoselskii M.A., The operator of translation along trajectories of differential equations, American Math. Soc., Translation of Math. Monographs, vol. 19, Providence, 1968.

[15] Lasota A., Opial Z., Fixed-point theorems for multi-valued mappings and optimal control problems, Bull. Polish Acad. Sci. Math. 16 (1968), 645–649.

684 R. Bader

[16] Mönch H., von Harten G.-F., On the Cauchy problem for ordinary differential equations in Banach spaces, Archiv Math. 39 (1982), 153–160.

[17] Muresan M., On a boundary value problem for quasi-linear differential inclusions of evolution, Collect. Math. 45 (1994), no. 2, 165–175.

[18] Papageorgiou N.S., Boundary value problems for evolution inclusions, Comment. Math.

Univ. Carolinae 29 (1988), 355–363.

[19] Pazy A., Semigroups of linear operators and applications to partial differential equations, Springer-Verlag, Berlin-Heidelberg-New York-Tokyo, 1983.

Mathematisches Institut, Universität München, Theresienstraße 39, D-80333 München, Germany E-mail: bader@rz.mathematik.uni-muenchen.de

(Received December 1, 1997)